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PKEFACE. 

This  book  is  devoted  to  the  intrinsic  geometry  ot  configurations 
postulated  in  abstract  space.  Generally,  the  space  is  supposed 
to  be  of  four  dimensions :  there  are,  however,  three  sections  dealing 
with  configurations  in  multiple  space  of  an  unspecific  number  of 
dimensions.  The  treatment  is  analytical.  Throughout,  there  is  a 
preferential  selection  of  processes  which,  actually  used  for  space  of 
four  dimensions,  can  be  formally  extended  for  use  in  any  multiple 
space. 

The  completely  comprehensive  amplitude,  whether  the  number 
of  its  dimensions  be  four  or  be  any  greater  integer,  is  supposed 
to  be  uncurved  :  that  is  to  say,  there  is  the  assumption  that,  along 
every  direction  through  every  point,  a  straight  line  can  be  drawn 
which  lies  wholly  within  the  amplitude  however  far  the  course  of 
the  line  be  continued  in  either  sense.  An  equivalent  description  is 
provided  by  the  characteristic  property  that  all  the  geodesies  of 
the  amplitude  itself  shall  be  straight  lines. 

Such  a  space  is  a  purely  mathematical  conception,  as  strictly 
ideal  as  are  the  self-consistent  mathematical  conceptions  of  the 
planar  space  and  the  solid  space  assumed  in  the  axioms  of  Euclid, 
as  strictly  ideal  also  as  are  the  equally  self-consistent  mathematical 
conceptions  of  the  elliptic  and  the  hyperbolic  triple  spaces  for  which 
the  Euclidean  axiom  of  parallels  is  waived.  Mathematically,  there 
is  no  impassable  bar  against  adventure  into  spaces  of  more  than 
the  three  dimensions  of  experience  ;  nor  is  there  any  requirement 
that  the  spaces  shall  be  absolutely  uncurved  or  be  specially  curved. 
The  main  difficulties  consist,  of  the  calculations  needed  to  construct 
the  analytical  expression  of  properties  of  the  configurations,  and  of 
geometrical  interpretation  to  be  given  to  novel  analytical  results. 
A  useful  guide  to  the  latter  is  constituted  by  the  geodesies  of  the 
respective  configurations  of  the  various  types. 

The  restriction  to  quadruple  space,  here  adopted,  is  imposed, 
from  a  desire  to  consider,  with  reasonable  fullness,  the  fundamental 
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possibilities  which  present  themselves  in  the  earliest  extension  of 
the  number  of  dimensions  beyond  the  three  that  are  characteristic 
of  average  experience. 

Within  that  experience,  there  is  a  sufficiently  clear  perception 
that  (what  in  common  parlance  is  called)  ordinary  space  is  a  space 
of  three  dimensions.  When  specific  description  is  desired,  the 
dimensions  are  often  described  as  length,  breadth,  height :  also,  to 
use  another  set  of  indicative  terms,  as  right-and-left,  backwards- 
and-forwards,  up-and-down.  Measurements  in  these  three  directions 
(but  not  solely  in  this  group  of  three  directions)  are  independent  of 
one  another,  in  the  sense  that  no  selected  two  of  the  three  measures 
can  be  combined  to  provide  the  remaining  unselected  measure. 
Further,  the  three  directions  in  unrestricted  combinations  suffice 
for  the  expression  of  all  analogous  measurements. 

Contemplative  minds  often  attain  intellectual  satisfaction  when 
they  discern   correspondences,  between   their   observations  of  ai 
external  world    which    they  call  real,  and  the  results   of  logical 
theory  which  they  call  abstract  in  relation  to  such  observations. 
An  occasional  tendency  to  interchange  the  real  and  the  abstract  in 
such  correspondences,  as  though  they  are  equivalent,  can  interfere 
with  strictness  of  argument,  can  even  prove  obnoxious  to  lucidity 
of  the  statements  in  which  reasoned  thought  is  expressed.    One 
consequence  is  not  rare  :  confusion  is  caused  in  the  presentation 
of  a  new  theory,  launched  in  the  name  of  science.    An  obvious 
illustration  is  provided  by  the  notion  of  a  fourth  dimension.    The 
notion  was  propounded  by  the  mathematicians :  the  added  dimension, 
which  they  have  incorporated  in  an  abstract  geometry,  is  coordinate 
in  quality  and  in  possibilities  with  the  three  dimensions  familiar 
already  in  conceptions  of  triple  space.    The  fourth  dimension  has 
been  appropriated  by  some  physicists,  for  what  is  called  a  'natural' 
geometry,  without  any  requirement  as  to  coordination  in  quality 
and  in  possibilities  with  the  three  dimensions  familiar  to  experience. 
Then  an  external  interest  becomes  aroused  in  a  section   of  the 
unmathematical    and   unphysical    public   which,    moved   by   new 
scientific  generalities,  can  be  titillated  by  a  phrase  or  be  attracted 
by  a  catch-word:  its  attention  can  even  be  arrested  by  startling 
headlines  in  a  newspaper  announcing   an  alleged   e  discovery '   of 
a  fifth  dimension.    Attempts,  to  understand  the  announcement  and 


PREFACE  i\ 

*to  obtain  some  comprehension  of  its  significance,  are  unconditional 
failures.  The  very  notion  of  dimension,  in  a  mathematical  sense, 
can  hardly  be  formulated  in  the  tabloid  shape  that  is  desired.  Space 
is  a  fundamental  notion,  in  some  sense  probably  common  to  all 
minds.  Ideas  as  to  its  nature,  that  may  be  acquired  after  the 
earliest  vague  perception  of  extension,  are  founded  on  conceptions 
suggested  by  observations  of  the  external  world.  Gradually,  the 
specification  of  extension  ceases  to  be  unfamiliar,  though  only  after 
"continued  reflection :  gradually,  some  mental  grasp  of  the  dimensions 
of  space  is  attained. 

It  has  long  been  customary  to  describe  the  triple  space  of 
human  experience  as  an  uncurved  (or  flat)  space.  Sometimes  the 
description  is  tacitly  based  on  an  assumption  that  the  linear  property 
is  obvious,  though  there  is  the  usual  difficulty  of  establishing  that 
property  when  once  the  obviousness  is  seriously  challenged.  Often 
tin  argument  is  based  upon  a  fact  that  all  the  observations,  obtained 
by  instruments  of  measurement  and  subsequently  combined  by 
calculation,  accord  with  the  assumption.  Yet  inferences  from  such 
observations  cannot  be  deemed  accurate,  beyond  the  degree  of 
accuracy  of  the  observations  themselves.  There  is  a  limit  of 
minuteness  below  which  observations  have  not  been  effected;  the 
magnitudes,  to  which  expression  is  given  in  theories  of  the  atom 
and  of  the  electron,  as  yet  defy  attempts  at  direct  measurement. 
Equally  beyond  the  present  possibilities  of  direct  measurement 
are  the  generous  distances  assigned  in  speculations  about  the 
magnitude  of  the  universe,  being  untold  millions  of  light-years. 
Thus  for  the  very  small  in  theory  as  for  the  very  large  in  nature, 
the  degree  of  accuracy  attainable  by  measurements  imposes  a  limit 
upon  the  range  of  knowledge,  which  can  be  acclaimed  as  the  result 
of  observation  and  of  experiment.  Of  course,  for  most  scientific 
purposes  of  the  type  styled  practical,  a  hypothesis,  that  our  triple 
space  is  flat,  will  and  does  suffice:  it  is  an  adequate  working 
hypothesis.  But  its  efficiency  in  limited  practice  does  not  constitute 
a  proof  that  the  space  of  our  experience  is  actually  uncurved. 

On  the  other  hand,  mathematical  calculations  made  in  the 
various  theories  of  relativity  point  towards  a  suggestion  that,  on 
the  grand  scale,  the  space  of  our  universe  is  not  uncurved.  Such, 
an  inference  demands  consideration.  It  should,  however,  be  remarked 
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that  an  inference  from  far-reaching  theories,  lavishly  propounded 
at  the  present  epoch,  cannot  be  accepted  as  established  fact,  in 
the  absence  of  any  observations  which  might  constitute  a  qualified 
establishment  or  might  offer  a  simple  verification  of  the  in- 
ference. 

Nevertheless,  the  inference  is  a  legitimate  consequence  of  the 
theories.    Within  the  restricted  range  of  its  hypothetical  validity, 
it  entails  other  consequences,  similarly  legitimate  and  similarly 
restricted   in    validity.    The    very    notion    of  curvature,    for   any 
amplitude  such  as  a  curve  or  a  surface  or  a  region,  mathematically 
implies  some  uncurved  configuration   by  reference  to  which  the 
curvature  is  defined  and  is  estimated ;  and  that  implied  uncurved 
configuration  either  constitutes,  or  exists  in,  some  ideal  space  more 
comprehensive  than  the  curved  amplitude.    Thus  the  curvature  at 
any  point  of  a  curve,  which  exists  in  some  Euclidean  space  of  two 
dimensions  or  in  some   Euclidean  space  of  three  dimensions,   is 
a  mathematical  measure  of  the  current  deviation  of  the  curve  from 
straightness,  the  measure  being  framed  by  reference  to  successive 
straight  lines  in  the  two-fold  space  or  in  the  three-fold  space  which 
contains  the  one-dimensional  curve.  *  The  curvature  at  any  point 
of  a  surface  is  estimated,  initially,  by  the  curvatures  of  its  organic 
geodesic  curves :  and  all  these  curvatures  are  estimated  by  deviations 
from  straight  lines  in  the  Euclidean  triple  space  containing  the 
two-dimensional  surface.    Later,   for  reasons  which  tire  explicitly 
mathematical,  it  is  found  convenient  to  adopt  a  measure   (often 
called  the  Gauss  measure)  of  curvature  of  the  surface :  it  is  the 
product  of  the  two  principal  (maximum  and  minimum)  curvatures 
of  the  geodesies  through  the  point  of  the  surface.    Such  a  measure, 
however,  is  an  incomplete  representation  of  the  curvature  of  the 
surface :  taken  alone,  it  would  make  the  sole  measure  of  a  curved 
developable  surface  equal  to  zero  and  therefore  would  make  the 
measure  the  same  as  for  a  plane.    In  actual  fact,  the  Gauss  measure 
is  only  one  of  the  two  principal  measures  of  curvature :  another, 
and  different  measure,  being  the  sum  (instead  of  the  product)  of 
the  two  principal  curvatures  of  geodesies,  must  be  retained  in  order 
to  provide  for  all  adequate  estimate  of  the  curvature  of  the  surface. 
But,  for  the  immediate  issue,  the  important  conception   is  that, 
jn  framing  a  mathematical  estimate  of  the  curvature  of  a  curved 
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Configuration,  we  require  an  uncurved  space,  more  extensive 
dimensionally  than  the  curved  configuration  in  question. 

Accordingly,  if  the  objective  triple  space  of  the  universe  is 
actually  found  to  possess  the  quality  of  curvature,  whenever  and 
in  whatever  way  that  quality  may  be  revealed  by  measurement, 
the  mathematical  conception  of  that  curvature  would  exact  the 
existence  of  some  further  space  of  ultimate  reference.  That  further 
space  would  be  more  extensive  in  dimensional  range  than  the  three- 
dimensional  objective  space  of  the  universe;  and,  in  mathematical 
conception,  it  would  be  characterised  by  complete  linearity. 

Thus  there  would  arise  a  demand,  certainly  for  one  dimension, 
possibly  for  more  than  a  single  dimension,  additional  to  the  three 
dimensions,  still  possessed  by  the  space  of  experience,  if  and  after 
curvature  of  'ordinary '  space  shall  have  been  established.  In  the 
mathematical  conception,  the  additional  dimension  or  the  additional 
dimensions  would  be  of  the  same  intrinsic  extensional  character  as 
the  three  dimensions  already  known  for  space.  But,  once  more, 
the  contribution  of  another  dimension,  thus  required  through  the 
mathematical  conception  of  the  presumed  curvature  of  the  triple 
space  of  observation,  is  no  proof  of  M  corresponding  objective 
existence  of  another  dimension.  At  the  utmost,  there  is  a  suggestion 
of  further  dimension  or  dimensions:  objective  existence,  if  it  is  to 
be  accepted  in  credence,  must  be  established,  directly  or  indirectly, 
by  observation  and  (probably)  through  measurement. 

It  is  not  always  thus,  either  in  bygone  discussions  or  in  current 
theories,  that  the  existence  of  more  than  three  dimensions  has 
been  adumbrated.  The  mathematician,  on  the  one  hand,  finds  no 
difficulty  in  postulating  any  additional  number  of  dimensions  for 
his  abstract  space :  on  the  other  hand,  he  does  not  profess  to  be 
dealing  with  topics  other  than  the  properties  of  abstract  space. 
But  since  the  days  of  Lagrange,  perhaps  even  from  earlier  days, 
the  objective  existence  of  at  least  a  fourth  dimension  has  claimed 
occasional  notice  from  mathematical  physicists.  Sometimes  it  has 
been  as  passing  a  fancy  as  was  Lagrange's  statement,  which  gives 
sesthetic  symmetry  to  his  analysis  by  a  suggestion  (never  again 
mentioned  by  him)  that  time  can  be  regarded  as  a  fourth  dimension. 
In  recent  days,  it  has  assumed  the  status  of  an  intellectual  conviction, 
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almost  amounting  to  an  article  in  a  creed  of  relativity,  that  tim6 
is  a  fourth  dimension,  to  be  ranked  (presumably  as  coordinate  in 
quality)  with  the  three  dimensions  customary  in  common  conceptions 
of  space. 

A  mighty  stride  is  needed  if  we  are  to  pass,  from  the  direct 
interpretation  of  mathematical  formulae  which  purport  to  represent 
relations  in  nature,  forward  to  an  esoteric  doctrine  that,  because 
certain  lengths  (as  three  constituent  variables  of  one  kind)  antj 
time  (as  one  constituent  variable  of  a  different  kind)  are  convenient 
for  a  mathematical  explanation  of  the  universe,  these  four  constituent 
variables  must  compose  an  irresoluble  order  of  four  coordinate 
dimensions.  The  term  '  dimension/  as  used  to  denote  the  conception 
of  range  in  space,  seems  a  misnomer  if  used  equally  to  denote  the 
conception  of  range  in  time. 

There  is,  of  course,  the  established  practice  of  graphical  con- 
venience (and  also  of  brevity  in  description)  by  which  the  word 
'dimension1  is  substituted  for  the  word  'variable.'  But,  in  the 
ordinary  exercise  of  that  practice,  there  is  no  underlying  assumption 
that  the  substituted  word  then  den5t.es  an  ordered  extension, 
coordinate  with  the  magnitudes  similarly  represented  in  an  arbitrary 
illustrative  diagram.  Two  types  of  instances  may  be  adduced. 

Maintained  as  a  variable,  time  can  be  conventionally  represented 
along  a  line  in  a  diagram,  simultaneously  with  variables  that  denote 
distances.  But  other  variables,  such  as  temperature,  potential, 
pressure,  statistical  aggregates,  all  of  them  as  completely  distinct 
from  space- variables  as  is  time,  ctm  be  (and  are)  conventionally  re- 
presented also  along  lines  in  diagrams.  However  convenient  such 
diagrammatic  uses  may  be  for  mathematical  investigation,  they  do 
not  constitute  either  time,  or  temperature,  or  potential,  or  pressure, 
or  any  statistical  aggregate,  as  a  dimension  isotelic  with  the  ordered 
dimensions  of  triple  space. 

Again,  to  cite  the  purely  mathematical  use  of  the  diagrammatic 
practice  of  substituting  the  term  dimension  for  the  term  variable, 
it  is  a  commonplace  that  the  aggregate  of  all  spheres  in  Euclidean 
triple  space  requires  four  independent  variables  for  its  mathematical 
.expression,  these  variables  being  the  three  coordinates  of  a  centre 
and  the  length  of  a  radius :  such  an  aggregate  ip  frequently  described 
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as  four-dimensional,  even  though  the  complete  configuration  occurs 
in  a  three-dimensional  comprehending  space.  Similarly,  the  mathe- 
matical expression  of  the  aggregate  of  straight  lines  in  the  same 
Euclidean  triple  space  demands  four  independent  variables:  their 
configuration  is  frequently  termed  four-dimensional,  in  consequence 
of  the  quadruple  variation.  In  such  descriptions,  the  word  dimension 
is  a  graphic  substitute  for  the  word  variable :  there  is  no  shadow 
of  a  contention  that  tbe  four  dimensions  constitute  a  combination 
6f  the  customary  three  dimensions  of  perceived  space  with  ?n 
added  fourth  spatial  dimension.  Whatever  convenience  may  arise 
in  practice,  and  whatever  advantage  may  be  derived  in  their 
utilisation  for  the  attainment  of  results,  the  diagrams  are  an 
imagined  representation  of  entities  under  discussion  and  do  not 
establish  the  intrinsic  ordering  of  the  nature  of  those  entities. 

Certainly  in  abstract  geometry,  whatever  be  the  numbei  of 
dimensions,  no  discrimination  is  made  among  them  as  regards 
significance  or  capacity  for  representing  suitable  magnitudes.  From 
the  beginning  it  is  assumed,  usually  without  passing  hint  and 
without  specific  mention  of  the  assumption,  that  the  dimensions 
are  coordinate  among  themselves,  not  in  the  special  mathematical 
meaning  of  the  term,  but  in  its  customary  non-scientific  sense. 
Accurate  calculations  constitute  additional  knowledge  within  the 
domain  limited  by  the  fundamental  pustulates,  explicit  and  implicit; 
but  a  claim  for  accuracy  can  justifiably  be  conceded  only  within 
that  domain.  In  framing  explanations  of  the  physical  universe, 
new  definitions  may  be  imported  which  can  utilise  calculations 
within  the  domain  of  abstract  geometry;  and  calculations,  thus 
based  on  observed  phenomena,  may  lead  to  new  results  of  a  verified 
or  a  verifiable  character.  When  this  end  is  attained,  the  explanatory 
theory  can  be  regarded  as  a  working  hypothesis.  But  we  may  not 
therefore  conclude  that  certain  conventions,  incidentally  assumed 
for  the  purposes  of  the  calculation,  are  raised  to  the  rank  of 
established  truths ;  the  safe  judgment  is  that,  within  the  range 
tested,  the  working  hypothesis  is  trustworthy.  The  history  of 
human  speculations  shews  that  physical  theories,  necessarily  limited 
by  the  degree  of  accuracy  of  observations,  and  modified  not  in- 
frequently by  conceptions  otherwise  alien  to  their  range,  fluctuate 
with  the  changing  thought  of  successive  generations;  they  can 


XIV  PREFACE 

be  revolutionised,  they  can  be  abandoned,  in  the  light  of  new 
discoveries. 

The  analytical  method,  which  this  treatise  employs  fqr  the 
discussion  of  the  intrinsic  geometry  of  the  various  types  of  con- 
figuration in  homaloidal  quadruple  space,  is  substantially  an 
amplification  of  the  method  devised  by  Gauss  in  his  treatment 
of  curved  surfaces  in  homaloidal  triple  space. 

There  is,  however,  one  supplementary  section,  which  is  entirely 
devoted  to  the  invariants  and  covariants  of  configurations.  For 
the  analysis  necessary  in  the  section,  Lie's  theory  of  continuous 
groups  has  been  applied,  in  preference  to  the  methods  of  the 
absolute  differential  calculus  (the  calculus  of  tensors).  Of  this 
calculus,  developed  by  Ricci,  Levi-Civita,  and  others,  from  earlier 
investigations  by  Christoffel,  a  connected  exposition  has  been  given 
in  Levi-Ci vita's  book*  which  contains  also  several  applications  to 
mechanics,  optics,  and  general  relativity.  The  extension,  to  n-fold 
space,  of  the  Gauss  theory  of  surfaces  was  initiated  by  Bienmimf  ; 
and  it  has  provided  a  fertile  field  of  research  for  a  multitude  of 
investigators.  A  systematic  account  of  this  extended  geometry 
and  of  many  of  its  developments  has  been  given  by  Eisenhart  J. 
It  seems  practically  certain  that  every  method  of  dealing  analytically 
with  the  invariants  of  configurations  entails  elaborate  analysis 
that  apparently  is  inevitable  in  some  form.  What  seems  to  me 
the  relative  advantage  of  the  group-method  accrues  from  one 
characteristic  property  which  is  possessed  by  that  method  alone. 
The  process  requires  the  integration  of  a  complete  Jacobian  system 
of  simultaneous  partial  differential  equations  of  the  first  order; 
the  requisite  integration  is  achieved  through  a  use  of  the  known 
algebraical  theory  of  invariantive  forms.  Every  integral  of  such 
a  system  of  partial  equations  is  known  to  be  expressible  in  terms 
of  a  specific  limited  number  of  algebraically  independent  integrals . 
and  the  adequate  aggregate  of  such  integrals  is  provided,  so  far  as 
concerns  concomitants  for  quadruple  space,  by  means  of  binariants 

Leziom  di  calcolo  dijferenziale  assoluto  :    an  English  translation   was  published   (1927) 
by  Dlackie  and  Son. 

t  In  his  dissertation  cited  later  (vol.  11,  p.  134,  footnote). 
±  In  bis.  book  Riemannian  Geometry  (Princeton,  1926). 
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and  ternariants.  The  geometrical  interpretation  of  every  member 
of  the  aggregate,  up  to  each  stage,  has  been  obtained;  and  thus 
every  other  covariantive  magnitude  at  that  stage,  whether  actually 
obtained  or  not,  i,s  expressible  algebraically  in  terms  of  the 
interpreted  members  of  the  aggregate,  and  therefore  can  have  its 
value  expressed  in  terms  of  the  fundamental  invariants  and  co- 
variants.  In  other  \vords,  the  aggregate  thus  established  is  adequate 
for  the  expression  of  all  concomitants ;  and  consequently  the  group- 
Tnethod  provides  the  moans  of  constructing  concomitants  directly, 
and  also  of  selecting,  at  each  stage,  a  minimum  aggregate  of 
independent  concomitants  in  terms  of  which  (and  in  terma  of 
which  alone)  all  possible  concomitants  of  the  configurations  can 
be  expressed. 

The  book  is  composed  of  five  chief  sections. 

The  first  of  these  sections,  mainly  preparatory  in  scope,  is 
restricted  to  the  uncurved  configurations  which  can  occur  in 
quadruple  space,  they  are  termed  a  line,  a  plane,  and  a  flat,  being 
of  one,  of  two,  and  of  three,  dimensions  respectively.  One  out- 
standing feature  of  the  treatment  is  a  prevalent  use  of  parametric 
representation,  in  the  case  of  planes  by  two  parameters,  and  in 
the  case  of  fiats  by  three  parameters,  this  representation  is  of 
pei Mstent  recurrence  in  the  subsequent  differential  geometry  of 
curved  configurations.  The  section  occupies  a  larger  portion  of  the 
book  than  would  have  been  its  allotted  share,  had  there  been  any 
accessible  volume  which  presented  the  special  kind  of  treatment 
of  the  topics  considered. 

The  second  section  is  devoted  to  the  intrinsic  geometry  of  skew 
curves  in  the  quadruple  space.  By  the  continued  application  of 
the  analysis  in  the  first  section,  the  whole  framework  of  such 
a  curve,  in  relation  to  all  the  different  kinds  of  its  curvatures,  is 
constructed.  A  chapter  is  added,  outlining  the  complete  aggregate 
of  results,  analytical  and  descriptive,  for  curves  in  u-fold  space. 

The  third  section  is  occupied  with  surfaces  existing  freely  in 
quadruple  space:  that  is  to  say,  the  suifaces  are  lepresented 
analytically  solely  in  that  space,  without  reference  to  possible  three- 
dimensional  regions  which,  existing  themselves  in  the  quadruple 

F  u.  b 
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space,  might  contain  the  surfaces.  Some  attention  is  given  to 
curvature  properties  of  general  curves  011  such  surfaces.  It  appears 
that,  except  for  one  set  of  results  belonging  specially  to  any  surface 
in  a  space  which  is  quadruple  (that  is,  of  precisely  double  the 
dimensional  range  of  the  surface),  the  main  descriptive  and  in- 
trinsic properties  of  a  surface  depend  upon  the  properties  of  the 
superficial  geodesies.  Indeed,  it  may  here  be  pointed  out  that,  in 
all  the  curved  configurations,  the  geodesic  lines  are  the  fundamentally 
important  elements,  alike  for  surfaces  existing  freely  in  the  quadruple 
space,  for  curved  regions  in  that  space  and  for  surfaces  lying  within 
such  curved  regions:  they  are  as  significant  as  are  straight  lines 
in  Euclidean  geometry, 

The  fourth  section  has  been  assigned  to  regions,  being  curved 
triple  spaces  within  the  homaloidal  quadruple  space:  but  (with 
one  later  exception)  only  general  regions  are  considered,  and  no 
specific  attention  is  paid  to  particular  regions  such  as  are  given 
by  the  simplest  algebraical  equations.  As  part  of  the  discussion  of 
general  regions,  ample  attention  is  given  to  surfaces  actually 
existing  within  a  region  (but  not  unrestrictedly  existing  in  quadruple 
space,  as  in  the  third  section)  and  to  curves  also  existing  within 
a  region. 

Properties  of  the  curvnture  uf  triple  regions  \\  ithin  a  humalnidal 
quadruple  space  (and,  as  will  be  indicated  immediately,  of  piiiuury 
amplitudes  within  'u-fold  homaloidal  space)  call  for  a  passing  remark 
The  consideration  of  regional  geodesies  leads  to  an  estimate  of 
linear  curvature  of  the  reyion  in  any  direction  at  a  point,  heinn 
the  circular  curvature  of  the  regional  geodesic  through  the  diiectiou  , 
and  it  appears  that,  at  every  point,  the  region  is  characterised, 
by  three  principal  measures  of  linear  curvature,  with  three  piincipal 
directions  for  geodesies.  Upon  the  circular  curvature  of  regional 
geodesies  is  based  the  estimate  of  superficial  curvature  of  the  region 
in  any  orientation  at  the  point;  and  it  appears  that  theie  are  two 
distinct  measures  of  superficial  curvature.  One  of  these  measures 
is  the  lliemann  measure  of  curvature  of  the  region :  it  is  an 
extension  of  the  customary  Gauss  measure  of  cuivatuie  for  a 
surface  in  triple  Euclidean  space.  The  other  measure  of  superficial 
,  curvature  of  a  region  seems  to  have  been  ignored  or  to  have 
escaped  notice:  it  is  an  additive  measure  of  the  linear  curvatures, 
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iincl  it  is  the  corresponding  extension  of  the  so-called  'mean' 
measure  of  curvature  for  a  surface  in  triple  Euclidean  space.  Further, 
each  of  these  two  measures  of  superficial  curvature  has  its  own 
three,  principal  values,  each  of  which  can  be  expressed  solely  in 
terms  of  the  three  principal  measures  of  linear  curvature  of  the 
region;  and  the  orientations  for  these  respective  principal  values 
are  located  hy  the  directions  of  the  geodesies  for  the  principal 
measures  of  linear  curvature.  Finally,  at  eveiy  point,  there  is 
a  measure  of  volumetric  curvature  of  the  region,  characteristic  of 
the  region  at  the  point  without  regard  to  orientation  of  any  kind, 
That  measure  of  volumetric  curvature  is  the  product  of  the  three 
principal  measures  of  linear  curvature,  it  bears  the  same  relation 
to  a  globe  as  is  borne  to  a  sphere  by  the  Gauss  measure  for  surfaces 
in  tiiple  space. 

The  results,  relating  to  the  different  cuivatures  of  a  legion  in 
quadruple  space,  practically  compel  an  addition  to  this  fourth 
•section,  in  the  form  of  an  outline  of  the  curvatures  of  a  primary 
(>/  — l)-fold  amplitude  in  honuiloidal  ?i-fold  space.  Again,  it  is 
found  that  the  linear  curvature  of  the  ainplitudinal  geodesic  is 
fundamental  in  the  discussion.  There  are  n  —  1  principal  values 
of  that  linear  curvature;  and  there  are  corresponding  n  —  I  principal 
directions  in  the  amplitude,  at  right  angles  to  one  another.  Theie 
are  two  measures  of  superficial  curvature  at  every  point  of  the 
amplitude — the  Riemuim  measure,  and  the  additive  measure, 
and  each  of  these  measures  has  ^  (it  —  1)  (it  —  kj)  principal  values, 
expressible  solely  in  terms  of  the  it-—  1  principal  measures  of  linear 
cm  vat  lire,  and  settled  as  to  orientation  by  the  pair-combinations 
of  directions  of  those  principal  measures.  There  are  three  measures 
of  volumetiic  curvature  at  every  point  of  the  amplitude:  each  of 
those  measures  has  it-s  principal  values,  .siuh  principal  values  being 
expressible  in  terms  of  the  principal  measures  of  linear  curvature, 
and  the  regional  orientations  for  the  values  are  settled  by  the 
triarlic  combinations  of  the  directions  of  the  principal  measures 
of  linear  curvature.  There  arc  grades  of  curvature,  of  successive 
spatial  dimensions,  up  to  a  final  (and  sole)  measme,  which  is  of 
dimensionality  n—  \  and  is  the  product  of  the  n  —  1  principal 
measures  of  linear  curvature.  For  the  determination  of  the  principal 
values  of  every  special  grade  of  measure  of  curvature,  and  also 
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for  the  determination  of  the  respective  associated  orientations  of 
these  several  principal  values,  the  principal  measures  of  the  linear 
curvature  of  geodesies  and  the  corresponding  directions  of  those 
principal  measures  are  completely  sufficient. 

To  return  to  configurations  within  a  region  in  homaloidal 
quadruple  space,  it  is  to  be  noted  that,  when  kinds  and  measures 
of  curvature  of  a  surface  in  the  region  are  considered,  two  kinds 
of  linear  curvature  have  to  be  taken  into  account.  One  such  kind 
is  due  to  the  relative  deviation  between  a  geodesic  of  the  surface 
and  a  regional  geodesic  touching  that  superficial  geodesic.  The 
other  kind  arises  through  the  circular  curvature  of  that  regional 
geodesic  touching  the  surface.  The  two  kinds,  in  appropriate 
combinations,  give  the  circular  measure,  the  torsion,  and  the  tilt, 
of  the  geodesic  on  the  surface.  It  is  to  be  remarked  that  the  same 
kind  of  combination  occurs,  though  the  significance  is  somewhat 
obscured,  for  any  curve  on  a  surface  in  homaloidal  triple  space; 
because  the  Gauss  theory  takes  account  of  the  circular  curvature  of 
the  superficial  geodesic  touching  the  curve  (it  is  the  curvature 
of  the  normal  section  of  the  surface)^  and  it  takes  account  also 
of  the  deviation  of  the  curve  from  that  superficial  geodesic,  such 
deviation  being  measured  by  the  geodesic  curvature  of  the  curve. 

Two  chapters  have  been  interpolated  between  the  fourth  and 
the  fifth  sections.  The  first  of  them  is  concerned  with  illustrations 
of  the  general  properties  of  a  region  when  a  particular  region — 
in  this  instance,  tin  ovoid  as  represented  by  the  equation  of  the 
second  degree  analogous  to  that  of  an  ellipsoid — is  selected.  The 
second  of  the  two  chapters  is  devoted  to  minimal  problems.  Through- 
out the  book,  geodesies  have  an  ample  share  of  attention,  even  if 
viewed  MS  a  minimal  problem  in  a  single  independent  variable  : 
accordingly,  in  this  second  chapter,  minimal  surfaces  in  free  space 
and  in  a  region  (being  a  problem  in  two  independent  variables), 
and  miiiiu)alregionsf(beiiig  a  problem  in  three  independent  variables), 
are  considered,  though  the  problems  are  not  fully  resolved  for  the 
regional  configurations. 

The  fifth  and  concluding  section  deals  with  the  theory  of 
invariantive  concomitants  of  all  possible  types  belonging  to  the 
possible  general  configurations  of  the  various  dimensions-  curves, 
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surfaces  in  free  space  and  in  a  region,  and  regions.  The  values 
of  intrinsic  magnitudes,  though  not  the  topographical  relations,  of 
any  configuration  of  any  number  of  dimensions  in  the  quadruple 
space,  must  be  unaffected  by  change  of  site  and  by  change  of 
orientation  of  the  configuration;  and  they  must  remain  substantially 
unaffected  by  every  modification  or  alteration  in  the  parametric 
representation  of  the  configuration.  Accordingly,  if  it  is  possible 
to  construct  an  aggregate  of  forms,  which  are  invariant! ve  through 
all  changes  of  site,  all  changes  of  orientation,  and  all  changes  of 
parametric  representation,  and  which  are  sufficiently  numerous  in 
each  grade  as  to  comprehend  all  invariantive  forms  up  to  that 
grade,  such  a  constructed  aggregate  will  contain,  actually  in  explicit 
form  or  potentially  by  fitting  expression,  all  invariants  and  therefore 
the  expression  for  till  intrinsic  magnitudes,  what  remains  is  the 
geometrical  interpretation  of  the  expressions  which  are  obtained. 
Now  Lie's  theory  of  continuous  groups  provides  the  criteria,  which 
are  necessary  and  sufficient  to  secure  that  all  these  requirements 
of  in  variance  are  met ;  that  theory,  therefore,  is  employed.  The 
concurrent  analysis,  needed  in  applying  the  method,  consists  of 
the  construction  and  tfie  subsequent  integration  of  the  necessary 
simultaneous  partial  differential  equations  of  the  first  order,  these 
constituting  a  complete  Jacobian  system.  The  algebraical  identi- 
fication of  an  adequate  number  of  simultaneous  integrals  at  each 
stage  is  provided  by  the  known  results  of  the  theory  of  the 
concomitants  of  binary  homogeneous  forms  and  of  ternary  homo- 
geneous forms;  and,  at  each  of  the  early  stages,  the  constituents 
of  the  respective  adequate  aggregates  are  obtained  and  their 
geometrical  interpretation  is  derived.  The  net  result  is  an  in- 
dependent establishment,  based  solely  upon  the  theory  of  invariantive 
forms,  of  the  essential  and  intrinsic  geometrical  magnitudes  of  the 
respective  configurations. 

The  corresponding  investigation  for  71-fold  homaloidal  space, 
pursued  by  the  same  method  with  the  necessary  purely  formal 
extensions,  demands  the  utilisation  of  afull  theory  of  the  simultaneous 
concomitants  of  homogeneous  forms  in  2,  3,  . . . ,  n  —  1,  variables  and 
in  the  associated  variables  of  the  different  classes  corresponding 
to  the  sub-spaces  of  different  dimensions  within  the  respective 
amplitudes. 
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When  the  included  topics  of  the  book  are  thus  specified,  it  is' 
only  proper  to  indicate  omissions  also  —  at  least,  those  omissions 
which  definitely  belong  solely  to  the  selected  range  of  geometry. 
There  is  no  question  of  dealing  with  comparatively  external  subjects, 
such  as  the  use  of  multi-dimensional  geometry  in  the  theory  of 
rays  in  heterogeneous  media  and  in  the  mechanics  of  theories 
of  relativity.  There  is  no  discussion  of  various  attempts  to  prove 
the  objective  existence  of  a  fourth  dimension  nor  any  considera- 
tion of  the  arguments  which  seek  to  establish  time  as  that  fourth* 
dimension.  The  whole  development  has  been  carefully  restricted  to 
solely  geometrical  relations  of  configurations  in  u  homaloidal  space 
of  four  dimensions,  which  are  coordinate  with  one  another  and  are 
unrestrictedly  interchangeable  without  regard  to  possible  objective 
significance.  Even  so,  within  this  range,  not  a  few  important 
subjects  have  been  omitted,  of  which  the  following  may  be  mentioned  : 
the  general  foundations  of  multiple  geometry;  the  modes  of  re- 
presentation (such  as  conformal  and  geodesic)  of  one  region  in 
another;  the  properties  of  families  of  orthogonal  amplitudes;  the 
Levi-Civita  theory  of  geodesic  parallels;  and  the  ch  a  rant  eristic 
features  of  a  curved  region  which  is  developable  into  a  region  of 
more  restricted  curvature  such  as  a  flat. 

Moreover  this  recital  of  omitted  subjects  does  not  profess  to  be 
complete.  One  indeed,  which  seems  suitable  for  investigation,  is 
almost  urgent.  The  square  of  the  arc-element  of  a  surface  is  repre- 
sented, analytically,  by  a  homogeneous  quadratic  differential  form 
in  two  parameters.  The  Gauss  theory  of  surfaces  shews  that,  when 
certain  conditions  are  satisfied  by  the  coefficients  of  that  form  and 
by  the  coefficients  of  an  associated  form,  the  arc  belongs  to  a  sur- 
face in  homaloidal  triple  space.  But  the  inference  cannot  be  drawn, 
in  the  absence  of  the  associated  form  or  under  a  failure  to  satisfy  all 
the  conditions:  yet,  as  an  isolated  datum,  the  postulated  expression 
for  the  arc-element  remains  apparently  the  same  in  character  for 
a  surface  in  free  quadruple  space  as  for  a  surface  within  a  curved 
region  in  that  space  and  for  a  surface  in  any  multiple  space.  The 
same  problem  is  presented  by  the  postulation  of  the  square  of  the 
arc-element  in  a  triple  region,  as  a  homogeneous  quadratic  differen- 
tial form  in  three  parameters.  What  is  required  is  a  determination 
of  the  tests  for  the  smallest  number  of  dimensions  of  that  homa- 
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ioidal  space,  which  shall  contain  a  configuration  characterised  by 
any  postulated  arc-element  represented  by  means  of  a  quadratic 
differential  form  in  two  parameters  or  in  three  parameters  re- 
spectively. 

The  main  subject  of  geometry,  outside  the  section  of  two 
dimensions  and  of  three  dimensions  associated  with  the  name  of 
Euclid  as  the  representative  of  the  old  Greek  geometers,  is  often 
divided  into  the  ranges  of  metageometry  and  hypergeorruvtry. 

Metageonietry  for  the  most  part  deals  with  the  self-consistent 
geometries  of  two  dimensions  and  of  three  dimensions,  which 
emerge  when  the  Euclidean  axiom  of  parallels  (or  any  one  of  its 
modern  equivalents)  is  set  aside 

Hvpergeometry  deals  with  the  geometry  of  flat  spaces  of  four 
or  more  than  lour  dimensions  and  of  all  types  of  configurations 
in  such  spaces.  Two  main  directions  have  maiked  the  growth  of 
knowledge  in  hypcrgeometry  which,  in  effect,  began  during  the  last 
century.  The  algebraic  analysis  for  n-fold  space  originated  in  some 
of  Cayley's  early  papers*  in  1844  and  1846.  The  differential 
analysis  for  yi-fold  space  really  originated  with  Jliemann's  disserta- 
tion f  of  1854,  though  general  vector  analysis  had  made  an  earlier 
appearance  in  Grassmarm's  AittidehiLUiiyslehre  of  1844.  Some  notion 
of  the  extent  of  literature  devoted  to  hypergeometry  may  be 
derived  fiom  Sommerville's  bibliography  f  published  in  1911  ;  and 
some  indication  of  the  amount,  published  since  that  date,  is 
provided  by  the  selected  papers  quoted  in  Eisenhart's  Jtieina/uiiau 
(ieoinvtry.  As  regards  the  rudiments  of  the  subject,  mention  may 
be  made  of  Schoute's  Mchnlimensionale  (jreoint'tne^. 

But  I  am  not  attempting  even  an  outline  of  the  history  of 
the  subject.  In  the  comparatively  few  instances,  when  previous 
investigations  have  been  of  direct  assistance  to  me,  due  references 
aie  given  as  a  matter  of  course.  Practically,  however,  while  use 

*  Coll.  Math.  Paper*,  Vol   i,  No.  11,  No.  50 

t  "Ueber  die  Hypotheseu  welche  der  Geometric  zu  Grande  liegen,"  Gutt.  Wiss.  Abh.t 
Bd.  xiii  (18(i6),  pp  '254-269,  and  reprinted  in  the  editions  of  Riemann'a  Gesammelte 
Mathcmatische  Werke.  Au  English  translation  IB  due  to  Clifford,  Mathematical  Papers, 
pp  55-69. 

£  Riblioijraphy  of  non-Euclidean  Giometnj,  University  of  St  Andrews,  1911. 

§  In  two  volumes,  Sammlnnir  Schubert,  Leipzig  (1902,  1905) 
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has  been  made  of  the  results  obtained  in  the  theories  of  differential 
equations,  of  groups,  and  of  algebraic  invariants,  the  whole  book 
has  grown  in  continuous  development  of  its  own  from  first  to  last, 
without  occasion  on  my  part  to  select  or  modify  or  incorporate  the 
researches  of  other  writers. 

In  the  production  of  the  book,  as  on  many  occasions  in  past 
years,  I  have  received  the  unfailing  and  responsive  assistance  of 
the  Staff  of  the  Cambridge  University  Press.  For  that  assistance, ' 
I  return  them  my  sincere  thanks. 

Finally,  for  corrections,  for  criticisms,  and  for  suggestions,  during 
the  laborious  task  of  levising  the  proof-sheets,  I  am  deeply  indebted 
to  Mr  E.  H.  Neville,  M.A.,  formerly  Fellow  of  Trinity  College, 
Cambridge,  and  now  Professor  of  Mathematics  in  the  University 
of  Reading.  For  the  generous  help  which,  amid  the  many  claims 
upon  him,  he  has  given  me  in  unstinted  measure  at  this  time,  I 
tender  my  tribute  of  thanks  to  him  as  n  collaborator  and  a  friend. 

A.  R.  F. 

BAILEY'S  HOTEL,  S.\V.  7 
1C  July  1930 
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CHAPTER  I. 

PRELIMINARY  NOTIONS. 

Amplitudes:  dimensions. 

1.  The  geometry,  which  is  here  considered,  is  based  upon  certain 
conceptions  acquired  in  the  gradual  development  of  the  assumptions 
and  definitions  of  the  older  geometries  of  two  dimensions  and  of  three 
dimensions.  These  conceptions  will  be  stated  by  title :  usually,  they  will 
be  postulated  without  attempts  at  logical  foundation  or  metaphysical  analysis, 
though  sometimes  definitions  are  provided  which  are  little  more  than  tauto- 
logical explanations  of  the  generalised  title. 

Among  such  conceptions  are  position,  extent,  direction,  and  (perhaps) 
rotation,  to  take  some  initial  examples.  They  are  fundamental  in  one  mode 
of  constructing  an  abstract  geometry.  In  the  customary  mathematical  pre- 
sentation here  adopted,  we  deal  with  relative  position  and  relative  direction: 
that  is,  the  mathematical  estimates  of  position  and  of  direction  arc  con- 
structed in  association  with  some  frame  of  reference.  Often,  a  frame  of 
reference  is  implicitly  assumed  without  specific  description.  That  frame  may 
itself,  in  turn,  be  relative  to  some  other  frame  unless  there  is  an  explicit 
assumption  of  definite  fixture :  but,  for  the  most  part,  the  epithet  '  relative  ' 
is  omitted  while  it  is  tacitly  implied. 

A  point  is  taken  as  the  fundamental  entity  in  the  scheme  of  geometry ; 
as  a  fundamental  entity,  it  is  taken  to  be  irrcsoluble  and  to  be  void  of  all 
properties  save  position.  The  complete  range  of  an  infinitude  of  all  the 
points,  selected  for  the  consideration  of  a  generic  body  of  issues,  is  called  an 
amplitude ,  and  an  amplitude  is  sometimes  said  to  consist  of  all  its  points. 
In  an  amplitude,  a  point  is  determined  uniquely  by  its  position .  and  the 
same  point  can  belong  to  distinct  amplitudes,  being  determined  (or  determin- 
able)  uniquely  in  each  of  them. 

Amplitudes  are  said  to  be  of  a  number  of  dimensions;  occasionally,  they 
are  said  to  possess  a  number  of  degrees  of  freedom ;  occasionally,  they  are 
called  manifolds,  specifically  designated  by  an  integer.  The  respective  in- 
tegers for  an  amplitude  under  the  various  titles  are,  of  course,  one  and  the 
same. 

We  have  amplitudes  of  one  dimension  or  amplitudes  with  one  degree 
of  freedom.  In  ordinary  parlance,  they  may  be  described  as  one-fold :  the 
implication  being  that,  in  each  instance,  the  range  (which  may  be  limited, 
or  which  may  be  unlimited)  is  one-fold  in  extent. 

F.G.  1 
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We  have  amplitudes  of  two  dimensions  or  amplitudes  with  two  degrees 
of  freedom.  They  may  be  described  as  two-fold  :  the  implication  being  that, 
in  each  instance,  the  range  (which  may  be  limited  wholly,  or  may  be  limited 
partially,  or  may  be  completely  unlimited)  is  two-fold  in  extent :  or,  what  is 
a  more  explicit  equivalent  implication,  that  the  range  can  be  compounded  of 
a  couple  of  one-fold  ranges,  neither  of  which  can  be  resolved  or  be  transformed 
into  the  other  or  can  be  extended  so  as  to  include  the  other.  Moreover,  there 
are  alternatives  in  the  selection  of  the  one-fold  ranges  that  compose  a 
two-fold  range :  each  adequate  selection  must  be  equivalent  to  every  other 
adequate  selection,  as  regards  the  comprehended  extent. 

And  so  for  amplitudes  of  dimensions,  in  number  greater  than  two. 
In  each  instance,  the  specification  is  made  by  the  appropriate  integer  n , 
and  the  description,  by  a  title  such  as  w-fold.  That  integer  is  the  number 
of  independent  one-fold  ranges  into  which  the  amplitude  can  be  resolved 
or  from  which  it  can  be  composed;  and  the  range  of  the  amplitude  is  the 
aggregate  of  the  component  one- fold  ranges. 

Ultimately  resolved,  the  range  of  any  amplitude,  whatever  be  its  di- 
mensions, consists  of  the  aggregate  of  its  points.  Now  the  usual  analytical 
specification  of  a  point  in  a  geometrical  amplitude  is  effected  by  the  assign- 
ment of  independent  variables,  in  number  equal  to  the  number  of  dimensions 
of  the  amplitude  within  whose  range  the  pojnt  is  specified.  The  amplitude 
itself  may  be  contained,  wholly  or  partially,* within  another  amplitude  of 
larger  dimensions.  In  the  range  of  that  larger  amplitude,  the  analytical 
specification  of  the  representative  point  will  have  a  different  form,  appro- 
priate to  the  wider  range :  all  the  forms,  if  there  be  more  than  one  for  the 
same  point,  must  be  exactly  and  completely  equivalent  to  one  another  for 
that  point.  Even  within  a  range,  a  suitable  assignment  of  independent 
variables  is  not  unique :  thus  it  may  consist  of  Cartesian  coordinates,  or  polar 
coordinates,  or  parametric  variables  characteristic  of  the  particular  amplitude: 
but  the  effect  must  be  unique,  whatever  representation  be  adopted. 

Representation  of  a  point 

2.  In  a  given  ?i-fold  amplitude,  the  variables  specifying  a  typical  point 
are  often  taken  to  be  xlt  xZt  ...,  a?n,  These  arc  not  necessarily  Cartesian 
coordinates ,  if  they  arc,  the  appropriate  amplitude  is,  mathematically,  the 
simplest  among  those  of  n  dimensions.  But  it  may  be  some  n-fold  amplitude 
in  a  larger  range  of  n  +  m  dimensions:  in  that  event,  the  variables  arc  not 
Cartesian  coordinates  but  can  be  any  characteristic  parameters,  as  is  the  fact 
in  much  of  modern  investigation  concerned  with  abstract  geometry. 

In  the  ensuing  discussions,  attention  will  be  concentrated  mainly  upon 
four-fold  amplitudes,  as  affording  the  earliest  extension  beyond  what  is 
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popularly  described  as  the  space  of  human  experience.  Many  of  the  results 
can  be  enlarged,  by  mcro  formal isat ion,  to  ?i-fold  amplitudes:  such  enlarge- 
ments will,  as  a  rule,  be  omitted  from  consideration  and  even  from  explicit 
mention,  unless  they  clarify  the  properties  of  a  four-fold  amplitude  For  its 
most  general  unrestricted  representation  in  such  an  amplitude,  a  point  re- 
quires four  variables :  these  will  be  denoted  by  x,  y,  z,  v  These  variables  are 
usually  taken  to  be  Cartesian  coordinates  of  the  four-fold  amplitude ;  but 
this  assumption  is  a  convention,  not  a  necessity. 


Curve,  straight  line. 

3.  An  amplitude  of  one  dimension  is  usually  called  a  curve.  Sometimes 
the  word  'line '  is  adopted  as  an  equivalent  of  the  word  '  curve,'  for  describing 
such  an  amplitude,  but  'line1  is  usual,  and  certainly  is  more  convenient,  as 
the  title  of  a  particular  kind  of  curve. 

Yet  a  satisfactory  definition  of  a  straight  line,  which  here  will  throughout 
be  called  a  line,  is  not  easy  to  propound  for  submission  to  detailed  criticism. 
Sometimes  there  is  implicit  reference  to  intrinsic  properties  of  the  amplitude 
thus  named  :  sometimes  the  character  is  indicated  by  its  relations  with  an 
external  frame  of  reference :  hence  various  definitions  have  been  propounded. 

Thus  a  straight  line  has  been  defined  as  a,  curve  which  lies  evenly  between 
any  two  of  its  points.  Bub  the  virtue  of  the  definition  lies  m  the  unexplained 
adverb  '  evenly.1  If,  fur  example,  evenness  is  a  brief  characterisation  of  the 
property  by  which  any  part  of  the  curve  can,  without  any  modification  of 
the  curve  in  shape  or  size,  be  changed  in  position  so  as  to  be  made  to  fit 
any  other  portion  of  the  curve — such  as  pushing  the  curve  along  itself — the 
definition  would  include  all  great  circles  on  the  surface  of  a  three-dimensional 
sphere  and  ,ill  helices  of  the  same  pitch  on  the  surface  of  a  threc-dimen- 
aional  circular  cylinder.  The  adopted  implicit  interpretation  of  evenness  is, 
in  essence,  an  assumption  concerning  what  usually  are  called  the  curvature 
and  the  torsion :  the  assumption  is  that  both  are  constant,  ;md  (for  a  line) 
arc  zero. 

A  straight  line  has  alternatively  been  defined  as  the  curve  of  shortest 
length  between  any  two  of  its  points.  But  length,  measured  in  an  amplitude, 
may  be  a  restricted  asset  of  the  amplitude :  and  the  shortest  length  in  an 
amplitude  between  two  points,  as  comiexible  positions  in  the  amplitude, 
need  not  be  (and  often  will  not  be)  the  shortest  length  between  those  two 
points  as  comiexible  positions  in  a  different  amplitude.  Thus  the  shortest 
superficial  length  between  two  points  on  a  spherical  surface  in  what  is 
called  'ordinary  space'  is  not  the  same  as  the  shortest  length  between 
those  two  points  measured  in  that  space.  The  definition  is  descriptive  but 
inadequate. 

1—2 
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Again,  a  straight  line  has  been  defined  implicitly  by  a  requirement  that, 
if  C  is  any  arbitrarily  selected  point  on  such  a  curve  joining  two  points  A 
and  B,  the  direction  CA  and  the  direction  CB,  estimated  along  the  curve 
(whether  they  be  in  the  same  sense  or  in  opposite  senses,  according  to  the 
position  of  (7),  are  independent  of  the  selected  point  G  and  are  the  saTne  for 
all  points  C  on  the  curve.  It  is  to  be  noted  that,  for  certain  modes  of  estimat- 
ing the  direction  under  this  definition,  the  implied  definition  would  admit 
the  spherical  great  circle  and  the  cylindrical  helix. 

Once  more,  the  notion  of  rotation  in  the  surrounding  space  has  beeij 
invoked.  A  straight  line  then  is  defined  as  a  curve  such  that  it  could  be 
an  axis  of  rotation  for  one  of  the  more  extensive  amplitudes  in  which  it 
exists,  provided  the  rotation  requires  no  deformation,  no  stretching,  no  dis- 
continuity, in  its  operation.  The  limitations  thus  imposed  on  the  rotation 
seem  to  demand  imported  properties,  which  have  ultimately  been  derived 
through  inferences  from  the  characteristics  of  a  straight  line,  long  previously 
postulated  without  reference  to  rotation. 

Perhaps  the  most  direct  way  of  estimating  straightness  is  to  be  found 
in  a  frank  assumption  of  linearity  as  an  essential  quality  or  limitation  in 
the  undefined  conception  of  direction.  As  a  working  definition  under  this 
assumption,  there  is  a  requirement  that,  at  any  point  A  in  a  straight  line, 
the  direction  of  the  line  shall  be  the  same  in  relation  to  the  most  extended 
frame  of  reference  containing  the  line,  whatever  point  A  be  chosen.  Such  a 
working  definition  involves  the  existence  of  amplitudes  more  extensive  than 
the  line  itself:  this  existence  is  assumed,  definitely,  at  almost  every  stage 
from  the  beginning  of  the  investigation  of  the  properties  of  all  curves,  and 
therefore  is  not  postulated  merely  to  facilitate  the  consideration  of  straight 
lines. 

4.  The  mathematical  (or  analytical)  representation  of  a  line  is  obtained 
by  the  expression  of  the  linearity  of  direction,  thus  postulated  as  being 
unchanged  throughout  the  range  of  the  one-fold  amplitude  constituting 
(or  constituted  by)  the  line.     We  are  assuming  a  four-dimenaional  space 
through  practically  all  the  discussions  that  follow :  and  all  the  configurations, 
which  are  considered,  exist  in  this  quadruple  continuum.  A  frame  of  reference 
is  adopted,  consisting  of  four  axes  OX,  OY.  OZ,  0V,  usually  supposed  to  be 
perpendicular  to  one  another  in  pairs.    They  are  taken  as  coordinate  axes. 
The  line,  joining  two  points  A  and  B  which  are  given,  is  made  uniquely 
definite  by  framing  the  analytical  expressions  of  the  inclinations  of  the  line 
AB  to  the  lines  OX,  OY,  OZ,  0V,  in  succession. 

Surface:  plane. 

5.  An  amplitude  of  two  dimensions  is  called  a  surface.    The  simplest 
surface  is  that  which  is  called  a  plane  surface  or,  mare  briefly,  a  plane. 
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As  already  explained,  amplitudes  of  two  dimensions  can  be  regarded  as 
composed  of  (or  as  resoluble  into)  a  couple  of  completely  independent  typical 
amplitudes,  each  of  one  dimension.  In  particular,  the  plane  surface  is  re- 
garded as  composed  of  straight  lines,  in  the  following  manner.  Let  A,  B,  C, 
be  any  three  points  in  the  quadruple  continuum,  limited  by  the  sole  excluding 
restriction  that  they  are  not  to  be  collincar.  Lot  P  denote  a  current  point  on 
the  line  AB,  where  P  may  range  also  outside  the  segment  AB  in  both  direc- 
tions; and  let  Q  denote  a  current  point  on  the  line  AC,  with  a  freedom  of  range 
also  outside  the  segment  A  C  m  both  directions.  For  any  position  of  P,  and  for 
any  position  of  Q,  each  point  being  chosen  independently  of  the  other,  let  R 
denote  a  current  point  on  the  line  PQ,  with  a  similar  unrestricted  freedom 
of  range  outside  the  segment  PQ  of  that  line  in  both  directions.  The  locus  of 
R,  for  all  positions  on  PQ,  for  all  selections  of  P,  and  for  all  selections  of  Q, 
is  called  a  plane. 

No  essential  limitation  is  imposed  by  the  adoption  of  AB  and  AC  as 
the  basic  lines;  it  will  appear  (p.  15)  that  the  same  plane  is  obtained  by  the 
adoption  of  AB  and  BCt  and  by  the  adoption  of  AC  and  BO,  as  basic  lines. 
Basic  lines,  or  guiding  lines,  for  a  plane  are  not  unique. 

The  plane  is  described  as  the  plane  through  A,  B,  C:  or,  simply,  MS  the 
plane  ABC. 

Region :  flat. 

6.  An  amplitude  of  three  dimensions  is  here  called  a  region.  (The  word 
'  space '  seems  the  natural  successor  to  '  curve '  and  'surface '  in  the  ascending 
grade  of  dimensions.  There  is,  however,  sonic  convenience  in  reserving  the 
general  word  '  space p  so  that  it  may  be  used  to  denote  an  amplitude  of  any 
number  of  dimensions :  in  particular,  it  will  be  used  to  indicate  the  quadruple 
continuum — as  a  space  of  four  dimensions — within  which  the  various  curves, 
surfaces,  and  regions,  exist.) 

As  a  plane  is  a  particular  surface,  composed  of  lines  in  the  manner  already 
defined,  so  a  region  similarly  defined  in  connection  with  lines  and  planes  is 
called  &Jlat.  (The  word  '  volume'  suggests  total  content  rather  than  range, 
just  as  '  area '  suggests  the  total  content  of  a  surface  or  of  some  portion  of  a 
surface  rather  than  its  range.)  The  title  hyperplane  is  also  frequently  used : 
but  a  part-use  of  the  word  plane,  connoting  a  two-fold  range,  harmonises  ill 
with  what  is  a  three-fold  range.  Moreover,  this  title  hyperplane  is  frequently 
used  to  denote  the  most  extensive  linear  space*  of  n  —  1  dimensions  in  a 
space  of  n  dimensions. 

The  constructive  definition  of  a  flat,  by  regarding  it  as  composed  of  (or 
resoluble  into)  lines  and  planes  and  therefore  as  composed  of  (or  resoluble 
into)  lines  alone,  is  taken  as  follows.  Let  A,  B,  C,  D,  be  any  four  points  in 

*  Clifford  used  the  word  horjialoidal  to  describe  all  linear  spaces  of  more  than  two  dimensions. 
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the  quadruple  continuum,  limited  by  the  sole  excluding  restriction  that  the 
four  points  arc  not  com  planar  (and,  specially  therefore,  that  no  three  of  the 
four  points  are  collinear).  Let  R  be  any  current  point  in  the  plane  ABC, 
with  a  freedom  of  range  over  the  whole  of  that  plane  as  given  by  its  pre- 
ceding construction  (§  5).  Let  S  be  any  current  point  in  the  line  A]>,  with 
a  freedom  of  range  outside  the  segment  AD  of  that  line  in  both  directions. 
Let  T  be  any  current  point  m  the  line  RS,  with  a  freedom  of  range  outside 
the  segment  RS  of  that  line  in  both  directions.  Then  the  locus  of  T,  for  all 
positions  on  the  line  R8,  for  all  positions  of  S  on  the  line  AD,  and  for 
all  positions  of  R  in  the  plane  ABC,  is  called  nflat. 

As  with  a  plane,  so  with  a  flat,  no  essential  limitation  is  imposed  by  the 
adoption  of  ABC  as  a  basic  plane  and  the  linc^lD  as  a  basic  line  (or  by  the 
adoption  ufAB,  AC,  AD,  as  basic  lines,  or  guiding  lines) :  it  will  appear  (p.  18) 
that  the  same  fiat  is  obtained  by  the  adoption  of  ABC  with  ED  or  with  CD 
as  a  basic  line,  or  by  the  adoption  of  the  plane  BCD  as  a  basic  plane  with  BA 
or  CA  or  DA  as  a  basic  line,  and  so  for  the  other  possible  alternatives. 
Basic  lines,  or  guiding  lines,  for  a  flat  are  not  unique. 

The  flat  is  described  as  the  flat  through  At  B,  Gf,  D .  or,  simply,  as  the 
flat  ABCD. 

7.  When  the  comprehensive  abstract  space  is  limited  to  four  dimensions, 
there  are  no  subsidiary  amplitudes  of  that  number  of  dimensions:    every 
four-diinensiorial  amplitude  either  is  a  portion,  or  is  composed  of  portions, 
of  the  completely  compiehending  space.    Consequently,  in  quadruple  space, 
the  only  kinds  of  subsidiary  amplitudes  demanding  consideration  arc  those 
of  one  dimension,  those  of  two  dimensions,  and  those  of  three  dimensions. 
Occasions  arise  when  the  variables  as,  y,  2,  v,  of  a  point  in  the  space  arc 
changed  to  other  variables  p,  q,  r,  s,  by  four  relations  independent  of  one 
another :  but  such  relations  arc  a  transformation  from  one  quadruple  space 
into  another  quadruple  space.    Under  the  condition  that  the  relations  are 
independent,  no  amplitude,  differing  from  the  complete  quadruple  space  in 
essential  quality,  is  thereby  constituted. 

Similarly  in  rz-fold  space,  no  subsidiary  w-fold  amplitude  is  to  be  recognised. 
There  are  n  —  1  distinct  types  of  subsidiary  amplitudes  existent  in  that 
space ;  and  they  are  of  1,  2,  . ..,  n  —  1,  dimensions  respectively,  whether  homa- 
loidal  or  curved. 

Representation  of  a  point. 

8.  The  only  characteristic  possession  of  a  point  is  its  position,  usually 
estimated  in  a  frame  of  reference;   a  point  has  no  dimensions,  that  is.  its 
range  provides  no  degree  of  freedom. 

In  the  frame,  there  are  four  axes  OX,  OY,  OZ,  0V.  There  is  no  intrinsic 
necessity  that  they  should  be  perpendicular  to  one  another  in  all  the  six 
pair-combinations;  but,  unless  there  is  either  a  manifest  assumption  or  an 
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explicit  statement  to  the  contrary,  complete  orthogonality  is  to  be  under- 
stood. Also,  in  manifest  agreement  with  the  customary  convention  for  the 
two-dimensional  arid  the  three-dimensional  geometries,  the  several  directions 
OX,  OF,  OZ,  0V,  will  be  regarded  as  positive,  and  the  several  directions  XO, 
YO,  Zf),  VO,  will  be  regarded  as  negative. 

Compounded  from  these  four  axes  in  pairs,  there  aro  six  pianos  of  refer- 
ence, being  XOY,  YOZ,  ZOX,  XOV,  YOV,  ZOV.  These  six  planes  are  to 
be  regarded  as  perpendicular  to  one  another,  m  all  the  fifteen  pairs;  the 
significance  of  this  statement  of  property,  here  made  dogmatically,  will  appear 
later  after  a  discussion  of  the  angular  relation  of  any  two  planes,  when  it  will 
be  found,  e.g.,  that  the  perpendicularity  of  JfOFand  YOZ  is  different  from 
thatof  A'OFandZOF. 

Compounded  from  the  four  axes  in  threes,  there  ,iro  four  flats  of  reference, 
being  OYZY,  OZVX,  0  VXY,  OXYZ.  Thcsu  four  flats  are  to  be  regarded  as 
pcipendicular  to  one  another,  in  all  the  six  pairs  j  they  are  also  respectively 
perpendicular  to  the  four  axes  OX,  OY,  OZ,  OV\  and,  as  in  the  last  instance 
concerning  planes,  the  significance  of  these  statements  will  appear  later  after 
the  discussion  of  the  orientation  of  flats 
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9.  In  the  accompanying  diagram  (Fig  1),  the  lines  OX,  OY,  OZ,  arc  drawn 
according  to  the  prevalent  convention  for  three-dimensional  space.  The  fourth 
axia  OF,  and  all  lines  parallel  to  OF,  are  represented  by  dotted  lines;  and 
all  these  parallel  directions  are  imagined  to  he  perpendicular  to  the  three 
reciprocally  perpendicular  directions  OX,  OY,  OZ. 
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The  configuration,  of  which 

0,  A,  B,  C, 
S,   f.  g,  h, 

arc  angular  points,  is  the  customary  rectangular  parallelepiped  in  the,  three- 
dimensional  flat  OXYZ.   The  configuration,  of  which 

D,  f',  g\  h', 

P,  «,  A  y, 

are  angular  points,  is  the  same  parallelepiped  moved  parallel  to  the  axis  OF, 
without  change  of  shape  or  orientation,  all  the  dotted  lengths  being  equal  to  OD. 

The  lines 

Bh,  /*,  Cg,  g'y,  Df,  k'ft  «P, 

are  parallel  to  OX ;  the  lines 

Cf,  g8,  Ah,  h'a,  Dg',  f'y,  0P, 
are  parallel  to  OF;  the  lines 

Aff,  M,  Bf,  fff,  Dh\  g'«,  yP, 
are  parallel  to  OZ ;  and  the  lines 

Af,  Jig,  Ch\  /«,  gff,  hy,  SP, 
are  parallel  to  OF.  ** 

If  the  coordinates  of  P  are  tt,  6,  c,  d,  each  of  the  seven  specified  lines 
parallel  to  OX  is  equal  to  OA,  that  is,  to  a;  each  of  the  seven  specified 
lines  parallel  to  OF  is  equal  to  OB,  that  is,  to  b ;  each  of  the  seven  speci- 
fied lines  parallel  to  OZ  is  equal  to  OC,  that  is,  to  c ;  and  each  of  the  seven 
specified  lines  parallel  to  0  F  is  equal  to  OD,  that  is,  to  d. 

The  coordinates  of  the  various  angular  points  in  the  diagram,  other  than  P, 
are  as  follows : 


A  is  the  point  a,  0,  0,  0,\ 

B   0,  b,  0,  0, 

C    0,  0,  c,  0. 

D   0,  0,  0, 


a  is  the  point  0,  6,  c,  d, 

0  a,  0,  c,  d, 

7  a,  &,  0,  d, 

8  a,  b,  c,  0, 


and 


/   is  the  point  0,  b,  c,  O/ 

g    a,  0,  c,  0, 

/'    a,  b,  0,  0, 

/'   a,  0,  0,  d, 

^  0,  6,  0,  d, 

//'   0,  0,  c,  d, 


10]  IN  QUADRUPLE  SPACE 

Further,  the  lines 

Of,  AS,  D*,f'P,  are  parallel  to  one  another) 
BO.hg.^h'.yP  .....................................  f  and  of  length 


2£SmS  rr..::.::::::::::::::::::::}  « 

Oh',A0,B«,hP,  ..................................  )        .    ,.       ., 

DO.  fg.  d  +.  ..................................  }  -doflen*th 

Again,  the  lines 

Oa  I  Bh'\  Cg\  Df\ 

AP}'  hft]'  gy}'  fl}9 

are  of  length  (bz  +  c2  +  d2)*,  each  bracketed  pair  of  lines  being  parallel  to  one 
another,  the  lines 

0/9}  Cf\  Dg\  Ah'\ 

BP}'  fy  ['  g'S]'  h*  }'- 

arc  of  length  (cz  +  rf2  +  a1)*,  in  bracketed  parallel  pairs  ;  the  linos 
Oj\     Dh\     Ag)     Bf'\ 

r.p\"  us}-  j7«  ]'  jpy 

urn  of  length  (d*  +  «2+  62)*,  in  bracketed  parallel  pairs  ;  and  the  lines 

OS  I     Af\     13g\      Ch\ 
DP]'   /'«}'    <fp]'    Kyi' 

are  of  length  (a2  +  bz  +  c2)*,  in  bracketed  parallel  pairs. 
Finally,  the  eight  lines 

OP,   Aa,  B/3,  Cy,  £8,  //',  99,  hh'  \ 

are  of  length  (a2  +  62  +  c2  +  da)*  ;  and  each  of  them  has  la,  £6,  \c,  \dt  for  its 
middle  point. 

In  the  four-dimensional  parallelepiped  in  the  diagram,  there  are  sixteen 
corners,  thirty-two  linear  edges,  twenty-four  plane  faces,  and  eight  flat  regions 
(or  cells). 

Parametric  representation  of  points  in  an  amplitude. 
10.    It  may  be  pointed  out,  however,  that  while  the  method  of  repre- 
senting a  point  by  its  Cartesian  coordinates,  each  explicitly  expressed  solely 
with  reference  to  rectangular  axes,  is  convenient  initially,  there  accrues  an 
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advantage,  in  the  intrinsic  geometry  of  configurations,  from  expressing  those 
coordinates  by  special  reference  to  the  amplitude  of  which  the  point  is  an 
element. 

Thus,  when  a  typical  point  on  a  curve  is  selected,  its  coordinates  x,  y,  z,  v, 
would  be  expressed  as  functions  of  a  parameter;  an  instance  arises  in  the 
helix 

x  =  a  (sin  0  cos  8  cos  ys  —  sin  8  sin  7,*), 

y  =  a  (sin  0  sin  8  cos  75  +  cos  8  sin  75), 
z  =  a  cos  0  cos  75, 
v  =  s  sin  a, 

where  s  is  the  length  of  arc  measured  along  the  curve,  and  a,  a,  0,  7,  S,  aic 
inter-  related  constants. 

When  a  typical  point  on  n,  surface  is  selected,  x,  yt  zt  v,  would  be  expressed 
as  functions  of  two  parameters  ;  an  instance  occurs  from  the  spherical  surface 

x  cos  a  cos  0  +  y  cos  a  sin  ft  -h  z  sin  a  =  c 


for  which  we  may  take 

x  =  c  cos  a  cos  ft  +  p  sin  a  cos  0  +  q  sin  £, 
//  =  c  cos  a  sin  0  +  p  siri  oisin  0  —  q  cos  £, 
2  =  c  sin  a  -  p  cos  a,  " 


where  p  and  q  are  the  two  parameters,  varying  independently  of  one  another 
on  the  surface. 

When  ,1  typical  point  in  a  region  is  selected,  x,  yt  z,  v,  would  be  expressed 
as  functions  of  three  parameters ;  an  instance  occurs  from  the  ovoidal  region 

abed        ' 
within  which  we  can  take 


(c  +  |»)(c  +  y)  (c  +  r)l  * 
(c-o)(c-6)(c-d)J  ' 


where  p,  q,  r,  are  the  three  current  parameters  of  th/3  region  (see  Chap.  xxil). 
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Representation  of  a  Hue  :  direction-cosines. 

11.  The  analytical  representation  of  a  (straight)  line  is  obtained  simply 
by  using  the  measure  of  its  inclinations  to  the  respective  coordinate  axes. 
In  the  diagram  in  §  9  (p.  7),  the  projections  of  the  point  P  on  the  four 
axes  OX,  OY,  OZ,  0V,  are  A,  Jl,  (J,  D,  respectively.  Wo  denote  by  I,  m,  n,  k, 
the  cosines  of  the  angles  X0l\  Y01\  ZOP,  VOP,  respectively,  thcso  four 
quantities  are  called  the  four  direction-cosines  of  the  line  OP.  Manifestly, 

OA=l.OP,     OB  =  m.OP,     OV  =  n.OP,     OD  =  k.OP, 
hence,  as  OPZ  =  OAZ  +  OJ1Z  +  OC*  +  OD\  we  have 


which  is  a  universal  relation  affecting  the  four  direcfcion-r-osincs  of  any  line. 

Next,  suppose  the  point  0  to  be  «,  6,  c,  d,  referred  to  another  parallel 
system  of  axes  •  on  a  line  OP  through  O,  suppose  the  cooidmates  of  P  to  be 
x,  y,  ZjV,  and  denote  by  I,  m,  n,  k,  the  direction-cosines  of  the  line  measured 
from  0  towards  P  along  the,  line.  (If  a  point  Q  be  taken  on  PO  produced 
through  0,  the  direction-cosines  /',  m',  n,  k',  of  OQ  aie  equal  to  —  /,  —  m,  —  n,  —  k.) 
Also,  denote  the  distance  OP  by  r.  Then  we  have 

x  —  d  —  lrt     y  —  b=  mr,     z  —  c  =  nr,     v  —  d  =  kr, 
while 


and  we  usually  assume,  as  a  convention,  that,  in  deducing  a  value  for  r,  the 
positive  sign  is  given  to  the  square  root  of  the  last  expression.   Furthei, 


—  cv  — 


in  n  k 

Here,  we  can  regard  a,  b,  c,  d,  as  a  fixed  point  on  the  line,  and  x,  y,  z,  v,  as  a 
current  point  on  the  line  ;  and  therefore  those  three  equations  can  be  regarded 
as  the  equations  of  the  line.  If,  moreover  we  take 

l  =  \P,     m  =  pP,     n  =  vP,     k  =  KP, 

where  P  is  any  non-zero  magnitude,  the  equations  become 
x  —  a  _y-b  _z  —  c  _v—  d 

\  fl  V  K. 

where  X,  p,t  vt  K,  are  not  now  actually  equal  to,  but  are  only  proportional  to, 
the  direction-cosines  of  the  line.  The  latter  form  is  chosen  as  the  typical 
form  of  the  (three)  equations  of  a  line. 

Manifestly,  the  coordinates  of  any  point  on  a  line  through  rr,  b,  c,  rf,  with 
direction-  cosines  I,  mt  n,  k,  are 

x  =  a  +  lr,     y  =  b  +  mr,     z  =  c  +  nr,     v  =  d  +  kr, 

that  is,  along  the  direction  lt  m,  n,  k,  as  measured  from  a,  6,  c,  d.  For  the  rest 
of  the  whole  line,  in  the  opposite  direction  from  at  b,  c,  d,  we  may  cither 
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reverse  the  signs  of  I,  m,  n,  k,  or  admit  negative  values  of  r.  When  we  take  r 
as  a  parametric  variable  along  the  line,  we  can  regard  these  four  equations  as 
the  equations  of  the  line.  The  equations  can  also  be  taken  in  the  form 


and  then  the  distance  along  the  line  from  the  fixed  point  up  to  any  position 
of  the  current  point  is 

(X» 
where  R  is  the  parameter  of  the  current  point. 

Later  (§  17),  it  will  appear  that  the  three  equations  of  a  line  need  not 
necessarily  occur  in  this  form  and  that,  in  any  form,  three  independent 
equations  are  necessary  and  sufficient  for  the  mathematical  specification  of 
the  line. 

12.    Next,  let  a,  &',  c',  d't  be  any  point  on  the  line,  distinct  from  the 
point  a,  6,  c,  d.   As  the  coordinates  must  satisfy  the  equations,  we  must  have 
a'  _  a  =  V  -b_  =  <f-c  =  d'-d 

\  IJL  v  K      ' 

and  therefore,  011  the  elimination  of  X,  fit  v,  K,  from  the  equations  of  the  line, 

we  have 

x  —  a         —  b      z  -  c      v  —  d 


which  are  the  equations  of  a  (straight)  line  joining  the  points  a,  b't  c',  d',  and 
a,  b,  c,  d. 

Take  a  point  xlt  ylt  z^,  vlt  in  the  quadruple  space,  such  that 

ad  +  /3d' 
~ 


where  a  and  ft  are  any  magnitudes.   Then 


a'-a     a  +  p'     b'-b 
and  so  for  the  others  :  hence 

xl—  t*_2/i—  b  _zt—  c  _vl  —  d 
a'~-  a  "  6'  -  6  "  ~c  -  c  ~~d'-d  ' 

and  therefore  the  point  .%,  ylt  zlt  vlt  lies  on  the  line,  whatever  values  be 
assigned  to  a  and  ft.  Conversely,  any  point  on  the  line  joining  a',  6',  c',  d', 
to  a,  b,  c,  dt  can  be  represented  by  the  four  expressions  for  alt  y±,  zlr  vlt 
above  given.  If  we  write 

a     _  £  _  ot  +  /9 

1-7~7~~1      ' 

so  that  7  is  a  parametric  variable  taking  the  place  of  the  ratio  a  :  ft,  any 
point  on  the  line  is  given  by 
ar1=  a  +  7  (a'  -  a),     yl  =  b  +  y  (6'  —  6),     2l  =  c  +  7  (c'  —  c),     vx  =  d  +  7  (dr  -  d). 
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•  The  parametric  variable  7  can  range  from  -  oo  to  +  oo .  As  it  ranges  from 
-  (30  to  0,  the  point  ranges  along  that  part  of  the  line  between  its  distant 
extremity  and  a,  b,  c,  dt  which  does  not  enclose  the  point  a',  b',  c',  d'.  As  7 
ranges  from  0  to  1,  the  point  ranges  along  the  portion  of  the  line  between 
a,  6,  c,  dt  and  a',  &',  c',  rf'.  As  7  ranges  from  1  to  +  oo ,  the  point  ranges  along 
that  part  of  the  line  between  its  distant  extremity  and  a',  6',  c\  d',  which 
does  not  enclose  the  point  a,  6,  c,  d. 

Ex.  1.   Verify  that  the  lines  in  each  pair 

Oa  and  AP,     Oft  and  BP,     Oy  and  CP,     OS  and  DP, 

in  the  diagram  (p.  7)  have  the  same  direction-cosines  ;  likewise  the  lines  in  each  pair 
ah  and  AM,     ftf  and/'J5,     yg  and  ^6', 
a/1  and//),     fy'and^/J,     SA' and  AZ), 
O/  and  /'  />,     ty  and  y'/1,     OA  and  AT. 
Obtain  other  lines  parallel  (§  18)  to  any  pair  of  these  specified  lines  in  the  diagram. 

Ex.  2.    Shew  that,  if  three  points  «i,  6n  c,,  d^ ;  «2,  hlt  c2,  rf2;  «,,  6(J  Cj>  rfl ;  arc  not 
collincar,  any  three  independent  equations  of  the  set 

=  0 


must  not  bo  satisfied  simultaneously. 

Representation  oj  a  plane. 

13.  The  analytical  representation  of  a  plane  can  be  deduced  immediately 
from  the  definition  already  given  (§  5).  Let  the  three  points  A,  B,  C,  there 
specified,  be  «i,  6^  cit  d^\  az,  6Z,  cz,  d2,  a3j  63p  c3,  d3.  A  current  point  P  on 
AB  is  (§12) 

«i  +  a  (az  -  fli),     &!  +  a  (62  -  61),     Ci  +  a  (c2  -  GX),     dx  +  a  (dz  -  rfj), 
where  a  is  a  parameter  that  can  range  from  —  x  to  +  oo  .   A  current  point  Q 
on  AC  is  (§12) 

"i  +  £  ("a  -  ttO,     &!  +  /3  (63  -  60,     *  +  0  (c3  -  Cl),     dx  -H  0  (<Z3  -  dO, 
where  0  is  another  (and  independent)  parameter,  with  the  same  range  of 
variation  as  a.   Then  a  current  point  R  on  PQ  is  (§  12) 

x  =  ai  +  a  («a  -  «i)  +  7  [(«i  +  £  ("a  -  «i)}  -  K  +  a  ("2  -  «i)l], 
where  7  is  another  (and  also  independent)  parameter,  with  the  same  range  of 
variation  as  a  and  0  :  that  is, 

x  =  «!  +  X'  (az  -  ai)  +  p'  (a3  -  a^, 
and,  similarly, 


z  =  d  +  X'  (ca  -  Ci)  +  /A'  (c3  - 
v  =  rfj  +  X'  (rfa  - 
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where  X'  =  a  —  ya,  fi'  =  7#.  Thus  X'  and  IL  are  two  parameters  :  they  range, 
independently  of  one  another,  from  -  oo  to  +  oo  :  and,  when  a,  /9,  y,  are 
omitted  from  further  consideration,  \'  and  /*'  can  be  taken  as  two  parameters, 
with  full  variation  between  —  oo  and  +  oo  ,  and  independent  of  one  another. 
Thus  ac,  y,  z,  vt  satisfy  two  equations 

0. 


But  the  locus  of  .K,  which  is  the  point  #,  y,  s,  u,  is  the  plane  ABC.  Hondo 
a  plane  is  represented  analytically  by  two  equations,  each  of  the  first  degree 
in  the  current  coordinates  x,  yt  z,  v. 

Now  let  I,  m,  ?i,  k,  be  the  direction-cosines  of  the  line  AB  in  the  direction 
from  A  to  B\  and  let  I',  m',  ri,  k't  be  those  of  the  line  AC  in  the  direction 
from  A  to  C.  Also  let  AB  =  r,  AC  =  r;  and  write  XV  =  X,  firf  =  fi.  Then 
the  coordinates  of  the  current  point  R  in  the  plane  ABC  are 

#  =  di  +  \l   +  M/', 
y  =  61  +  Xwi  +  /AW', 
z  —  GI  +  Xw  +  fin, 


and  the  two  equations  of  the  plane  become 


In  this  form,  the  equations  of  the  plane  place  into  evidence  the  distinguishing 
properties:  (i)f  that  the  plane  passes  through  the  point  ait  bLt  ci,  di;  and 
(ii),  that  the  plane  contains  the  two  lines  through  alt  bir  c\,  dlr  with  the 
respective  direction-cosines  lt  m,  n,  k  ;  I',  m',  n',  k'.  Further,  x  —  01,  y  —  &i, 
^  _  Cli  ^  —  rflf  are  equal  to  X^i',  Jf  R',  NR'  ,  KR',  where  Rr  is  the  distance  AR, 
and  L,  M,  N,  K,  are  the  direction-cosines  of  AR  measured  in  the  direction 
from  A  to  R  ;  hence 

L=pl   +rf, 

M  =  pin  +  trw', 


K  =  pk  +ak't 

where  X  =  pR\  p  =  ffR'.  Thus  any  variable  direction  through  the  point  A  in 
the  plane  is  represented  analytically  in  terms  of  two  directions  of  reference 
through  that  point,  by  means  of  two  parameters  p  and  <r.  It  will  appear 
immediately  that  these  two  parameters,  p  and  <r,  are  not  independent  of  one 
another. 
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The  equations  of  the  plane  are  satisfied  by  taking  x,  y,  z,  v,  =  ait  bi,  Ci,  di, 
or  =az,  62i  ca,  dz,  or  =«3i  &a>  £3,  d3l  verifying  the  fact  that  the  plane  passes 
through  A,B,C. 

In  constructing  these  equations,  the  point  A  was  chosen  as  an  initial 
point  ot  reference.  But 

«!  -I-  X'  (tt2  -  ax)  +  IL  (a3  -  ttO  =  aa  +  \"  (a*  -  a2)  +  /i"  (u3  -  oz), 
fel  +  v  (5,  -  60  +  Mf  (63  -  61)  =  62  +  V  (*i  -  62)  +  /'  (63  -  62), 
d  +  V  (c,  -  d)  +  X  (c3  -  d)  =  ca  +  V  (d  -  ci)  +  n"  (c3  -  c2), 
rfi  +  \'  (e/2  -  rfx)  +  fjf  (d3  -  dj)  =  (Z2  +  X"  (^  -  da)  +  IL"  (d3  -  d2), 

provided  X"  =  1  —  X7  —  ^t',  /A"  =  X"  ;  and  the  right-hand  sides  of  the  four 
equations  are  new  expressions  for  the  coordinates  xt  y,  z,  vt  of  Rt  which 
consequently  satisfy  the  two  equations 


x  -az,     y  -  b2,     z  -  c2,     v   -  da 
«i  —  tt2l     61  -  b2,     Ci  -  c2>     di  -  d2 


=0, 


being  the  equivalent  to  the  two  equations  of  the  plane  ADC.  Also,  if 
I",  m",  n",  k",  be  the  direction-cosines  of  the  line  BC  in  the  direction  /f(7, 
these  two  equations  have  the  form 


I  , 
I"  , 

m,   ,        n    , 
m"  ,        n"  , 

k 
k" 

In  these  equations,  R  manifestly  is  the  initial  point  of  reference. 

Similarly,  if  C  is  chosen  as  the  initial  point  of  reference,  the  two  equations 
of  the  plane  arc  obtainable  in  the  forms 


I'     , 

V    , 


m 
m" 


x  -«3l     y  -( 


n     , 

GI  —  c3, 
cz-c3, 


fc"     • 


i  —  d3 


=  0. 


The  general  conclusion  therefore  is  that  a  plane,  determined  by  the 
requirements  of  passing  through  a  point  a,  6,  c,  d,  and  containing  two 
directions  lr  m,  nt  k ;  V,  in,  n',  k' ;  is  represented  by  the  two  equations 


;  —  a,     y  —  b,     z  —  c,     u  —  d 
£    ,       w   ,       71   ,        A; 
*'    ,       m'  ,       nf  ,        A;' 


=  0, 
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y  =  b  +  \m  +  fim' 
z  —  c  +  \n  +  fan' 

v  =  d  +  \k 


where  X  and  a  are  two  independent  parameters,  capable  of  varying  separately 
between  —  oo  and  +  oo  .  And  ib  is  an  immediate  corollary  that  any  three 
directions  in  a  plane  satisfy  the  relations 


| \  I  ,  m  ,  n  ,  k 
l't  m't  n',  k' 
I",  m",  n"t  k1 


=  0. 


In  passing,  we  remark  that  (as  will  be  seen  later)  there  arc  other  forms  of 
equations  of  a  plane :  but  all  of  them  are  equivalent  to  two  (and  only  two) 
independent  equations,  linear  in  the  current  variables  and  involving  no  other 
variable  quantities  such  as  parameters. 


Ex.  1.   Shew  that  the  plane  can  be  represented  by  the  (two)  independent  equations  of 
the  set 

x  ,    y ,    c  ,    ^  ,    1     =0. 


Ex.  2.   Prove  that,  if  the  equations 


0, 


fill    , 


w, 


0, 


are  to  represent  one  and  the  same  plane,  the  necessary  and  .sufficient  conditions  are  that 
the  relations 

lr     ,        nif    ,        Jif    |         kr 

shall  be  satisfied  for  all  the  combinations  p,  q,  =1,  2,  3 ,  and  r,  a,  =1,  2,  3. 
To  how  many  independent  relations  are  those  conditions  equivalent  ? 
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Representation  of  a  flat. 

14.  The  analytical  representation  of  a  flat  can  be  deduced  from  the 
definition  (§  6),  in  the  same  manner  as  was  the  analytical  representation  of 
a  plans.  Let  the  rion-colhnear  points  A,  B,  C,  determining  a  plane  ABC,  be 
t*n  &r,  cr,  dft  for  r—  1,  2,  3,  as  before;  and  let  a  fourth  point  D,  not  lying  in 
the  plane  ABC,  bo  o*,  64,  c4>  rf4.  A  current  point  R  in  the  plane  ARC  is 
given  by 

x'  =  ttj  +  V  (a2  -  tt! 


y  =  q  +  \'  (ca  -  d)  +  p  (c3  -  d), 

U'  =  </!  +  V  (<lz  -  dj  +  /!'  (d,  -  rfj). 

A  current  point  A?  in  the  line  ^1Z)  is  given  by 

^"  =  ax  +  7  (rr  4  -  r^), 


Hence  a  current  point  T  on  the  line  R#  is  given  by 
jj  =  x'  +  S  (x"  -  x) 

=  iij  +  p  (a2  -  di)  +  a-  (rtj  -  «!>  +  T  (a4  - 
,/  =  6, 
s  =  Cl  +  p  (c2  -  d)  +  a-  (c3  -  c^ 

W  =  rfl  + 

where 


The  parameters  X'  and  //  are  general  and  they  are  independent  of  one 
another,  the  parameter  7  is  general,  and  likewise  8.  Hence  p,  a,  T,  are  three 
parameters,  independent  of  one  another,  each  capable  oi  variation  by  itself 
from  —  QO  to  +  QO  .  Accordingly,  the  coordinates  of  T  satisfy  the  single 
equation 


az-cilt   &a-&i,    c2- 
03-0!,    bA—bi,    CS- 


=0, 


which  therefore  is  the  (single)  equation  of  a  flat, 

Now  let  I,  m,  n,  kt  be  the  direction-cosines  of  AB;  l't  m't  n',  k',  those  of 
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AC\  I",  m",  n",  k"t  those  of  AD.   Then  the  coordinates  of  a  current  point  X 
in  the  flat  ABGD  are 


U+  vm"  '  r 
z  =  G!  +  \n  +  /in'  +  im"  , 
v  -  d,  +  X&  +  /i/c'  +  v/;"  , 

where  X,  /i,  y,  are  three  independent  parameters;  and  tho  equation  of  the 
flat  becomes 


I         ,  911 

V     ,       m 

I"     ,       m" 


t' 


From  the  first  form  of  the  equation  of  the  flab,  we  verify  at  onco  tliab  the  Hat 
passes  through  the  four  points  A,  H,  C,  D.  From  the  second  form,  we  infer 
that,  if  L,  M,  N,  Kt  are  the  direction -cosines  of  any  line  in  the  flat, 


L  =  pi    +  al 

M  =  pin  +  am  +  TWi", 

AT  '  // 

J\  =  pn  -{-  era    +  r/t    , 
K  =  pk  +  o-/;'  +  T^" 

Alternative  (or  apparently  alternative)  forms  of  the  equation  of  the  flat 
arc  obtained  when  different  arrangements  of  the  four  points  A,  H,  C,  Dt  ure 
taken  so  as  to  adopt  a  basic  plane  different  from  ARC  with  a  different  basic 
line  AD.  They  are  equivalent  to  one  another,  and  all  of  them  arc  equivalent 
to  the  single  symmetrical  form 


x  ,  y  ,  z  ,  v  ,  L 

fii,  bl9  clt  r/j,  1 

"2,  b;,  c2,  cZ2,  1 

t*3,  1>3,  c3,  d3,  1 


a4, 


c4l 


0, 


What  seems  the  most  convenient  form  of  the  equation  of  a  flat  is  given  by 
the  foregoing  expressions  for  the  four  coordinates  of  a  current  point  in  terms 
of  the  three  independent  parameters  \,  /i,  v. 

It  thus  appears 

(i)  that  a  line  can  be  drawn  through  two,  and  not  through  more  than 
two,  arbitrary  points  ,  conditions  are  necessary  if  a  third  assigned 
point  is  on  the  line  : 


]  5]  SPECIFYING  A  FLAT  19 

(ii)  that  a  plane  can  be  drawn  through  three,  and  not  through  more 

than  three,  arbitrary  points  ;  conditions  arc  necessary  if  a  fourth 

assigned  point  is  111  the  plane  • 
(in)  that  a  flat  can  be  drawn  through  four,  and  not  through  more  than 

four,  arbitrary  points  :  a  condition  is  necessary  if  a  fifth  assigned 

point  lies  within  the  flat 

Also,  a  line  is  represented  by  three  equations,  a  plane  by  two  equations,  and 
a  flat  by  one  equation,  each  such  equation  being  of  the  first  degree  in  the 
variables.  Alternative  forms  of  the  three  equations  of  a  line,  and  of  the  two 
equations  of  a  plane,  have  yet  to  be  indicated. 

Ex.   1.    Obtain  the  equations  of  the  four  (parallel)  planes  ADC,  /'<//<',  fg/t,  o/3y,  in 
the  figure  on  p  7,  as  follows 

' 


Obtain  also  the  .similar  equations  of  the  .nets  of  four  (parallel)  p  Lin  PS 
(i)    nCD,    f«h,    fy'h',    flyd 
(11)     MA,     tfhf,     ffh'f,      y8a 
(in)   DAIi,     h'fy,     hf'<j\     8ap. 

Ex   2    Verify  that  the  six  points/,  ,7,  //,/',  #',  h\  ho  in  the  flat 

'+.JV    +    --S; 

d      h      c      a 
that  tho  (|)arallol)  tl.its  0«/3y,  /M/?Cf,  have  the  icspcctixo  equations 

-+^+z  .,';=„, 

a      I)      c         d       ' 

-  +  y+-.a?   ! 

rr       h       f         a 
rind  that  the  (]umllel)  flata  ABCapy*  Pfyh,  haic  tlie  respective  equations 

f+</+;  _"  !, 

ft      h      c      d 


Types  of  amplitude  in  n-fold  homaluidal  space  are  limited  in  number. 

15.  In  confirmation  of  an  inference  that,  in  a  quad  in  pie  continuum,  no 
amplitude  can  exist  which,  being  represented  by  a  linear  equation  or  by 
linear  equations,  is  required  to  contain  more  than  four  arbitrarily  assumed 
points,  the  following  argument  can  be  adduced 

2—2 
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Consider  a  general  amplitude  of  linear  type,  existing  in  any  ?i-fold  space  : 
let  it  be  represented  by  r  independent  equations,  each  of  them  linear.  These 
independent  equations  can  be  resolved  so  as  to  express  r  of  the  variables  in 
terms  of  the  remainder  •  let  the  resolved  expression  be 


for  .s  =  l,  ...,  r.  The  number  of  constants  crg  and  agim  in  each  equation  is 
n  —  r  +  1  :  thus  the  expression  of  the  amplitude  contains  r  (n  —  r  +  1)  constants 
in  all  ;  and  these,  in  the  most  general  instance,  can  be  regarded  as  un- 
connected by  relations.  Let  thu  amplitude  be  required  to  contain  m  arbi- 
trarily assumed  points.  The  equations  of  the  amplitude  musL  be  satisfied  by 
the  coordinates  of  each  point  :  and  therefore  there  must  be  r  relations  to  be 
satisfied  in  connection  with  each  point.  Consequently  there  will  bo  mr  rela- 
tions in  all,  arising  out  of  the  requirement  imposed  on  the  amplitude  :  and 
each  such  relation  is  linear  in  the  constants  e^,  and  aHim.  Hence,  in  general, 

mr^r(n  -  r  +  1), 
and  therefore 


For  the  analytical  expression  of  an  amplitude,  there  must  be  one  equation 
at  least  :  that  is, 

r  -  1  >  0. 
Hence  * 


so  that  no  linear  amplitude  can  be  made  to  pass  through  more  than  n  arbi- 
trarily assumed  points.  In  particular,  no  linear  amplitude  in  a  quadruple 
continuum  can  be  required  to  pass  through  more  than  four  arbitrary  points. 
Further,  the  number  r  of  independent  equations  (whether  linear  or  not, 
separately  or  in  independent  and  equivalent  combinations),  which  are  the 
analytical  expression  of  an  amplitude  of  any  number  of  degrees  of  freedom 
existing  in  any  n-fold  space,  is  not  greater  than  ??.  If  it  wore  greater  than  n, 
there  would  then  be  a  number  of  relations  among  the  variables  greater  than 
the  number  of  variables:  in  that  event,  the  relations  could  not  be  inde- 
pendent and  simultaneous.  If  the  number  be  equal  to  n,  the  n  equations 
among  the  n  variables  can  be  imagined  as  resolved  :  the  resolution  would 
provide  an  aggregate  of  sets  of  values,  each  set  providing  constant  values  for 
Xi,  ...,  xn,  that  is,  determining  a  point;  and  therefore  the  n  relations  among 
the  n  variables  would  provide  a  number  of  points,  each  point  being  in  itself 
of  no  dimensions.  In  all  other  instances,  r  is  less  than  n\  and  so  we  have,  as 
providing  possible  amplitudes  with  ranges, 

n>  r  ^1. 

It  follows  immediately  that,  in  a  quadruple  continuum,  the  only  amplitudes, 
which  arise  for  consideration,  arc  curves,  surfaces,  and  regions,  with  lines, 
planes,  and  flats,  as  the  simplest  instances  of  the  respective  types. 


CHAPTER  II. 

LINES. 

Lemmas  on  determinants. 

16.  Certain  lemmas  on  determinants  will  bt»  required  in  this  chapter  and, 
occasionally,  at  some  later  stages  :  they  are  given  here  so  that,  when  necessary, 
they  may  be  quoted  without  any  subsequent  interruption  of  a  discussion. 

Let  sets  of  quantities,  each  set  containing  the  same  number  of  quantities, 
be  denoted  by 

«i.  yii  *i.  *'i,  wi,   ••  , 

*2,    2/2,    *li    t'2,    Wl,     -     -, 


and  for  all  values  of  integers  i  and  j  specifying  the  sets,  lei 
Al)  =  xlxJ  +  yLyj  +  zlz3  +  ViVJ  +  wtwJ  + .... 
Then  the  results,  which  will  most  often  be  required,  are  as  follows 

S«  «i, 


2*2, 


#4. 


2/3, 
2/4, 


2/i    *  —     A  1  1  1 

Aa 

, 

2/2 

•"12, 

A* 

2"j 

2  = 

An, 

Ju, 

•Aia 

^2 

AH, 

^22, 

•"23 

*3 

A13, 

^23, 

'I  33 

I'l      2=       -An, 

Au, 

^Il3, 

1>2                     ^12, 

^22, 

^23, 

V3 

4,3, 

Atf, 

-Asj, 

7'4 

|     AH, 

AM, 

A-M, 

i; 


and  so  on:   where,  in  the  first  summation,  all  possible  similar  determinants 
of  two  rows  are  constructed  out  of  the  first  two  sets  of  quantities :   in  the 
second  summation,  all  possible  similar  determinants  of  three  rows  are  con- 
structed out  of  the  first  three  sets  of  quantities :  and  so  forth. 
Similar  results  that  will  be  used  are : 
V 


2/2  '''3,        2/3 


•rtl2 
^23    I 


and  so  on. 


in  the  form 
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Also,  it  is  convenient  to  use  the  expansion  of  the  determinant 

A.  H,  G,  L 
H,  7f,  F,  M 
G,  F,  C,  N 
L,  M,  N,  D 

+  2FGH  -  AFZ  -  £G*  -  (UP) 
-  JHJL*  -  CA  M  z  -  ABN*  +  2AFMN  +  2BGNL  +  2CHLM 
+  F*L*  +  G2MZ  +  H2NZ  -  2GHMN  -  2HFNL  -  2FGLM, 
in  connection  with  theory  of  curves  in  four-fold  space  (Chap.  vm). 

Equations  of  a  line. 

17.    We   have    seen  thai    a  straight  line    may  be    repicsented   by   the 

equations 

,c  —  a  _y  —  b_2  —  c_v  —  d__ 

—  —  -      _  _.       -  -  —       —    __  i 

I  rti  n  k 

where  1J  m,  n,  k,  arc  the  diroction-cosmes  of  the  line  measured  from  a  given 
point  a,  b,  c,  d,  on  the  line  towards  the  current  point  x,  y,  z,  vt  on  the  line  ; 
r  denotes  the  distance  from  the  fixed  point  to  £he  current  point  ;  and  I,  wi,  n,  /,-, 
satisfy  the  permanent  relation  Lz  +  m2  +  nz  +  kz  *=  1. 

Also,  if  a,  b',  c',  d',  be  another  point  on  the  line,  the  equations  may  be 

taken  in  the  form 

x  —  a_y  —  b_z  —  c_  v  —  d  _r 

a  —  a      b'  —  b      c  —  c      d'  —  d     D1 

where  D  denotes  the  distance  between  the  points  a,  6,  c,  d,  and  a',  b',  c,  d'. 
In  this  form,  the  diicction-cosincs  of  tho  line,  measured  from  a,  6,  c,  r/, 
towards  «',  ft',  c',  d',  are 

I  in  n  k          I 

a'-a=b^b=c'-c  =  d'-d=D' 
while 

r  =  {(c  -  a)8  +  (y  -  6)z  +  (*  -  c)2  +  (v  -  d)8)*, 

D  =  {(a  -  «)"  +  (b'  -  6)2  +  (c'  -  c)2  +  (d'  -  d)2}  », 

a  positive  sign  being  taken  for  the  latter  radical.  Manifestly  three  linear 
equations,  when  taken  in  the  form 

x—  a_y  —  6_s  —  c  _v  —  d 
\     ~~     fj.     "     v     ~~~ic     J 

are  sufficient  to  specify  the  line,  the  direction-cosines  then  being 

xQ-*,    /iQ-*.    "Q-*,    ««-*, 

where  Q  denotes  X8  +  /*2  +  vz  +  /t2.  And  these  three  linear  equations  are  in- 
dependent of  one  another. 
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The  foregoing  form  is  the  most  generally  useful  form  for  the  equations 
of  a  line.  There  arc  ofchcr  forma,  equivalent,  always  linear,  and  always  con- 
sisting of  three  members.  Of  these,  the  net 

L^x  +  Miy  +  NIZ  +  KiD  =  a 
L2x  +  M2y  +  N2z  +  K2v  =  u 
L3;c  +  M3y  +  NIZ  +  K$v  =  a, 

assumed  to  be  independent  of  one  another,  occurs  occasionally.  It  is  easily 
reducible  to  the  form  already  given.  Let  ft,  6,  c,  d,  be  any  simultaneous 
values  of  x,  y,  z,  v,  satisfying  the  equations,  such  a  combination  can  bo 
chosen  in  an  unlimited  number  of  ways.  Then  the  equations  may  be  written 


(,7;  _  a)  +  M2  (//-&)  +  N2  (z  -  r)  I-  Kz  (v  -  d)  --=  0, 


iinrt  thcrefou1,  if 

_\_ 

J»/,;~^V7T 
Mt,  N2, 
M,,  N3, 


-  c)  +  K3(u-d)  =  0  ; 


/v',,    7,3>    M, 


Q1 


where 


/,„     J/,, 


the  three  equations  can  be  resolved  into  the  canonical  form 
iC  —  a     y  —  b  _  z  —  c  _  v  —  d 


\  fJL  V  1C 

~- 


"»  arc 


The  direction-cosines  of  the  line,  being  \Q~-,  /*Q    ^  vQ~^i 

prcssible  in  terms  of  the  coefficients  L,  M,  N,  K  ;  and  it  is  to  be  noticed  that 

they  satisfy  the  relations 

\L!  +  fjuMi  +  I>N!  +  *KI  =  o, 

\L2  +  fiM2  +  vNz  +  /cK2  =  0, 
\L3  +  /iA/3  +  i>N3  +  «/C3  =  0, 
the  significance  of  each  o£  these  relations  appearing  later  (§§  44,  45). 
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Moreover,  it  is  to  be  remarked  that  each  of  the  three  new  equations 
which,  combined,  give  the  line,  is  of  the  form 

Lx  +  My  +  Nz  +  Kv=p, 

that  is,  it  represents  a  flat.  We  therefore  infer  that,  in  four-fold  space,  a  line 
is  the  intersection  of  three  flats.  It  will  be  seen  later  that,  in  general  in  four- 
fold space,  a  line  is  not  the  intersection  of  two  planes,  contrary  to  the  property 
of  three-fold  space :  for,  in  four-fold  space,  two  general  planes  intersect  only 
in  a  point  (§  29). 

Again,  it  will  be  established  (if  it  is  not  already  obvious)  that  any  two  of 
the  flats  determine  a  plane,  by  means  of  their  equations ;  and  therefore  we 
can  regard  a  line  as  the  intersection  of  a  flat  and  a  plane.  But,  in  this  mode 
of  regarding  a  line,  there  is  the  exclusive  limitation  that  the  three  equations, 
representing  flats,  must  be  linearly  independent :  the  geometrical  limitation, 
for  the  purpose  of  giving  a  line  as  the  intersection  of  a  flat  and  a  plane, 
is  that  the  plane  must  not  lie  in  the  flat 


Parallel  lines. 

18.  A  line  has  been  defined  (§§  3,  11)  iu  connection  with  its  property  of 
uniform  direction.  We  therefore  define  two  liffies  as  parallel^  when  they  have 
the  same  direction,  that  is,  when  they  are  characterised  by  the  same  direction  - 
cosines 

Let  two  lines,  having  the  same  direction-cosines  Z,  w,  u,  k,  be 


x—a 

I 
and 

x  —  (i_y  —  l)'     2  —  c      v  —  d' 
I  in  n  k 

The  point  a',  6',  c\  d\  must  not  lie  on  the  former  ;  the  point  a,  6,  c,  d,  must 
not  lie  on  the  latter  :  otherwise,  the  two  lines  would  be  the  same  Con- 
sequently, the  three  equations 

a'  -a  _  V^-_b  _  c'-c  __  d'  -  d 

I      "~     m     ~     n     ~~      k 

must  not  simultaneously  be  satisfied  (that  is,  one  may  be  satisfied,  two  may 
be  satisfied,  but  not  all  three)  Now  the  two  equations 

x  —  a  ,    y  —  b,     z  —  Cj     v  —  d      =  0 
a'  —  a,     b'  —  b,     c  —  c,     d'  —  d 

I     ,        7ii   ,        n    ,        k 
represent  a  plane  passing  through  the  point  a,  b,.c,  d',  the  plane  contains 
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the  line  through  that  point  in  the  direction  given  by  I,  m,  nt  k :  and  it  contains 
the  line  joining  a',  b',  c',  d',  to  a,  b,  c,  d.    But  the  equations  are  equivalent  to 


x  —  u!t     y  —  b',     z  —  c',     v  —  d' 
a' -a,     b'-b,     c'-c,     d'-d 


=  0, 


771 


which  manifestly  represent  the  same  plane .  and  they  shew  that  the  plane 
contains  the  line  through  a',  &',  c',  d't  in  the  direction  given  by  I,  m,  nt  k. 
Thus  a  plane  can  be  drawn  through  the  two  lines. 

If  the  two  lines  can  meet  at  a  finite  distance  from  the  points  a,  6,  c,  d, 
and  a,  b',  c',, d't  let  the  distance  of  the  meeting  point  be  r  from  the  former 
and  r  from  the  latter.  Then  the  coordinates  of  that  meeting  point  an; 

tt  +  lr,     b  +  mr,     c  +  nr,     d  +  kr, 
because  it  lies  on  the  first  line ,  aud  they  are 

a  +  lr't     b'  +  mr1,     c  +  nr,     d'  +  kr, 

because  it  lies  on  the  second  line  while  r  and  r  are  presumed  finite. 
Accordingly,  we  should  have 

a  +  lr  =  a  +  lr,     b  +  m  r  =  b'  +  mr,     c  +  nr  =  c'  +  n  r',     d  +  kr  =  d'  +  AT'. 

But  for  finite  quantities  r  and  r,  these  equations  arc  not  simultaneously 
satisfied  ,  and  therefore  the  assumption  cannot  be  justified. 

Consequently,  the  two  lines  do  not  meet  at  a  finite  distance,  however 
great ;  and  they  lie  in  one  and  the  same  plane.  They  therefore  are  characterised 
by  the  property  which,  under  the  ancient  definition,  is  called  parallelism. 


Ex.   Shew  that  ihc  two  IIIICM 


anil 


—  a 
I 


-  b      z-c      r  -d 


,irc  distinct  and  parallel,  if  the  relations 
I  _  m 

lt   K19 


i  Mt,    JVj,     A'3 


.Vi,     A'j,     A  i 


AI-C  satisfied,  while  the  three  quantities 


|  A'lf   y^,    j/,  r 

,  Aj,     A2,     J/o  i 
A',,     /r3,     J/n  i 


rc  +  KTd  -  ar 


(for  /•=!,  2,  3)  do  not  Bimultanpouaty  vanish. 


26  INCLINATION  OF  [CH   II 

Inclination  of  two  lines. 

19.  When  two  linos  meet  in  a  point,  a  plane  can  be  drawn  through  the 
point  containing  the  two  lines;  and  their  inclination  can  be  derived  from  the 
properties  of  a  linear  triangle  in  the  plane.  Let  the  two  lines  through  A,  the 
point  a,  b,  c,  d,  be 

x  —  a  _y  —  b  _z  —  c  _v  —  d 
I  m  n  k     ' 

.r.  —  a_y  —  b_2  —  c_v  —  d 

V     ~~  '  m'    =     n'    =     k'    ' 

where  I,  ni,  n,  k,  and  I1,  in,  n,  k',  are  the  direction-cosines  of  the  lines.  On 
the  former,  take  any  point  P,  distant  r  from  A  :  on  the  latter,  take1  any 
point  P',  distant  r  from  A:  and  join  the  points  P  and  P'  by  a  line,  which 
necessarily  lies  in  the  plane,  and  which  completes  the  triangle  PA  P'.  If  0 
denote  the  angle  PA1V,  we  have 

PP/2  =  A  L*  +  AP'*  -ZAP    AP'  cos  0 


The  coordinates  of  P  are   a  +  lr,   b+mr,   8-j-nr,  d  +  kr:    those  of  P'  are 
a  +  l'rf,  b  +  nir,  c  +  nr,  d  +  kfr  ,  and  therefore 

PP*  =  (lr-  I'r  ')2  -I-  (mr  -  m'r  )2  +  (nr  -  nV)*  +  (kr  -  k'r')* 
=  r2  (P  +  mz  +  H2  +  A2)  +  r'2  (J'2  +  wt'2  f  «'  "  +  ^a) 


=  r2  +  ?-/2  -  2rr'  (W  +  7/im'  +  nn'  +  A-7/)- 

Hence 

cos  6  =  II'  +  mm  +  nnf  +  ArA;'. 

For  given  values  of  I,  m,  n,  k,  and  I',  m,  ri,  k't  there  arc  two  values  of  0, 
being  0  and  —  6\  so  that,  by  this  formula,  no  convention  for  the  positive 
value  of  9  is  required. 

Further,  we  have 
sin20=l-cos20 

=  (lz  +  m*  +  n2  +  k2)  (l/2  +  m'2  +  ri2  +  k'2)  -  (W  +  m//i'  +  nn'  +  M')2 
=  (mnl  -  nm)2  +  K    -  InJ  +  (lmr  -  ml'  )2 
'  -  kl')2  +  (mk'  -  A;Wi')2  +  (nk'  -  knf)2 
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with  the  conventional  significance  for  the  summation-sign;  hence 

sin  0=  (2  (Jut'  -ml')1)  *- 

A  convention,  concerning  the  positive  direction  in  which  0  is  to  be  measured, 
is  required  in  order  to  settle  the  sign  of  the  radical. 

When  the  equations  of  the  lines  occur  in  the  forms 

x  —  a  _  y  —  b     z  —  c      v  —  d 
X     =t  fj.     =  ~~^~  =     K     ' 

j',  —  a  _  y  —  b  _  z  —  c      v  —  d 

Xi  ~~      ~  ~i  /     ^      /     ) 

fJL  V  K 

their  inclination  0  is  given  by 


_ 

(X2  +  M2  +  ^  +  *2)*  (X'2  +  fj.'2  +  i/2  +  A:'2)* 
and  thru 


(X2  +  /i2  +  v*  +  /c2)*  (X'2  +  X2  +  i>'2  +  «/2) 


EC    Verify  th.it  sin2  6  can  be  rxpivhHcd  in  thcj  forms 

{(«*  /^  -  ma')  ±  (Ik1  -  1  1')}  s  +  [(,!?'  -  In*)  ±  (,nk'  -  km')}*  +  !('«if  -  mO  ±  (" 


if  positive  Nign  CMII  be  taken  tlirougliout,  .ind  the  negative  sign  1,111  bo  taken 
throughout. 

20.    The  inclination  of  two  straight  lines 

x  —  a  _y  —  b  _z  —  c  __v~  d 
I  Jti  ti  k     ' 

x  —  a  __  y  —  b'      j  —  c'      v  —  d' 
I'     =  L  m'    =     ,7"  =     If    ' 

which  are  assumed  not  to  meet,  can  be  derived  thiough  the  preceding  result. 
Let  u",  6",  c"t  d",  be  any  arbitrary  point,  and  through  this  point  let  lines 
be  drawn  parallel  to  the  postulated  lines;  their  equations  are 

x  —  a"_y—b"__z-  c"  _  v  -  d" 

I  m     ~      n     ~~      k      ' 

x—a!^_y—b"_z-c"__v  —  d" 
I'  """  m'     ~~  n1  I'     ' 

respectively.   The  inclination  of  the  latter  lines  is  (§  19)  given  by 
cos  0  =  IV  +  mm  +  nn'  +  kk't 
sin  0  -  {(Jm'  -ml')1]*- 
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This  inclination  0,  as  it  does  not  involve  a",  6",  c",  d",  is  independent  of  the 
position  of  the  arbitrary  point;  and  it  depends  only  upon  the  direction- 
cosmcs  of  the  two  initial  lines.  It  is  called  the  inclination  of  those  initial 
lines. 

When  the  equations  of  the  given  lines  involve  quantities  X,  p,  v,  KJ 
A/,  //,  v',  KJ  which  arc  only  proportional  to  the  direction-cosines  and  are  not 
their  actual  values,  the  formulae  for  cos  6  and  sin  6  are  modified  exactly  as 
in  §19. 


Conditions  of  parallelism  of  two  lines. 

21.  In  Euclidean  geometry,  whether  of  two  dimensions  or  of  three 
dimensions,  two  lines  are  parallel  to  one  another,  if  their  inclination  is  zero 
when  the  directions  are  taken  in  the  same  sense,  and  if  it  is  TT  when  the 
directions  are  taken  in  opposite  senses.  To  settle  whether  this  condition  for 
parallelism  is  sufficient  under  the  preceding  condition,  we  suppose  that 

sin2  6  =  0, 
that  is, 

S(Jm'-w02  =  0- 

* 

As  we  are  dealing  with  real  lines,  so  that  each  of  the  six  terms  on  the  left- 
hand  side  is  a  real  non-negative  square,  we  must  have  each  such  square  equal 
to  zero.  Thus 

mn'  -  nm  =  0,        nl  -  In'  =  0,     lm'  -  ml'  =  0, 
Ik'-    kl'^0,     mk'-km=Qt      nV-kh'  =  0, 
all  of  which  are  satisfied  by 


1'  '  '  I  f  /  j 

I  __ m  _n  __  k  _     (I 

I      m      n      k  ~  ~   (/z  +  mz 

where  a  positive  sign  is  attributed  to  each  radical.  When  I,  m,  n,  /c,  and 
l't  m',  n',  &',  are  the  actual  direction-cosines,  the  last  fraction  becomes  ±  1, 
and  the  direction -cosines  of  the  one  line  are  then  equally  the  direction - 
cosines  of  the  other  line,  that  is,  according  to  the  definition  of  §  18,  the  two 
lines  are  parallel.  Thus  we  infer  that  two  lines  are  parallel  if  their  inclination 
is  zero  or  ir. 

Further,    the    necessary    and    sufficient    analytical    conditions    for    the 
parallelism  of  the  two  lines  is 

I      m      n      k  ' 
If  the  quantities  X,  ^,  v,  K,  and  X',  //,  i/,  «';  occur  in  the  equations  of  the 
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two  lines,  these  quantities  being  only  proportional  to  the  direction-cosines 
and  not  being  their  actual  values,  the  necessary  and  sufficient  analytical 
conditions  for  parallelism  of  the  lines  are 


Condition  of  perpendicularity  of  two  lines. 

22.  As  two  lines  are  perpendicular  to  one  another  when  their  inclination 
is  JTT,  the  one  single  necessary  and  sufficient  condition  that  the  two  lines  should 
be  perpendicular  is 

II'  +  mm'  +  nn'  +  kk'  =  0, 

or,  when  the  direction  -parameters  are  not  actual  direction-cosines, 

XV  +  /Lfif  +  VV    +  KK    =  0. 

It  is  to  be  noted,  in  passing,  that  while  only  a  single  line  can  be  drawn 
through  a  point  parallel  to  a  given  line,  the  same  limitation  to  uniqueness 
does  not  arise  for  a  line  drawn  through  a  point  perpendicular  to  a  given  line. 
In  fact,  if  such  a  line 

a;  —  a'  _  _y  —  b'  _  z  —  c  _  v  —  d' 
~T~~'~wr~~  ~n      ~    ~k'     ' 

be  perpendicular  to  a  given  line 

x  —  a  _  y  —  b_z-c__v  —  d 

i  ~~'~m~~  n  ~~~~r~' 

the  only  limitation,  upon  the  ratios  I'  :  m  .  ri  :  k't  is  the  condition 

IV  +  mm'  +  nn  +  kk'  =  0. 

Thus   the  coordinates  of  any  point  on  the  perpendicular  line  satisfy  the 
equation 

I  (x  -  a')  +  m  (y  -  &')  +  n  (z  -  c)  +  k(v-  d')  =  0, 

that  is,  the  perpendicular  line  lies  in  a  flat.    And  it  is  easy  to  infer  that  any 
line  in  this  flat  is  perpendicular  to  the  given  line  *. 

Ev.  1.   Required  the  direction-cosines  of  a  line  perpendicular  to  three  given  lutes 

Let  the  three  lines  have  direction-cosines  ^,  witl  nlf  X-j  ;  /z,  w2,  n-j,  k±  ;  a,nd  £,,  MJ,  w3,  kAt 
respectively  ;  and  write 


*  As  to  this  result,  see  §§  44,  45,  post. 
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Let  the  required   direction-cosines  of  a  line  perpendicular  to  all  these  three  lines  be 

I,  m,  n,  k  •  then 

HI  +  mm  i  +  7wii  +  /-£i=(), 

HI + mint  +  ?  Wjj  +  kl  2  =  0, 


and  therefore 

1                                   m                             n                                   k 

t»i,  »n  *i 

— 

"l,       /I,       'l 

/',,       /,,       Wii 

- 

/!,       '/»!,       ^ 

7/1*2  1       ""2)       ^1 

^i^,       fljj       'u 

^,       ^2,        Jllj 

'2  '       "'2i       "2 

W'3i       ^'ij       *"j 

"*li       ^J)       'j 

/,,     /j,     m. 

fl!         «/lJ.         MJ 

on  taking      as  the  common  value  of  the  four  fractions    Now 


hence 


»,!,, 


1  ,  cosy,  cos/J 
cosy,  1  ,  cosu 
cos  |3,  cos  u,  1 

=- 1  -  cos'2  u  —  cos- /J  —  cos3  y  +  ft  cos  y 

We  choose  the  positive  sign  for  the  square  root  of  the  right-hand  side,  thus 

/_)  =  (!—  COS<Ja  —  COfc^jO      COS2y  +  2  COS  u  COM  fj  COS  y)T. 

Consequently,  the  values  of  ?,  TW,  x,  /•,  aic  known 

If  the  given  lines  are  perpendicular,  a—  \TT,  ft—  JTT,  y  =  ^?r,  and  then  /)  =  1 .    \Ve  then 
should  have,  with  the  chosen  positive  sign, 

^ 


m, 


i     'Di     i 


MI 


and  therefore 


,     m, 
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a  relation  among  the  diicctioii-cogincs  of  four  lines  which  arc  perpendicular  to  one  dn  other 
in  pairs.    We  shall  return  later  (jj  25)  to  frames  of  four  perpendicular  lines. 

Ex  2.  Obtain  the  directwn-co&ines  of  a  line  making  tingles  6,  0,  fa  respcttivefy,  with.  the. 
th'iee  lines  ?lf  w?,,  nl9  k^f  lZj  m-2,  11  3  »  ^"2;  ^>  ma>  ?'i,  ^J- 

Draw  the  line  perpendicular  to  the  three  given  lines,  its  direction-cosines  /,  wi,  ?i,  £, 
am  known,  from  the  result  of  the  preceding  example.  Let  w  be  the  angle  made  with  this 
perpendicular  by  the  rccpined  line,  the  direction-cosmos  of  which  we  denote  bj  /,,  Jft  N,  K. 
Then 

LI  +  Mm  +  J\rn  +Kk  =  cosa>, 


i  +  Mm  !  +  Nn  i  +  KkY  =  LOS  6, 


The  determinant  of  the  coefficients  on  the  left-hand  side  i.s 


Hence 


">, 


co.su,     in  ,     n  , 

COS  >^,       //<,,       71 1, 


DM 


DK 


./>/i+£. />£=/> 

=  J)l  COS  bl     -|-  /*,  LOS  ^    +  <^i  OOS  </>+/?!  COS  ) 


=  /^l  COS  bJ  +  T'.rtCOb  0+  </nC 

=  /^H  cos  u  +  l'n  cos  ^  +  QH  cos  0  +  /{„  cos  > 

=  Dk  COM  U  +  /\    fOS  ^  +  t^n    COS  </>  +  /ij    COS 


where 


>yj  ,     n  ,     / 

«JJi        '"3,        ^  I 

/  ,     ?  ,    m 


w  ,     y*  ,     / 

7»1,       91],       /'] 


"  , 

"J, 
"i, 


'W3i 
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From  these,  we  have 
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k i    *  ,     m     i , 


[C1I.  II 


!,       11, 


=  2  I  m  ,     n  , 

I    ^J.       "3, 


and  similarly 
Again, 


1,       0    ,  0       =Hin3a; 

0,        1    ,  cos  a 

0,     cos  a,  1 

=  sin2  ft 
=  sm2y. 

=  2     ra  ,     H  ,  k         7iL,     ji  , 


the  right-hand  side  is  (g  Ifi)  equal  to 


1,        0    ,        0       =cosy-cosocos/9; 
0,        1    ,     cos  a 
0,     cos  ft     cos  y 

PI  Qi + Pm  Qin  +  ^Jn  Qn + Pk  Qk  =  cos  a  COH  0  -  cos  y . 

ft  #Z  +  Qm  Rm  +  <?n  ^n  +  Qk  ^k  =  COH  ft  COB  y  -  COS  a, 


and  therefore 
Similarly 

Also 


Substituting  the  values  of  L,  Jf,  N,  K,  we  have 


=  0, 
-Of 
=  0. 


=  />  cos2  QJ  +Miii2  a  cos2  0  +airiz  /3  cos2  1^>  +  sin2  y  cos2 
+  2  (cos  a  cos  3  -  cos  y)  cos  9  COM  0 
+  2  (cos  /3  cos  y  -  cos  a)  cos  0  cos  ^ 
+  2  (COM  -y  cos  a  -  COH  ff)  cos  >Jr  cow  0. 
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giving  two  equal  and  opposite  values  for  sin  a>.  These  may  be  taken  as  +  at  and  —  01 :  or, 
if  the  two  possible  lines  are  drawn  in  the  same  sense,  they  can  be  taken  as  at  and  IT  -  at, 
and  then  the  .ingle  between  the  two  lines  is  TT  —  2o>. 

The  two  lines  arc  given  by 

DL,  DL'  —  PI  cos  a  +  ft  cos  fj  +  lig  cos  y±Dl  cos  at 
DM,  DM'  =  Pm  cos  a  +  Qm  cos  0  +  Rm  cos  y  ±  Dm  c-os  at 
DiV,  DN'=  Pn  cos  o+  Qn  cos  p  +  Rn  cos  y  ±  Dti  cos  u 
DK,  DK'  =  Pk  cos  a  +  ft  cos  ft  +  Itk  cos  y  +  1)1  cos  at 


tho  upper  signs  throughout  giving  DL,  DM,  /JA',  DK\  and  the  lower  signs  throughout 
giving  DL',  DM',  DN',  D&'. 

From  these,  we  have  at  once 

Dz  -  2  (  Pl  cos  a  +  ft  cos  /3  +  /f  t  cos  y)2  +  D*  cos*  G>, 

D*-S,LL'  =  V  (Pi  cos  a  +  ft  cos  /3  +  /t,  cos  y)2  -  ^)2  cos2  a)  , 
.ind  thoreftn'e 

L-ZLL^Zco^a, 

thus  verifying  the  .statement  that  rr  —  -In  la  the  angle  between  the  lines  drawn  in  the 
same  sense. 


Note.   We  have 


=0, 
=0, 


hence 


arc  the  direction-cosines  of  a  line  perpendicular  to  the  three  directions  I,  in,  n,  k; 
lz,  m-j,  7i2,  k}\  1A,  in},  n3,  /-3.  As  will  be  seen  later  (§  15),  these  are  the  direction-cosines 
of  the  normal  to  the  flat  through  the  three  directions 

Similarly 

1     „  1     ^  1     „  ^    „ 


"      sin  3  *»'       sin  0  w> 
and 

1111 
Silly      *'       Siny     ""       Silly     Ul       silly     fc| 

are  direction-cosines ;  the  former  wet,  of  the  normal  to  the  flat  through  the  directions 
(,  m,  7i,  k;  ltt  Tftj,  wj,  |-3;  £t,  mi,  »],  /-] ;  and  the  latter  set,  of  the  normal  to  the  flat  through 
the  directions  I,  m,  ?if  k\  l^,  m^  ntl  t^  lz,  m2,  «a,  /-2.  And,  of  course,  I,  m,  n,  k,  arc  the 
direction-cosines  of  the  flat  through  these  three  perpendicular  directions,  for  it  is  the  flat 
through  the  three  original  lines. 

Ex  3.  A  line  is  drawn  making  an  angle  &  with  Zj,  m^,  HI,  kv\  an  angle  0  with 
12,  9ii2t  Tijj,  £2;  an  angle  \//-  with  £,,  ?n,,  ?i3,  jt3;  and  an  angle  x  with  /4,  ?/i4,  )i4,  ^4;  the  four 
linos  lr,  mr,  nr,  /tr,  (r=l,  2,  3,  4}  being  a  given  set  of  non-orthogonal  lines,  no  three  lying 
in  one  plane.  Obtain  a  relation  connecting  the  four  angles  6,  (ft,  ^,  x- 

F.  G.  3 
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Projection  of  lines. 

23.  We  shall  have  to  deal  with  projections,  not  merely  of  lengths,  .but 
also  of  areas,  and  of  volumes. 

As  regards  projections  of  lines,  we  take  the  customary  definition  that  the 
projection  of  a  line  joining  two  points  P  and  Q  upon  another  line  is  P'Q't 
where  P'  is  the  projection  of  P  (that  is,  the  foot  of  the  perpendicular  from  P) 
on  the  second  line,  and  Q'  is  the  projection  of  Q  (that  is,  the  foot  of  the 
perpendicular  from  Q)  on  the  second  line.  This  h-n-  '"  'Q'  manifestly 
depends  only  upon  the  two  points  P  and  Q,  so  far  as  co  jrns  the  length 
intercepted  on  the  second  line ;  and  it  will  manifestly  be  u  '  1  if,  keeping 
the  two  points  P  and  Q  fixed,  we  proceed  from  P  to  Q  oken  con- 

tinuous line,  provided  the  various  portions  of  the  broker  "iessively 

projected  upon  the  line  PQ',  account  being  taken  of  '  ,he  pro- 

jection of  each  such  portion. 

Consider  the  line  OP  in  the  figure  on  p.  7,  and  its  projection  on  a  different 
line  through  0,  with  direction-cosines  I',  m't  n,  k',  assuming  the  direction- 
cosines  of  OP  to  be  I,  m,  nt  k.  Let  OP  =  r ;  then 

OA  =  lr,     OB  =  Ah  =  mr,     00  =  hS  =  nr,     OD  =  &P  =  kr. 

For  the  projection  upon  the  second  line,  substitute  the  broken  line  OA,  Ah, 
/tS,  SP,  for  the  direct  line  OP.  The  whcfle,  projection,  upon  the  line  with 
direction-cosines  l\  m,  rit  k\  of  this  broken  line  is 

=  V  .  OA  +  m' .  Ah  +  ri  .hS  +  k'.  SP 
=  (IU  +  mm  +  nri  +  kk')  r. 
If  the  inclination  of  the  two  lines  is  0,  this  projection  of  OP  is  ?'cos  0 ;  hence 

cos  6  =  II'  +  mm  +  nri  +  kk', 
the  result  already  known. 

We  can  immediately  deduce  an  expression  for  the  length  p  of  the  per- 
pendicular from  a  point  x',  if,  z't  v,  on  the  lino 

&  —  a  _y  —  b  _z  —  c  _v  —  d 

I  m    ~~     n    ~~     k 

The  external  point  being  P,  and  a,  b,  c,  dt  being  A't  if  N  is  the  foot  of  the 
perpendicular  from  P  on  the  line  A'L, 

A'N  =  A'PcosLA'P- 
or,  if  A'P  =  r,  and  /,  m,  n,  kt  are  the  actual  direction-cosines  of  A'L,  we  have 

t  At  o     i  x'  ~  a          y'  ~~  b        z  —c      .  v  —  d 
CQaLAP=l       ,     +  m  *    ,     +n      ,     +k — 7— , 
r  r  r  r 

and  therefore 

A'N=  I  (x  -  a)  +  m  (y'  -b)  +  n  (z  -  c)  +  k  (v  -  d)t 
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a  result  of  course  derivable,  as  in  the  preceding  paragraph,  by  projecting  A'P 
in  the  same  way  as  OP  was  there  projected.    Hence 

pz=r'z-A'Nz 

=  (xr  -  a)*  +  (y  -  b)*  +  (*'  -  c)z  +  (v  -  d)z 

-  {I  (x1  -  a)  +  m  (y  -  b)  +  n  (*  -c)  +  k(v'-  d)}*. 

Further,  if  Xt  Y,  Z,  V,  are  the  coordinates  of  N,  the  foot  of  the  perpendicular 
from  P  on  the  line  A'Lt 

X  —  a  =  projection  of  A'N  on  the  axis  of  a; 

=  I  [I  (x  -  a)  +  m  (yr  -  b)  +  n  (z  -  c)  +  k  (v'  -  d)\  =  lu,  say, 
Y  —  b  =  ma, 
Z  —  c  =  nu, 
V-d  =  ku; 
and  the  direction-cosines  of  the  perpendicular  NP  are  proportional  to 

x'-X,     y'-Y,     z'-Z,     v'-V, 
that  is,  these  cosines  are 

-  (a/  —  a  —  lu],     -  {y  —  b  —  inn],     -  \z  —  c  —  nu],         (v  —  d  —  hu \ . 

Perpendicular  from  a  point  on  a  line. 

24.     The  length  and  the  direction-cosines  of  the  perpendicular,  from  any 
external  point  x',  y',  z',  v,  upon  a  straight  line 

x  —  <t>  _y—  &_£  —  c  _v  —  d 
I  m  n  k     ' 

can  be  obtained  by  the  following  process  which,  in  the  sequel,  will  frequently 
be  adopted  for  similar  purposes. 

Let  £  TJ,  £,  vt  be  any  point  on  the  line,  at  a  distance  u  from  a ,  ft,  c,  d  ; 
then 

f  =  a  +  In,     T)  =  b  +  HLU,     £=  c  4-  nu,     v  =  d  +  ku 

The  distance  D  of  this  point  from  x't  y't  z't  v\  is  given  by 

D*  =  (,*•'  -  fji  +  (y  - 1,?  +  (/  -  f  Y  +  (*'  -  »)* 
=  2(x'-a-  lu)z 
=  Z(x-  a)2  -  2u*l  (x'  -  a)  +  u\ 

In  order  to  obtain  the  perpendicular,  p,  upon  the  line,  we  select  the  value 
of  u  which  makes  D  a  minimum,  that  minimum  value  being  p ;  thus  we  have 

-(S«(o;'-a)}+tt=0, 
that  is, 

u  =  21  (x'  -  a), 
and  now 

f»-[S(*-afl-S{I(jf-a))». 

3—2 
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Let  Xt  Y,  Zy  V,  be  the  point  corresponding  to  this  value  of  u\   then  the 
direction-cosines  of  the  perpendicular,  measured  from  the  line  to  x,  y't  J,  v',  are 


,  p,  , 

that  is,  as  before  (§  23), 

1  [of  -a-  151  (xf  -  a)),     -  [y1  -b-  ntil  (x  -  a)}, 

1  \z'  -  c  -  rcSZ  (x'  -  a)],     -  {»'  -  d  -  k$l  (,-/•'  -  a)]. 
P  P 

If  these  are  denoted  by  X,  /*,  vt  #,  we  have 

l\  +  7)i/A  -I-  ni>  +  A;«  =  0, 
as  is  to  be  expected. 

The  coordinates  of  the  foot  of  the  perpendicular  arc 

a  +  1  ^l(x  -  a),     6  +  mSZ  («'  -  a),     c  +  nSZ  (xf  -a),     d  +  fcSZ  (*'  -  a). 


Ex  1.   The  location  and  magnitude  of  the  perpendicular  cvin  bo  obtained  by  drawing 
a  line  through  x\  y,  s',  v't  with  direction-cosines  A,  p,  i/,  «,  such  that 

l\  +  m/i  +  nv  +  /:*c  =  0, 

and  requiring  it  to  meet  the  given  line  (§  26).    rfhusj    or  otherwise,   obtain  the  four 
relations  of  the  form 

In—  j>\=x'  —  a, 
and  verify  th.it 

/>=-2X  (*'-a). 

J^r.  2    Prove  that,  in  the  figure  on  p  7, 

the  lines         $h  ,  yg  ,  fi/',  are  perpendicular  to  OX  \ 


and  .....  «/,  lV,y*f,  .........  07. 

J5.c.  3.    Prove  that  the  perpendiculars  from  P  on  _#"',  r/*/',  AA',  respectively  are  equal  to 
O/.O/      Og   Of/      Oh.  OK 
OP    '      '0^     '     "  6/1     ' 

^a,   4.   Prove  that  the  lines  Pf  and  Pf'  are  perpendicular  to  one  another  :  likewise  the 
lines  Pg  and  Pg'  •  and  the  lines  Pli  and  PJt'. 

Ex.  5.    Prove  that  g<f  and  A  A'  make  equal  anglctr  with  Pf  .  that  AAf  and  ff  make  equal 
angles  with  Pg  •  and  that  ff  and  (7/7'  make  equal  angles  with  Ph. 

Orthogonal  frames. 

25.  When  we  come  to  the  theory  of  curves  in  four-fold  space,  especially 
in  regard  to  the  principal  frame  at  any  point  of  such  a  curve,  we  shall  need 
certain  elementary  properties  of  a  system  of  four  orthogonal  lines,  such  as 
are  the  four  coordinate  axes. 


25] 


ORTHOGONAL  FRAMES 


37 


Let  four  such  lines  be  Ox ',  Oy',  Oz,  Ov ,  with  direction-cosines  as  in  the 
tableau 


0 

X 

y 

z 

V 

x1 

k 

7/lj 

nl 

l\ 

y 

It 

m2 

"2 

k. 
*, 

z' 

/I 

MS 

n<A 

V 

u 

7/U 

7>4 

*•* 

Thus  there  arc  the  relations 


for  r  =  1,  2,  3,  4 ;  and  the  relations 

for  (different)  values  of  r,  s,  =  1,  2,  3,  4.    Also,  if 

,,     mi,     nlt     k 


Jk  i 


we  have 


!    V7  2  V7 

*-&!  ,          -*& 


SVi,  Sy,, 
i,  o,  o,  o 
o 


H4,        A 

SV. 

Stf, 
=  1, 


^/42       I 


0,     1,    0, 

0,     0,     1,     0 

0,     0,     0,     1 

so  that  A  =  +  1.  We  assume  the  directions  of  Oxt  Oy',  Oz,  Ov',  to  be  such 
that,  by  continuous  displacement  of  the  frame  without  other  change,  Ox  can  be 
brought  into  coincidence  with  Ox,  Oy  with  Oy,  Oz  with  Oj.and  Ov  with  Ov . 
then  possible  values  are  Ji,  mlt  nlt  fci  =  lf  0,  0,  0,  and  so  for  the  others.  With 
these  possible  values,  A  =  1 ;  so  we  take  A  =  1  generally,  as  a  consequence  of 
the  assumption,  just  made  concerning  the  orientation  of  the  frame:  that  is, 

=  1. 

"2>        "^2i        "2i       *^'2 
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The  mmois  of  A  are  required.   We  write 

t^  =  © 

for    6,  =  lr,  mr,  »,,  fc,,    and    @,  =  Lr,  Mrj  Nrt  Kt,   respectively,    and   for 
r  =  1,  2,  3,  4.    Then  we  have 


Also 


and 
Further, 


/a,     lflf  tflf 

Lz,     A/2,  N2, 

L3,    M3,  N3t 

Li,    J/4f  If*, 

3V 


=  1, 


3/3,  JT,,   Ars 


L2,  Iff*. 
L3,  N3, 
Li,  IT*, 


If4, 


and  so  for  the  others,  any  second  minor  in  ^is  equal  to  its  complementary 
second  minor. 

Also,  the  tableau  can  be  re-arranged  so  as  to  change  columns  into  rows, 
and  rows  into  columns.  It  then  gives  the  direction-cosines  of  Ox,  Oy,  Oz,  Ov, 
with  respect  to  Ox,  Oy',  Oz',  Ov'  ;  and  we  have 


lur  0  =  /,  m,  /?,  k  ;  rind 

flifr  +  02<J>z  +  03</>,j  +  04<fr=  0, 
for  (different)  values  of  0,  0,  =  I,  m,  n,  k. 

All  these  results  are  easily  established,  being  well-known  properties 
of  orthogonal  determinants. 

£jc  Discuss  the  types  of  reLitions  (i)  between  a  constituent  of  A  and  it.s  minor,  and 
(11)  betwpen  a  second  minor  and  its  complementary,  when  A=  —  1. 

Conditions  that  two  lines  may  meet. 

26  In  general,  two  lines  in  quadruple  space  do  not  meet;  the  conditions, 
which  must  be  satisfied  in  order  that  they  may  meet,  are  obtained  as  follows. 
Let  the  lines  be 


and 


x—  az__  y  — 

~ 
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Let  a  supposed  meeting-point  Xt  Y,  Zt  V,  be  at  a  distance  rt  from  ai,  6lf  GI,  dlt 
along  the  first  line,  and  at  a  distance  r2  from  a2,  62,  c2,  cZ2l  along  the  second 
line  ,  then 


=  C2 


y  =  61  4- 
Z  =  GI  + 
V  =  di  4- 
Consequently,  the  conditions 


must  be  satisfied:   apparently  tour  in  number,  but  actually  jmplying  two 
independent  conditions. 

The  conditions  may  be  interpreted  as  expressing  the  property  that  the 
two  given  lines  and  the  line  joining  «1(  blt  clf  dlf  to  a2,  62,  c2,  d2t  lie  in  one 
plan(i  —  an  obvious  property  when  the  two  given  linos  meet. 

Ex     Verify  that  A'  is  the  common  value  of  the  expressions 


.ind  obtain  the  corresponding  expressions  for  F,  Z,  V. 

Shortest  distance  between  two  lines  that  do  not  meet. 
27.    When  the  two  linos 

li  nil  "i  &i     ' 


z  ma  nz  k2 

do  not  meet,  the  magnitude  and  the  position  of  the  shortest  distance  between 
them  may  be  required. 

Let  this  shortest  distance  meet  the  first  line  in  Xi,  PI,  Zi,  PI,  at  a 
distance  /'i  from  a^,  6t,  d,  d^\  and  let  it  meet  the  second  line  in  XZt  F2f  Z2t  Vz, 
at  a  distance  rz  from  tt2l  b2,  ca,  dA.  Then 
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and,  if  D  denote  the  shortest  distance  between  the  lines, 


As  D  is  the  shortest  distance  between  the  lines,  the  last  expression  for  D* 
must  provide  a  minimum  value  for  the  duly  chosen  values  of  TI  and  ra;  and 
these  are  given  by  the  equations 

-  2Zi  (ft2  -  ai  +  1^  -  hr^  =  0, 
2Z2  (f/2  -  «!  +  I2r2  -  JirT)  =  0. 

Let  a  denote  the  inclination  of  the  two  lines  to  one  another  :  then  the  values 
of  i\  and  r2  are  given  by  the  equations 

i\          —  r2  cos  a  =  2/i  («2  —  «iX 

i\  cos  a  -  7*2          =  2/2  (OB  -  tti)> 
so  that 

71!  sin2  a  =  2  (/!  —  lz  cos  a)  («2  —  cii), 

7-2  sin2  a  =  2  (/i  cos  a  -  12)  (az  —  MI). 


Hence 


2   {/i 
sin  CK 

t 

62  -  6i  4-    .—3-  (mjS  (/z  cos  a  -  ^)  (a2  -  «i)  +  »^S  (/i  cos  a  - 

1 

cz  -  G!  +    .  -j-  [n!  2  (/2  cos  a  -  Ji)  («2  -  ot)  +  w2  2  (/i  cos  a  -  /2)  («  2  -  «!>]  , 


=  d2  -  di  +      z    (A?!  2  (/2  cos  a  —  Ji)(a2  -  cii)  +  Ara  S  (/i  cos  a  -  ^)(</2  -  BI) 
Also 


=  2  (a2  —  tt!)2  +  2r22/2  (a2  —  «i)  ~  2^2/i  («2  -  «i)  +  ^2  -  2r17-2  cos  a  +  7Y8 
=  2  (az  -  a^2  +  2r2(7-1  cos  a  -  7-2)  -  2rA  (7^  -  rz  cos  a)  +  r*1  -  2/-17i2  cos  a  +  7-^ 
=  2  («2  -  a^2  -  (7-!2  -  2rjr2  cos  a  +  7-22) 


sin  a 
where  A  denotes 


(Six  (a,  -  oO)1  -  2  {»!  (o,  -  a,)]  [2J2  (a,  -  «,))  cos  a  +  (2*2  («,  -  Ol)}2  . 

The  geometrical  significance  of  the  various  terms  in  the  expression,  giving  the 
value  of  D,  is  immediately  derivable  from  a  figure. 
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The  direction-cosines  of  the  shortest  distance,  say  X,  p.  v,  K,  are 

\  =  -^(Xz-Xi),    ^^lD(Yz-Yi),     v  =  ]j(Zz-Zi),    K  =  ]}(V,-Vi). 

The-  two  equations,  which  determine  r,  and  ?-2,  can  be  written 

*li(X2-Xi)  =  0,     2J,(T2  -*,)  =  () 
and  therefore 

^!\  =  0,     2/2X  =  0. 

that  is,  the  shortest  distance  between  the  two  lines  is  perpendicular  to  both 
lines,  as  is  to  be  expected. 

28.  It  may  be  pointed  out  here  —  for  the  inadequacy  of  the  property  will 
recur  —  that  the  actual  direction-cosines  of  the  shortest  distance  are  not 
determinate  solely  from  the  property  that  it  is  perpendicular  to  the  two 
lines,  as  expressed  by  the  equations 

2li\  =  0,     *lz\  =  0. 

The  fact  is  that,  in  quadruple  space,  there  is  a  simple  infinitude  of  directions 
perpendicular  to  two  given  lines;  for  these  two  equations,  together  with 
v\2=  ^  are  satisfied  by  a  simple  infinitude  of  values  of  X,  //,,  v,  K.  To  make 
their  determination  precise,  we  can  proceed  as  follows.  Let  a  line,  with 
direction-cosines  X,  /i,  v,  K,  satisfying  the  two  relations  which  express  the 
fact  that  it  is  perpendicular  to  the  two  lines,  be  drawn  through  ,i  point, 
Xi,  FI,  #j,  FI,  on  the  first  line  so  as  to  meet  the  second  line 


This  new  line  is 

<>—Xi^V-Yt=z-Zi^v_-Vi 

X  ft  V  K 

the  conditions,  that  it  may  meet  the  second  line,  arc  that  values  7)  and  r2  can 
be  found  such  that,  if  the  common  point  be  X2,  Yz,  Z2,  F,,  then 


Zl  +  vD, 
]'!+*/> 
Moreover,  as  A',,  Ylt  Z^  Vlt  is  taken  on  the  first  line 


v  — 


there  is  a  quantity  rx  such  that 
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We  thus  have 


vD  =  Z2  -  Zl  =  cz  - 

*/)  =  Vz  -  Pi  =  dz  - 
together  with   2X^=0,  S\^2  =  0.     These    are    the    former    equations:    tho 
remainder  of  the  necessary  analysis  has  already  been  given. 

Ef.  Prove  tlmt  the  ahorte.st  ilintntKO  between  AD  .uid  fP,  in  tho  figure  on  p  7,  w  cciu.il 
to  5C1  th,\t  the  HhorteHt  ili-stiincc  between  Bit  and  gl*  is  equal  to  AC  ,ind  that  the 
shorlcat  distance  between  C'Z)  and  A/1  is  equal  to  ,1/f. 

Prove  also  that  these  shortest  distances  bisect  the  spewned  poitions  of  eauli  of  tlic 
lines  between  which  they  are  measured  :  that  is,  the  shortest  di^-i  -c  between  AD  and  //' 
in  the  line  joining  the  middle'  point  of  AD  arid  the  midd'  *nt  °f  ,  fP,  and  similarly  for 
the  other  two  shortest  distances  specified 


CHAPTER  111. 
PLANES, 

Forms  of  the  two  equations  of  a  plane. 

29.  We  have  already  seen  (§13)  that  two  equations  are  necessary  for  the 
mathematical  specification  of  a  plane.  When  the  plane  is  defined  by  means 
of  three  points  leading  to  a  system  of  straight  lines,  the  two  equations  have 
the  form 

c  —  QI,     y  —  61,     z  —  GI,     v  —  f/i     =0. 


When  the  plane  is  defined  by  means  of  a  point  and  two  lines  passing  in 
assigned  directions  through  the  point,  the  two  equations  have  the  form 


v-d1 


MI 


=  0. 


A  deduced  equivalent  form  of  the  first  pair  of  equations  is  obtained  by  repre- 
senting the  coordinates  of  a  point  current  in  the  plane  by 


with  the  restriction  \  +  /i  +  i/=l  upon  the  otherwise  arbitniry  parameters 
\,  /i,  v.  An  equivalent  form  of  the  second  pair  of  equations  is 

x  —  ai  =  lip  +  li<j-t   y  —  &!  =  m\p  +  m2o-t   z  —  Ci  =  Hip  +  t^<rl    v  —  dl  =  kip+kza'J 

where  p  and  a  can  be  interpreted  as  distances  p  and  a-  taken  from  alf  6lf  clf  di, 
along  tho  respective  directions  l±,  nil,  nlt  ki,  and  /2,  ^"2,  "2,  ^'2-  Also,  any 
direction  through  the  point  c*i,  &i,  CL,  dlp  .aid  therefore  any  parallel  direction 
through  any  other  point  in  the  plane  (that  is,  any  direction  in  the  plane),  are 
given  by 


All  these  forms  are  adequate  for  the  mathematical  representation  of  the 
plane.  No  one  of  them  is  unique,  even  within  its  own  type  of  expression. 
Thus  if  oti,  ^!,  71,  Si,  a2,  £2,  721  8*;  and  a3,  £3l  73,  S3,  be  three  non-collinear 
points  in  the  given  plane,  so  that  the  relations 


a2-«i 


72  —  71       >- 
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are  not  simultaneously  satisfied,  the  two  equations  can  be  expressed  in  the 
form 

=  0. 


Again,  if  //,  ra^,  wj',  AY;  £2',  W.  wa'i  &a'j  he  two  other  distinct  directions  in 
the  plane,  so  that 

' 


where  i  =  I,  m,  n,  k,  in  succession,  and  if  «8  —  £7  is  not  zero,  the  two  equations 
ciin  be  expressed  in  the  form 


/LI' 


=0. 


Nor  do  these  forms  exhaust  the  apparently  distinct  possibilities  of  securing 
the  representation  of  a  plane  by  means  of  two  equations.  For  two  simul- 
taneous independent  linear  equations 


can  be  expressed  in  either  of  the  preceding  forms  in  an  unlimited  number  of 
ways;  and  these  arc  equivalent  to 

ASx  +  Bi'y  +  CV*  +  Di'v  =  £-,', 

Aa'x  +  Bt'y  +  C»'M  +  Di'v  =  £,', 
where 


for  P  =  A,  B,  C,  Dt  Et  while  oS  —  @y  is  not  xero,  a  transformation  that  can  be 
effected  also  in  an  unlimited  number  of  ways. 


Canonical  form  of  the  equations. 

30.  Now  it  may  be  desirable  to  have  a  canonical  form  of  reference  for 
the  two  equations  of  a  plane.  Such  canonical  form  is  required  to  contain, 
explicitly  or  implicitly,  the  least  number  of  independent  constants  that  are 
sufficient  to  express  a  plane,  completely  general  in  its  position  and  in  its 
orientation :  and  it  must  be  such  that  any  given  pair  of  equations,  which 
represent  a  plane,  can  have  an  equivalent  canonical  expression  A  canonica 
form  of  such  a  character  can  be  obtained  either  from  the  equations 

x  —  a  =  lip  +  l2o;    y  —  b  =  mip  +  m2<r,    z  —  c  =  nip  +  n2<T,    v  —  d  =  kip 
or  from  the  equations 
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by  deducing  from  them,  in  the  respective  instances,  expressions  for  z  and 
for  v  in  terms  of  x  and  y.   Let  these  be* 


As  this  form  will  occasionally  be  adopted,  it  will  be  convenient  to  indicate 
the  significance  of  its  constants,  in  reference  to  the  constants  in  the  other 
forms. 

The  two  equations  represent  the  same  plane  as  the  equations 
tf-tt,     y-b,     z-c,     v-d  =  (p,  o-#  li,     MI,     iii,     /.'i  ), 

I  '2,     wii,     "2,     £2  I 
provided 


Then 


c  = 

d  =  h  +  ra  +  $6  J 


HI  =  plz  +  qm*  J        £2  =  rlt  +  amz  J 


while 


/= 


1 


'     C    I,     A-~    l 


11 ,  mt ,      ii 

12,  m2,     n 

Similarly,  the  two  equations 

AIX  +  BI\J  +  Ciz  +  D^  =  h 
A2x  +  52y  +  C2z  + 1)2^  =  -^ 

will  be  represented  by  the  same  canonical  form  if 

P. __L._  - 


a,  b  ,  d 
li,  mi,  h 
lz,  rn2t  k2 


(The  reason  for  introducing  the  combination  qr  —  ps  will  appear  later.) 

*  In  an  exceptional  instance  such  that  C1D2- 1\C.,=0,  the  form  would  still  serve,  merely  by 
an  interchange  of  the  axes  of  reference. 
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It  now  appears  that  the  canonical  form  of  the  equations  remains  unchanged, 
whatever  initial  point  a,  b,  c,  d,  and  whatever  guiding  lines  llt  mlt  nlt  ki,  and 
/a,  nit,  n2l  kz,  be  chosen  for  the  mathematical  representation  of  a  given  plane 

x  —  a,     y  —  b,     z  —  c,     v  —  d 

j  /•. 

For  a  change  of  initial  point  to  a',  &',  c',  d't  where 

docs  not  affect  the  values  of  p,  q,  r,  s,  and  leaves  /  and  h  unaltered.   And 
a  change  to  other  guiding  lines 

~*  / 


gives  determinands  of  the  type 


so  that  the  new  values  of  pt  q,  rt  #,  f,  h,  become  (on  the  removal  of  the  non- 
xero  factor  cr8  —  ^7)  the  same  as  before. 


The  same  remark  applies  to  the  two  equations 


when  two  independent  linear  combinations  of  these  equations  are  taken,  the 
resulting  canonical  form  is  unaltered. 


EJB    \.    The  two  pl.uies 
x  —  a,     y  —  b,     z  —  c,     v  -  d     =  ()f 
li    ,       wii  ,       ni  i       ^i 


iire  one  tind  the  .same ;  prove  that 


2  —    'l  H  1 


where 


~  m\  k         aln  a 
=COHO, 


Ex.  2.    A  plane  la  represented  as  the  intersection  of  two  flats  by  the  equations 
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and  LiLz  +  MiMz  +  Nifli  +  A'i  A'2=u>sa,  where  a  is  not  equal  to  bn.   Shew  that  the  same 
plane  is  given  as  the  intersection  of  the  two  flats 


where  L^L^  +  MiM2'  +  AY  AY  +  K\  AY  =  0,  if 

LI   sin  a  =  LI  cos  (a  -  0)  -  LZ  COM  0  ^ 

MI  sin  a  =  MI  cos  (a  -  6)  -  J/a  cos  6 

AY  Hin  a  =  N\  cos  (a  —  0)  —  AT2  cos  0 

AY  sin  o= A'i  cos  (a  -  6)  -  ATjj  cos  0  j 
,ind  0  is  any  arbitrary  quantity 

(Owing  to  tho  occurrence  of  an  arbitrary  quantity  6t  the  transformation  is  possible  in 
an  unlimited  number  of  ways  ) 


LZ  sin  a  =  LI  sm  (a  -  0)  +  LZ  am  6  \ 
M2'  bin  a  =  Ml  sin  (a  -  0)  4-  Mz  sin  6  [ 
AY  Mil  a  =  Nl  sin  (a  —  6}  +  Arj  sin  0  I 
AY  sin  a  =  A"i  sin  (a  -  0)  +  A"2  sin  0  / 


Direction-cosines  of  a  line  in  a  plane. 
31     When  the  equations  of  a  plane  are  given  in  the  form 


.T  —  n,     y  —  6,     z  —  c,     v  —  d 

'l     j  '"•!    j  "l    :  "'1 


=  0, 


the  direction-cosines  of  any  line  lying  in  the  plane  can  be  taken  as 

L    =\li    +/X/2    " 


which  usually  prove  the  most  convenient  in  connection  with  the  equations  of 
the  plane 

When  the  equations  of  the  plane  are  given  in  the  canonical  form 


the  conditions  that  the  line 


v  —  h  =  r.r  +  sy  j 


should  he  in  the  plane  are 

c—f  =  pa  +  qb,     d  —  h  =  ra  +  sb, 
which  do  not  affect  the  direction-cosines,  and 
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It  will  be  noted  that,  for  these  relations  of  condition,  two  of  the  cosines  are 
selected  in  particular  for  the  expression  of  the  remaining  pair.  The  associa- 
tion of  the  deduced  equations 

(ps  —  qr)  L  =     sN  -  qK, 

(ps  -  qr)  M=-rN  +  pK, 

enables  any  pair  of  the  four  quantities  L,  M,  N,  K,  to  be  used  for  the  ex- 
pression of  the  remaining  pair. 

Ex  Prove  that,  if  2a  denote  the  angle  between  the  lines  of  reference  for  the  equations 
of  the  plane  111  the  earlier  form,  the  direction -cosines  of  any  line  can  he  expressed  in  terms 
of  a  single  parameter  co  by  the  relations 


cos  a  '  •=•  *  '         "    win  a 

COM  co  v  sin  co 

+  4  (nit  -mt)   -. 

cos  a  Hiii  a 

cos  a  2  sin  a 

.  .   sin  co 


I'rove  also   that,   when   the   equations   of  the  plane  are  given    in  the  canonical  form, 
corresponding  expressions  for  L,  J/,  N,  A",  arc  given  hy 

L  Hin  2?^  —  cos  |9  sin  (?y  -  &\ 

M  sin  2iy  —  cos  y  hin  (17 + 6) 

N  sin  2iy  =  am  j9  cos  fi  sin  (rj  —  6)  +  sin  y  cos  e  sin  (T;  +  0) 

K  sin  2?7  --  sin  /3  sin  6  sin  (77  —  d)  +  sin  y  sin  e  sin  (q  +  9} 
where  p= tan  /9  COH  fi,  '/-=tan  j9  sin  8,  c/  =  tan  y  c;os  f,  .«=tan  y  sin  *,  and 

cos  2iy  =  Mil  0  sin  y  cos  (fi  —  e), 
while  &  is  a  parameter. 


Perpendicular  from  a  point  to  a  plane. 

32.  The  principal  magnitude,  in  the  relation  between  a  plane  and  a 
point  which  does  not  lie  in  the  plane,  is  the  shortest  distance  of  the  point  from 
the  plane. 

Let  X,  Y,  Z,  V,  be  the  foot  N  of  the  perpendicular  from  an  external 
point  P  with  coordinates  f,  TJ,  f,  v,  to  the  plane 

x  —  a,     y  —  bt     z  —  c,     v  —  d     =0. 


There  are  quantities  ri  and  r2  such  that 
X—  a—l^r^  +  lzr2,    Y—b  =  mi?-i+mzr2,    Z— 


,    F— 
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Then  the  magnitude  Z)2.  where 
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must  be  a  minimum  for  all  values  of  rt  and  rz  ;  hence 


2J,  (f  -  a-  ^n- 

These  critical  equations  can  be  taken  in  two  forms. 
In  the  first  form,  they  can  be  written 


if  L,  M,  N,  K,  are  the  direction-cosines  of  the  perpendicular,  then 

:>/!/,  =  o,   2/2£  =  o, 

and  therefore 


where  a  and  ft  are  any  two  parametric  quantities.  Hence  the  perpendicular 
from  the  external  point  on  the  plane  is  perpendicular  to  every  direction  in 
the  plane.  (It  will  be  seen,  hereafter,  that  the  property  of  being  perpendicular 
to  every  direction  at  a  point  in  the  plane  is  not  sufficient  to  determine 
uniquely  the  direction  of  a  line:  here,  the  concern  is  with  the  perpendicular 
from  an  external  point  on  the  plane  ) 


Fig  a. 

In  the  second  form,  the  critical  equations  can  be  written 
SJi  (f  -  a)  -  ri  -  r2  cos  a>  =  0, 
2^2  (?  —  «)  —  ri  cos  w  —  r2  =  0, 

where  cos  a)  denotes  S^Zj,  so  that  G>  is  the  angle  AOB,  when  OA  is  the  line 
with  llt  raj,  7ilf  hi,  for  direction-cosines,  and  OB  is  the  line  with  12,  wia,  nZt  h*, 
p  G. 
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for  direction-cosines.   Let  PA  be  the  perpendicular  from  the  external  point 
P  on  the  line  OA,  and  PB  the  perpendicular  from  P  on  OB:  then 


Thus* 

?i  +  ra  cos  o>  =  DI,     T!  cos  G>  +  ra  =  Da  ; 
and  therefore 

TI  sin2  <o  =  Di  —  Dz  cos  CD,     ra  sin2  o>  =  D2  —  DI  cos  &>. 

Let  JTi,  Fi,  #1,  Vi,  be  the  coordinates  of  A,  and  A'2j  F2,  £2,  Fa,  those  of  5  , 
so  that 

*!-  Cl  =  *!#!,        Fi-fc 


Now 

-  o  -  (*!  -  a)} 

rz  —  l\Di)  =  TI  +  ra  cos  QJ  —  DI  =  0, 
2Ja  (JC  -  X2)  =  Zlz  [X  -  a  -  (A%  -  a)} 

=  %  (/i»i  +  Ziti  -  /2  ^2)  =  ri  COB  w  +  rt  -  Da  si  0  ; 

and  therefore  ^1-ZV  is  perpendicular  to  OA,  and  1W  is  perpendicular  to  OBt 
all  the  lines  lying  in  the  plane  AOB.   Thus  N  is  the  other  extremity  of  a 


diameter  ON  of  the  circle  -40#.   Also 


so  that  7JJV  is  perpendicular  to  ON,  as  is  to  be  expected. 

Next,  we  have 

f-  Ar=f-ti  -/!?-!  -?irt, 

with  corresponding  expressions  for  17—  lr,  £—Z,v—  V\  hence 

i>z=2(f-A:)! 

=  2  (f  -  rt)2  -  2r-!  S^  (f  -  a)  -  2r2  i/2  (f  -  a)  +  r^ 
-2(f-a/-     \    (/V-2Aftco8«  +  W), 

alii    Q) 

on  substitution.    We  thus  have  the  length  of  the  perpendicular  from  the 
external  point  P.    Moreover,  2(f  —  a)z  =  OP8,  and  therefore 


*  In  connection  with  the  diocu  salons  of  directions  in  non-orthogonal  frames  of  two  dimensions 
and  of  three  dimensions,  which  occur  in  the  present  chapter  and  the  three  succeeding  chapters, 
n  comprehensive  reference  may  here  be  made  to  K  H  Neville's  Prolegomena  to  analytical 
geometry  in  amsotropic  Euclidean  space  of  three  dimensions  (Camb.  Univ.  Press,  1922). 
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agreeing  with  the  known  expression  for  the  diameter  of  a  circle  circumscribing 
a  triangle. 

Manifestly  the  five  points  0,  At  N,  Bt  P,  lie  in  a  globular  region  in  our 
quadruple  space,  the  equation  of  which  is 


and 

.,,,  .      OA  DI  si iifti 

cos  NO  A  = 


ON     (D^  _  2/)t  1>2  cos  o>  +  A2)* ' 

OB  = £>asma> 

ON~  (JDla-2/)1/>2cosQ) 


cos  ^V05  = 


33.  As  regards  the  preceding  investigation,  the  same  remark  holds  as 
held  concerning  the  construction  of  the  shortest  distance  between  two  given 
lines  (§  28):  an  assumption,  that  the  perpendicular  from  P  is  perpendicular 
to  every  direction  in  the  plane,  is  not  sufficient  to  specify  the  direction  of  the 
line.  When  a  direction  L,  M,  N,  Kt  is  thus  chosen  perpendicular  to  every  line 
in  the  plane,  we  have 

S/1L  =  Oi     5J2Z  =  0, 

and  a  hue  through  f,  vj,  £,  v,  in  that  chosen  direction  is 

#-f_y-77_z-f=v-u 
L    "    M    "    ^V         K   ' 

Thore  is  a  simple  infinitude  of  such  lini-s  ;  they  manifubtly  he  in  the  two 
flats 


that  is,  they  lie  in  another  plane.  Ot  this  simple  infinitude,  there  is  a  single 
line  which  actually  meets  thu  given  pl.ine,  the  solo  condition  of  meeting 
being 


/,   ,       J/  ,       J\7  ,       K 


=  0. 


Accordingly,  quantities  p,  <rt  T,  exist  m  coniiecLion  with  this  single  line,  such 
that 

f  —  f  i  =  Lp  +    /i  a-  +     /2  TJ 

77  —  b  =  Mp  +  nii<r  +  w2T, 
f—  c  =  Np  -}-  HIO-+    HZT, 
v  —  d  =  Kp  +  ki  <r  +  A'j  T. 
Multiply  by  />,  .flf,  N,  K  :  we  have 


4—2 
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Multiply  by  /i,  mit  HI,  hi:  we  have 

a-  +  T  cos  o>  =  ^.li  (f  —  a)  =  DI. 
Multiply  by  lz,  mz,  ??2i  ^2"-  WG  have 

o-  cus  o>  +  T  =  2  Ja  (f  —  a)  =  Z)2  . 

Here  D,  D1}  D2,  are  the  same  quantities  as  before  :  so 

o-  =  n,     T  =  ra. 

Finally,  when  the  four  equations  arc  squared  and  the   results  arc  added, 

we  have 

v  (  f  _  tt)2  =  pz  +  ffa  +  2o-r  cos  01  +  T2  ; 
and  therefore 

D--^ 

=  2  (f  -  a)2  -  (ri2  +  2r1r2  cos  a>  +  rf) 

=  2  (f  -  a)2  -  ;-^-  W  -  2<°i  ^2  cos  w  +  A2), 
sin  QJ 

being  the  former  result. 

34.  We  have  seen  (§  29)  that  a  plane  remains  unaltered,  when  changes 
are  effected  in  the  guiding  lines,  it  is  therefore  important  to  establish  (or 
verify)  the  fact  that  the  expressions,  connected  with  the  magnitude  and  the 
position  of  the  perpendicular,  arc  invariant  under  such  changes. 

Let  any  two  directions  li't  m/,  w/,  hi,  imd  1$',  in^  nz't  AV,  be  taken  in  the 
plane  :  then  there  are  constants  7,  e,  8,  TJ,  such  that 


nz 

while  the  quantity  /A,  =  777  —  eS,  does  not  vanish.  Let  /Vi  -Wi  w',  D',  be  the 
quantities  in  this  representation  of  the  plane,  which  correspond  respectively 
to  DI,  Dz,  o),  D,  in  the  former  representation.  Then 

A'  =  2  li  (f  -  a)  =  2  (7^1  +  61.)  (f  -  a)  =  7Di  +  eDz,     . 
Dz  =  %f  (f  -  a)  =  2  (Hi  +  i|W  (f  -  a)  =  SDi  +  r,Dz. 
Also  we  have 

1  =  S/!/2    =  72  +  2e7  cos  G)  +  e2, 

l  =  V/2'z    =gz  +2817  cos  01  +T/8, 
cos  a/  =  S/i  V2'  =  78  +  erj  +  (777  +  eS)  cos  w. 
Moreover, 

M^i  =  yh'  —  ^2',     /^^z  =  —  MI  +  7^2', 

with  corresponding  expressions  for  /irai,  /x^i,  ft^i,  and  /inia,  /inz,  ft/fz;  hence 
/i2  =  2/A2/!2  =  I?2  —  2jye  cos  w'  +  e2, 
M2  =  2/W  =  S2  -  278  cos  a,'  +  72, 
/i2  cos  G)  =  S(/A£I  .  /i/2)  =  —  178  —  £7  +  (177  +  eS)  cos  a)'. 
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Also 


sin2  co'  =  S  (limz  -  wii'V)« 

=  /i2S  (/iM2  -  wii  J2)2  =  M2  sin2  w. 
With  these  results,  we  have 


+  (e2  +  7j2  -  2f  7;  cos  aif  )  /V 

+  2  {e7  +  £17  -  (777  +  eS)  cos  »'  }  /),. 
=  /i3  (TV  +  7V  -  2/>lJD2  cos  w)  , 
and  therefore 

/Va  -I-  IV2  -2D1/D2/cosfuf      D 


=       _ 

sin2  &>'  sin2 

Hence 

D*  -  2  (f  -  «)*  -  ^- 

^ 


sin  a) 

consequently  the  expression  for  the  length  of  the  perpendicular  is  an  invariant 
under  any  change  of  the  guiding  lines. 

Again,  in  the  fonner  representation,  the  foot  of  the  perpendicular  is  given 
by  the  equation 

(A"  -  a)  sin2  QJ  =  (^  -  12  cos  &>)  l\  +  (12  -  ^  cos  01)  D2t 

and  similar  equations  for  Y,  Zt  V.   Tf  its  coordinates  are  X',  Y\  Z\  V\  in  the 
changed  representation,  we  have 

(X'  -  a)  sin2  «'  =  (//  -  /2'  cos  w')  ZV  +  (/2'  -  /x'  cos  «')  7)2', 
and    similar   equations   for    F',    ^',    F'.    Substitute    for    l^   and    V    in   the 
equation  giving  ..Y'  :  the  coefficient  of  l±  on  the  right-hand  side  is 
=  (7  -  8  cos  a/)  DI  +  (S  -  7  cos  cu')  A' 
=  (7  -  S  cos  w')  (7!)!  +  e/)a)  -i-  (8  -  7  cos  w')  (SDX  +  ^D2) 
=  D!  (72  ^  278  cos  «'  +  52)  +  Dz  [ey  +  TjB  -  (eS  +  777)  cos  »'} 


and  similarly  the  coefficient  of  /a  in  the  same  expression  is 

=  fi?  (Dz  —  D\  cos  w)  ; 
so  that 

(X'  -  a)  sin2  &>'  =  ^  (/!  (D!  -  D2  cos  cu)  +  lz  (D2  -  D1  cos  ca)J  . 
Hence 

X'  =  X: 

and,  similarly,  Y'  =  Yt  Z'  =  Z,  V  =  V.  Thus  the  expressions  for  the  co- 
ordinates of  the  foot  of  the  perpendicular  are  invariant  under  any  change  in 
the  guiding  lines. 


54 


PERPENDICULARS  TO  A  PLANE 


[GIL  HI 


Perpendiculars  to  a  plane  are  not  parallel  to  one  another. 

35.   The  plane  containing  all   the  lines  through  f,  17,  f,   v,  which  arc 
perpendicular  to  every  line  in  the  given  plane,  is  determined  by  the  equations 

-  ?)  +  fci  (v  -  v)  =  o, 

-  f)  +  fca  (v  -  u)  =  0. 

Every  direction  X,  /i,  v,  K,  in  this  new  plane  is  such  thab 

2^X  =  0,     2Ja\  =  0, 
and  therefore 


Thus  every  direction  in  either  plane  is  perpendicular  to  every  direction  in 
the  other:  a  property  which  will  be  found  of  significance  when  (§§97-100) 
the  orthogonality  of  two  planes  is  under  discussion. 

One  other  property  may  be  noted,  because  it  is  distinct  from  the  corre- 
sponding property  in  three-dimensional  geometry :  it  is  that  the  perpendiculars 
from  external  points  to  a  plane  are  not  parallel  to  one  anotfter.  (The  property 
of  parallelism  does  belong  to  perpendiculars  from  external  points  to  a  flat,  in 
quadruple  space :  and  the  comparison  in  three-dimensional  space  is  with  the 
perpendiculars  from  external  points  on  a  line.) 

With  the  preceding  notation,  the  direction-cosines  of  the  perpendicular 
from  ft  if,  £i  v>  to  the  plane 

x  —  a,     y  —  b,     z  —  c,     v  —  d  \  =  0, 


via 


are  given  by  the  four  equations 


12L 


L   ,       M  ,      N  ,       K 
—  a,     ?;  —  6,     f—  c,     v-d 


lz    , 


7*2  , 


=  1, 
=  0, 
=  0, 

=  0. 


Hence  L,  M,  iV,  K,  depend  upon  f  ,  TJ,  f,  u  ;  and  the  perpendiculars  in  question 
are  only  parallel  to  one  another  for  different  points  f  ,  77,  f,  i/f  when  these  points 
lie  upon  a  straight  line  passing  through  a  point  a,  b,  ct  d,  in  the  plane,  that  is, 
when  they  lie  upon  a  straight  line  which  meets  the  plane. 
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Ex.  1.  Obtain  the  equations  of  the  plane  through  the  three  points  a,  0,  y,  in  the  figure 
on  p  7 

Prove  that  the  coordinates  of  the  foot  of  the  perpendicular  from  the  point  b  on  the 
plane  a/9y  are 


"- 
' 


,    vw. 


£*.£.  2.   Qiven  a  .straight  line  Z  and  a  plane  /J  ;  prove  that  the  locus  of  the  foot  of  the 
perpendicular,  drawn  from  points  on  L  bo  the  plane  /*,  is  a  straight  line. 
When  the  lino  is 


and  the  plane  is 


v  - 

X 


prove  that  till  these  perpendiculars  lie  111  the  quadric  surface 


a—  a,     6  —  0,     c  —  7,     ri  — 
*i    •       »'i  ,       MI  ,       *i 


\      ,  /X      ,  V     , 

'i    .       «h  ,       M|  , 
1L    ,       ?/}2  ,       /^  , 


V     ,  1C 


36.    When  the  equations  of  the  plane  arc  given  in  the  canonical  form 

z  =f  +  pj  +  ryy,     y  =  h  +  r,r  +  sy, 

the  length  of  the  perpendicular  from  f,  TJ,  £,  v,  is  similarly  derived. 
Let  the  foot  of  the  perpendicular  be  X,  F,  Z,  V,  so  that 

Z 
then 


must  be  a  minimum  for  all  values  of  X  and  F.  Hence 

r(v-  F)  =  0, 


In  these  equations  substitute  for  Z  and  V  in  terras  of  X  and  Y:  and  write 
A  =  1  +  p*  +  q*  +  r»  +  s2  +  (ps  -  qr)*, 
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When  the  equations  arc  resolved  for  X  —  f  and  F—  vj,  we  find 

A(*-0-{p  +  .(|»-  qr)}  T+[r-q  (p,  -  qr)}  W, 
A  (F-  ,)-  [g-r(pi-gr)J  T  +  {*  +  p  (ps  -  qr)}  W, 

and  therefore 


Now 

when  the  values  oi  X  —  f,  Y—i),  Z—  f,  F—  u,  are  substituted,  and  reduction 
is  effected,  we  obtain 

A02  =  (1  +  r2  +  *2)  2'2  -  2  Qjr  +  7*)  TTT  +  (1  +  />2  +  g«)  IT  a, 
thus  giving  the  length  of  the  perpendicular. 

If  Lt  Mt  N,  K,  arc  the  direction-  cosines  of  the  perpendicular,  drawn  from 
f  ,  V*  f,  "»  towards  Z,  Y,  Z,  V,  we  have 


so  that 


T  +  {r-  q  (ps  -qr)\~W 
M 


{q-  r  (ps  -  qr)}  T  +  {s  +  p  (ps  -  qr)}  W 

__  N  ___ 
_  (pr  +  qs)  W 

K 


qs)  T+  (1  Tp2  Vry2)  W 
1 


__  _ 

"  A*  ((1  +  ra  +  s*)  T*  -  2  (pr  +  qs)  T  W  +  (1  +  p*  +  y2)  If2)*  " 

We  shall  return  to  the  expression  for  Z)a,  after  the  discussion  of  the 
elementary  properties  of  flats,  and  we  shall  obtain  an  interpretation  similar  to 
that  obtained  (§  32)  for  Dz  when  the  equation  was  given  in  the  earlier  form. 

Relations  between  a  plane  and  a  line. 

37.  We  have  seen  that  a  line  is  represented  by  three  linear  equations, 
but  not  by  fewer  than  three  such  equations  :  and  that  a  plane  is  represented 
by  two  linear  equations,  but  not  by  fewer  than  two  such  equations.  When 
therefore  the  common  intersections,  if  any,  of  a  line  and  a  plane  are  sought, 
they  will  be  provided  in  general  by  five  simultaneous  equations,  linear  in  thu 
four  variables  x,  y,  z,  v.  As  a  rule,  such  a  system  will  not  possess  a  set  of 
simultaneous  roots  :  and  therefore  we  infer  that,  in  quadruple  space,  an 
arbitrary  line  docs  not  meet  an  arbitrary  plane. 
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If,  however,  the  five  equations  are  not  independent  of  one  another,  two 
alternatives  arise.  The  five  equations  may  be  equivalent  to  four  independent 
equations,  each  linear  in  the  four  variables;  in  that  event,  the  four  inde- 
pendent equations  possess  a  single  set  of  simultaneous  roots,  and  then  the 
line  and  the  plane  intersect  in  a  single  point.  Or  the  five  equations  may  be 
equivalent  to  three  independent  equations,  each  linear  in  the  four  variables, 
in  that  event,  the  three  independent  equations  possess  a  singly  infinite  set  of 
simultaneous  roots,  each  set  determining  a  point  lying  on  the  line  and  the 
plane:  that  is,  the  line  lies  in  the  plane.  The  five  equations  cannot  be 
equivalent  to  fewer  than  three  independent  equations,  each  linear  in  the  four 
variables,  because  the  three  equations  of  a  line  are  irreducible  in  number. 
We  proceed  to  the  two  possible  alternatives,  in  succession. 

(i)   Let  the  plane  be  given  by  the  two  equations 

c  —  a,     y  —  b,     z  —  c,     v-d     =  0, 


so  that  every  point  lying  in  the  plane  is  given  by 


for  appropriate  values  of  p  and  a.    Let  the   line   be   given   by   the   threij 
equations 

.r  —  a  __y  —  &  _z  —  y  ^v  —  8 

\  fj.  V  K 

so  that  every  point  lying  on  the  line  is  given  by 


for  appropriate  values  of  r.   If  any  point  is  common  to  the  piano  ,ind  the  line, 
values  of  p,  0,  r,  must  exist  such  that 

a—  a=  lip  +    /2°"~-^'". 
/3  —  b  =  »ii  p  +  m2  cr  —  pr, 

7  —  c  —  n\p  4-   /'a  a-  —  vr, 

8  —d=  kip  +  7r2o-  —  KI-  , 

and,  in  order  that  these  equations  may  co-exist,  we  must  have 


-  a, 


-  d, 


7/;  2l 


=  0, 


which  accordingly  is  the  one  condition  to  be  satisfied.    It  la  easily  seen  to  be 
sufficient  as  well  as  necessary. 
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When  the  condition  is  satisfied,  the  coordinates  of  the  point  of  intersection 
arc  determinate,  as  follows.    Let 

2/!  12  =  cos  77,     SJiX  =  cos  0,    2J2X  =  cos  <f>. 

Multiplying  the  equations  by  lit  mi,  nlt  klt  and  adding:  then  by  /2,  w2l  nlt  kz, 
and  adding :  and  finally  by  X,  p,  v,  K,  and  adding :  we  obtain  the  respective 
equations 

p  +  a-  cos  rj  -  i-  cos  0  =  S/i  (a  -  a), 

pcosrj  +  a-          —?•  cos  0=2^2  (a  — a), 

p  cos  0  +  a-  cos  ^  —  r          =  2X  (a  —  a) ; 
and  therefore 

Ar  =  (cos  0  -  cos  </>  cos  77)  2^  (a  -  a) 

+  (cos  0  -  cos  6  cos  77)  2J2  (a  -  a)  -  sma7j  Sx  (a  -  a), 
where 

A  =  1  —  cos*77  —  cos20  —  cos20  +  2  cos  77  cos  0  cos  <£. 

With  this  particular  value  of  r,  the  coordinates  of  the  point  of  meeting  are 


From  the  condition  that  the  line  and  the  plane  intersect,  it  follows  that 
9,  7,  8,  lies  on  the  flat 

X-a,     /!   ,     12  ,     X    =0, 
Y  —  6,     wii,     mz,     pi  „ 

Z  -C,       7l!    ,        J12  ,        1 

F-d,     Arx  ,     A:2  ,     / 

a  flat  in  which  each  of  the  three  directions  llt  7?ilp  w^  fcjj  J2,  ?/i2,  n2l  A;2;  and 
X,  p,  v,  K;  lies.  Hence  the  locus  of  a  point  fiom  which  a  straight  line  can  be 
drawn  in  a  given  direction  to  meet  a  given  plane  is  a  flat  containing  the 
plane  and  the  direction. 

It  might  happen  that  the  condition  of  intersection  is  satisfied  but  that 
the  point  of  intersection  is  at  an  infinite  distance.  In  that  event,  the  lino 
would  be  parallel  to  the  plane.  And  then  we  should  have 

A  =  0, 
that  is, 

7,  ±  e  ±  </>  -  o, 

which  geometrically  is  only  possible  if  the  three  directions  llt  jn^  nlf  k} ; 
I2l  m2,  M2,  kz',  and  X,  p,  v,  n;  are  complanar.  The  two  conditions,  one  for 
intersection,  and  the  other  for  intersection  at  an  infinite  distance,  are 


X, 


77li, 


kz 


=0: 


and  these  are  the  analytical  expressions  of  complanarity  of  direction. 


38]  CONDITIONS  THAT  A  PLANE  CONTAINS  A  LINE 

E.r.    If  thn  plane  bo  given  by  the  equation* 


the  condition  that  the  line 
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should  meet  the  plane  is 


=  0, 


und  the  conditions  that  the  line  should  bo  parallel  to  the  plane  arc 


When  the  equation,**  of  the  plane  occur  111  the  canonical  form 


the  corresponding  condition  for  intersection  is 

I  />a  +  ?0--y+/,    p\  +  <jr-v  1  =  0, 
I   r«+*j3-3  +  /?,     rX  +  s^-icj 

and  the  corresponding  ronditions  for  parallelism  are 

p\  +  qp  —  v  =  0,     i-X+s/i  —  ic=0 

38.    (ii)   The  conditions  that  the  line 


\  /I  V  K 

should  lie  completely  in  the  plane 

x  —  a,     ]j  —  6,     z  —  c,     v  —  d 


arc  that  the  ec^uations 
a  — 


"2 


,     7  — 


should  be  satisfied  for  all  values  of  r    that  is,  they  are 

a.  —  a,     fl  —  b,     7  —  c,     8  —  d     =  0, 


and 


X,     \L  , 
'IP     mi, 


=  0. 


=  0 
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The  conditions  in  the  first  set  —  equivalent  to  two  —  express  a  requirement  that 
a  point  or,  0,  7,  8,  on  the  line  shall  lie  in  the  plane.  The  conditions  in  the 
second  set  —  also  equivalent  to  two  —  express  a  requirement  that  the  direction 
of  the  line,  —  determined  by  \t  p,  vt  Kt  —  shall  be  complanar  with  the  two 
directions  llt  mlf  HI,  kim9  and  lt,  wia,  rc2,  A;a;  which  determine  the  orientation 
of  the  plane. 

Ex.  1.   Obtain  the  conditions,  connected  with  the  plane 


and  the  line 


Q 
•  [, 

rJ 


for  the  following  possibilities  : 

(i)  that  the  line  and  the  plane  meet, 

(11)  that  the  line  and  the  plane  are  parallel, 

(in)  that  the  hue  lies  111  the  plane. 

Ex.  2.  It  in  easy  to  verify-  what  haw,  m  fact,  hoen  assumed  —  that,  if  a  line  id  parallel 
to  a  plane,  ,1  line  drawn  parallel  to  that  line  and  passing  through  a  point  in  the  plane  lies 
wholly  m  the  plane. 

The  conditions  that  the  line 


be  parallel  to  the  piano 


where  a',  6',  t,',  d',  arc  the  coordinates  of  any  point  in  the  plane,  MC 

j     fi.    ,     v  ,      ic        -=0. 

,       /M,,       Mj,       / 
,       W12,       712,       X 

The  equations  of  a  line,  through  «',  6',  c',  rf',  and  parallel  to  the  given  lino,  ,iro 

.f  -  ay  _  y  -  b'  _  s  -  ti  _  r  -  d' 

\  fl.  V  K 

This  line  lies  wholly  in  the  given  pUnc,  on  account  of  the  conditions  which  hrive  just  beon 
stated. 


Shortest  distance  between  a  line  and  a  plane. 

39.    It  has  appeared  that  an  arbitrary  line  and  an  arbitraiy  plane  do  not 
meet ;  an  enquiry  remains  concerning  the  shortest  distance  between  them. 
We  denote  by  X ',  Yf,  Z',  V,  any  point  on  the  line 
x-a.        -ff 
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so  that 


and  by  X,  F,  £,  F,  any  point  in  the  plane 

x  —  a,     y  —  b,     z  —  c,     v  —  d     =  0, 
li    ,       mi  i        HI  i        &i 

lz    ,       wz  ,        HZ  ,        &z 
so  that 

JT  —  a  =  /1r1  +  Z2r2,    F—  &  =  7Mir1  +  ?H2?'2»    ^—  C  =  7?1r1  +  w2r2>    F— 
The  distance  between  the  two  selected  points  is  denoted  by  Dt  so  that 
Dz  =  (X  -  X  ')2  +  (  F-  F')2  +  (£  -  £')2  -I-  (  F-  F')2 
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For  our  purpohc,  1)  is  to  be  a  minimum  for  all  values  of  rlf  rz,  ?-'.    Hence 
we  have 

2X  (a  -  a  +  hi\  +  ^'2  -  X?y)  =  0 
2/i  (a  -  a  +  /i?'i  H-  /2r2  -  Xr')  =  0     • 
2lz  (a  —  a  +  /I?'!  +  i2?-2  -  X?1')  =  0 
In  the  first  place,  these  can  be  written 

2  X  (Ar  -  X')  =  0,     2  /!  (.Y  -  Ar/)  =  0,     S  /2  (X  -  X')  =  0  , 

or,  if  Lt  M,  iV,  K,  are  the  direction-cosines  of  the  shortest  distance,  so  that 
X  -  X'  =  LD,  F-  F'  =  MD,  Z-Z'  =  XD,  V-  V  =  KD,  we  have 


and  there  lore 


Hence  the  shortest  distance  is  at  once,  (i)  perpendicular  to  the  line,  and 
(ii)  perpendicular  to  every  direction  in  the  plane. 
Again,  as  in  §  37,  let 


so  that  0,  <J>,  77,  may  be  regarded  as  known  quantities,  when  the  equations  are 

given  in  their  assumed  form.    Then  the  equations  lor  D  become 

r  —  r-i  cos  B  —  r%  cos  0  =  !£  X  (a  —  a), 

r  cos  0  —  7'j          —  7'2  cos  T)  =  2  /!  (a  —  a), 

r'  cos  c£  —  ?"i  cos  r)  —  rz  =  S  /2  ((&  —  a), 

three  equations  adequate  for  the  determination  of  r',  r^  rz,  provided  the 
determinant  of  the  left-hand  side  does  not  vanish.    This  determinant  A  is 

1    ,     cos0,     cos</> 
cos  0,        1    ,     cos  77 
cos  0,     cos  ?/,        1 
=  1  —  cos2  0  —  cosa  <f>  —  cos2  77+2  cos  0  cos  0  cos  77 
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and  so  the  condition,  for  the  determination  of  /,  rlt  rZt  is  that  no  one  of  the 
quantities  6  ±  0  +  17  shall  vanish,  nor  0  +  $  +  rj  be  equal  to  2?r. 

Next,  from  the  equations 


we  have 


L 


M 


N 


K 


V  , 


mi, 


Zj    n2,    kz 


V   ,        K,      \ 
Hli      &1»      ^1 

rc2j    kz,    /2 


K  t      \t         fi, 
kit      flf      iRi 


\,     IL  , 

[j,      7/li, 
/2,      ^12, 


where 


i\i, 


z,     kz 


1      ,       COS  ^,       COS  </) 

cos^,        1    ,     cos?/ 
cos  </>,     cos  77,         1 


Hence 


=  X  -  X'  =  a  -  a  + 


Now  2DX  =  0,  2/^  =  0,  S 


ND  =  Z  -Z'  =0-7+ 

=  V-  V  =  d  -  8  +  kiri  +  kzrz  - 
0,  and  therefore 


(t  —  or,     6  —  £,     c  —  7, 
X    ,  ,    ,        v    , 


I* 


"2 


where 

A  =  1  —  cos2  0  —  cos2  0  —  cos2  77  +  2  cos  6  cos  0  cos  7;. 

We  thus  have  an  expression  for  the  length  of  the  shortest  distance  between 
the  line  and  the  plane. 

There  is  an  immediate  verification  of  the  condition  that  the  line  and  the 
plane  should  meet ;  for,  in  that  event,  D  =  0,  and  thus  the  condition  of  §  37 
reappears. 
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Note.   Later  (§  69)  it  will  be  proved  that 

A  =  sin2  17  sin2  ft, 
where  ft  is  the  inclination  of  the  line  to  the  plane. 

The  consideration  of  the  inclination  of  a  plane  to  any  other  homaloidal 
amplitude  is  deferred  until  Chapter  v. 

Distance  between  a  plane  and  a  line  parallel  to  the  plane. 

40.  But  if  the  line  is  parallel  to  the  plane,  the  foregoing  expression  for  D 
becomes  indefinite.  The  determinant  A  vanishes,  because  then  cither  0  +  0=  77 
or  <£  ~  0  =  i\  \  and  the  determinant 

a  —  or,  b  —  /3,  c  —  7,  d  — 
\  ,  //,  ,  v  ,  ic 
l\  ,  wii  ,  H!  ,  ki 


vanishes  because  (§  29) 


"2  , 


i,     mi,     HI,       ! 


0. 


We  proceed  to  shew  that  the  perpendicular  distance  from  any  point  on  the 
line  is  independent  of  the  position  of  the  point. 

AH  the  line  is  parallel  to  the  plane,  the  last  set  of  conditions  shews  that 
quantities  p  and  q  must  exist  such  that 

X  =  ph  +  r//2,     \L  =  pwi  +  qmt,     v  =  p;»!  +  qnz,     x  =  pk1  +  qkz. 

Multiplying  by  /i,  uilf  ?»i,  LI,  and  adding  •  and  then  multiplying  by  /2,  '"2,  "2.  ^2. 
and  adding  •  we  have 

cos  6  =  S\/!  =  p  +  q  cos  o>, 

cos  <f)  =  S\/2  =  p  cos  09  +  qt 
so  that 

p  sin2  to  =  cos  0  —  cos  </>  cos  GJ,     q  sin2  w  =  cos  0  —  cos  0  cos  a) 

Now  take  any  two  points  ot,  /3,  7,  8,  nnd  f,  ?/,  f,  u,  on  the  line,  so  that 

f  —  a_?j  —  /3__?—  7_u  —  S    _ 
\     "  ~~^T  i/     "     K     '~p' 

say,  lut  79  be  the  perpendicular  from  f,  ?;,  f,  u,  and  D  the  perpendicular  from 
a,  /3,  7,  S.    Then 

/>•  =  2  (f  -  a)2  -     \    (D{  -  2Dt  Z)2  cos  03  +  /V), 
&  =  S  (a  _  a)2  -  -?-    (Z^!2  -  2/JiSj  cos  GJ  +  .Da2), 
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where 


Dt  =  S/t  (a  -  a),     D2  =  Z12  (a  -  a). 
Hence  _ 

Dl  =  S^(a  +  \p  -  a)  =-D!  +  p  cos  6  , 

D2  =  2  J2  (a  +  X/D  —  a)  =  -B2  +  p  cos  (/>  , 
and  therefore 

Dja  -  2A  D2  cos  o)  +  7J2Z  =  5i2  -  25^2  coa  w  +  5a2 

+  2p  (!>!  cos  9  -  (Di  cos  <£  +  D2  cos  0)  cos  o>  +  Z)2  cos  0] 
+  /o2  (cos2  ^  —  2  cos  0  cos  <£  cos  w  +  cos2  c/>) 
=  5^  -  25^2  cos  G)  +  fjz2  +  p2  sin2  QI 

+  2/0  (I*!  COS  ^-  (1^!  COS  0  +  Z>2  COS  0)  COS  fO  +  B2  COS  0). 

Again, 


=  S  (a  -  a)2  +  /o2  +  2/oS\(a-  a)  ; 
and 


SX  (a  -  a)  =  pSZi  (a  -  o  )  +  7^/2  (a  -  a) 
=  pD1  +  qBz 

=  —3-  (5i  (cos  0  -  cos  0  cos  G>)  +  D2  (cos  </>  —  cos  0  cog  «)). 


Accord  mgly, 


7)2  =  S  (f  -  a)2  --  \    (  l\z  -  WiDt  cos  ro  +  Da2) 

SI  11    ft) 

=  S  (a  -  a)2  -  —V-  (5i2  -  2/A52  cos  ai  +  /J,2) 
sin  CD 


or  the  perpendicular  distances  of  all  points  on  the  line  from  the  plane  arc 
the  same,  their  common  value  being  D. 


Shortest  distance  between  a  line  and  a  plane,  when  the  equations 
are  in  canonical  form. 

41.    When  the  equations  of  the  plane  occur  in  the  canonical  form,  the 
calculations  follow  a  somewhat  different  course    The  line  is 

x  —  a  _y  —  @  _z  —  y  __v  —  8 
X  p.  v  K     ' 

On  the  line,  the  foot  of  the  shortest  distance  D,  between  the  line  and  the 
plane,  is  taken  to  be  X',  Y',  Z ',  V,  =a  +  X/j,  /S  +  ^/a,  7  -I-  vp,  S  +  «/o.  The 
plane  is 

z=px  +  qy  +f,     v  =  rx  +  sy  +  h  ; 
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in  the  plane,  the  foot  of  that  shortest  distance  is  taken  to  be  X,  F,  Z,  V 
and  we  write 

pa  +  2/3+/-7=T,     ra  +  s/3  +  h-S=  W. 
Then 

D2  =  (X  -  XJ  +  (Y  -  F')2  +  (Z  -  Z')*  +  (V-  V')* 


arid  D2  has  to  be  a  minimum  for  all  values  of  X,  Y,  p.    Consequently 


X-X' 

Y-Y' 

(i)  If  L,  M,  N,  K,  are  the  direction-cosines  of  the  shortest  distance, 
X-X'  =  LD,     Y-Y'  =  MD,     Z  -  Z' 


hence 


L 


M 

v,      K,      \ 


0,  ;;,     r 

1,  tf,     * 
where 

A  =  2     /i,     v,     K    2  = 
0,     p,     r 


,     r,     1 


qt     s,     0 


,      _  N 

I  *,  X,  IL 

|  r,  1,  0 

I  5,  0,  1 


K 

X,      ^,  v 

1,     0,  p 

I  0,     1,  q 


+  vp  +  KI\    1  +  p2  +  r2  , 

Thus  the  direction -cosines  Zr,  Jlf,  J^,  IT,  are  known, 
(li)  Again, 

LD=X-X'=      X-a  -\P 

MD=Y-Y'=  Y-/3  -ftp 

ND  =  Z  -Z'  = 


and 


rs 


+  Np  +  Kr  =  0,     M  +  Nq  +  Ks  =  0,     L\  +  Mp 


0. 


Hence 


=NT+KW 
_  1  ( 

and  thus  the  shortest  distance  D  is  known. 
F.O. 
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(iii)  Further,  the  critical  conditions  for  a  minimum  of  Dz  can  be  written 
(X  +  vp  +  KT)  (X  -  a)  +  (fi  +  vq  +  KS)  (Y  -  0)-(X2+/i2  +  i/2  +  Kz)p  --  vT-icW, 
(I+pz  +  ra)(<Y-a)  +        (pg+rs)(K-/3)-         (\+vp+icr)p  --  ^T- 


Therefore 


o,         rs    t     \  +  fcr 

J,      l+sa, 
v,     P  +  KS, 


P> 


These  equations,  together  with 


,     X 


fl   +KS 


-w 


+  TT 


5, 


,     X 


,     X 


+  vp 

+  vq 


P<2 


/C, 


rs 


re, 


s, 


determine  the  plane-extremity  of  the  shortest  distance  D. 
(iv)  Finally,  from  the  same  equations,  we  have 
i/,     X  +  « r, 

p,     1  +  ^, 

q,        rs    , 

This  equation,  together  with 


vq 


pq 


determines  the  line-extremity  of  the  shortest  distance  /). 
A'a:.  1.    Prove  that 


where  t=^?X  +  y/i-  v,  w=rX  +  */*-*,  while 

/=1+P2  +  ?2,     <l=pr  +  q8,     A  =       r      a. 

^  2.  Verify  that  A  =  0  when  the  line  is  parallel  to  the  plane,  so  that  the  evprassion 
for  Z),  being 

A-i^-Xr-^jr-^-X^-^)  W^}, 

then  becomes  evanescent    In  this  event,  obtain  an  expression  for  the  distance  between  the 
line  and  the  plane. 

Relation  of  two  planes:  parallel  planes. 

42.  A  plane  in  quadruple  space  is  represented  by  two  equations.  When 
the  intersection  (whatever  it  may  be)  of  two  planes  is  required,  it  will  be 
provided  analytically  by  four  equations,  each  of  them  linear  in  the  four 
variables  x,  y,  z,  v.  In  general,  such  a  group  of  equations  will  provide  a  single 
unique  set  of  particular  values  of  x,  y,  z,  v,  which  determine  a  unique  point  . 
that  is,  two  arbitrary  planes  meet  in  a  point. 
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But  deviations  from  the  normal  form  of  these  values  may  occur  under 
special  limitations,  which  must  be  examined  in  detail.  The  notion  of  parallel 
lines,  as  lines  having  the  same  direction,  is  simple.  The  notion  of  parallelism 
must  be  extended  to  planes  :  and  the  extension  can  be  effected  by  means  of 
the  property  (§  13)  under  which  a  plane  is  composed  of  lines,  as  follows: 

Let  two  planes  be  denoted  by  P  and  P'.    Take  any  point  A  in  P  and 

any  point  A'  in  P1.    Through  A  draw  any  two  lines  AB  and  AC  in  the 

first  plane;  and  through  A'  draw,  in  the  quadruple  space,  a  line  A'B' 

parallel  to  AB  and  a  line  A'C'  parallel  to  AC.   If  both  lines  A'B'  and 

A'C'  lie  in  the  plane  P\  we  say  that  the  planes  P  and  P'  are  parallel 

It  may  happen  that,  for  some  particular  direction  AB  in  the  first  plane  Pt 

the  parallel  direction  A'B'  in  the  quadruple  space  would  he  in  the  second 

plane  P',  and  that  the  result  does  not  hold  for  any  other  direction:  such  would 

be  the  fact  if  the  two  planes,  instead  of  meeting  merely  at  a  point,  intersected 

in  a  line  and  if  AB  were  drawn  parallel  to  that  line.    In  such  an  event,  the 

two  planes  are  not  parallel. 

Analytically  expressed,  the  definition  carries  the  parallelism  of  all  corre- 
sponding lines  in  the  two  parallel  planes.  Let  the  two  different  directions 
AB  and  AC  be  given  by  flf  m^,  MI,  k\,  and  J2,  mz,  nz,  /-z,  which  therefore  are 
the  direction-cosines  of  A'B1  and  A'C'  m  the  parallel  plane.  Any  other  direction 
in  the  plane  P  is  given  by 


As  li,  mi,  HI,  klt  and  /2,  w2,  w*,  kz,  *re  the  direction-cosines  of  A'B'  and  A'C' 
which  he  in  P't  that  new  direction  also  lies  in  P'  :  that  is,  to  every  direction 
in  P  there  is  a  parallel  direction  in  P'. 

Meeting  of  two  planes  •  alternatives. 
43     Consider  now  two  planes  represented  by  pairs  of  equations 


B3y  +  C*z  +  D*v  =  E3  ) 
Biy  +  CV  +  V*v  =  #4  J 


The  range  of  variation,  which  is  common  to  the  two  planes,  is  given  by 
combining  the  four  equations.  In  general,  they  determine  one  point  and 
only  one  point. 

If  however  the  determinant  of  the  coefficients  on  the  left-hand  side  is 
zero,  so  that 

=  0, 

A3,     ft,     <73l     A 
A4t     7?4,     Ci,     D4 

5—2 
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then  one  at  least  of  the  quantities  xt  y,  z,  v,  satisfying  the  four  equations,  is 
infinite  unless  all  the  magnitudes  M,  represented  by  the  determinants 


A2,    £2,     C2,    D2,    E2 
A3,     B3,     CD,     D3,     E3 


vanish. 

As  the  determinant  |  AI,  B2,  C3,  D4|  vanishes,  quantities  a,  0,  %  8,  exist 
such  that 

aAi  +  @A2  =  yA3  +  SAt  =  A, 

crl?!  +  @B2  =  yBj  +  SB*  =  B, 
7^3  +  8(74  =  C, 
7/^3  +  SDt  =  D. 
Every  point  in  the  first  plane  lies  in  the  flat 

a  (A^x  +  Biy  +  C^z  +  D^v)  +  0(A2x  +  B2y  +  C2z  +  D2v)  = 
that  is, 


and  every  point  in  the  second  plane  lies  in  the  flat 

y( 
that  is, 

(i)  These  two  flats  are  the  same,  if 


that  is,  if  all  the  quantities  M  vanish.  In  that  event,  the  two  planes  lie 
in  one  and  the  same  flat.  The  four  simultaneous  equations  are  then  not  in- 
dependent of  one  another  ;  one  of  them  can  certainly  be  deduced  as  a  linear 
combination  of  the  other  three.  Suppose  that  the  fourth  can  thus  be 
deduced  ;  we  then  arc  left  with  three  equations 


A2x  +  B2y  +  C2z  +  D2v  =  E2, 
A3x  +  B3y  +  C3z  +  D3v  =  E3, 

which  provide  the  common  intersection  of  the  two  planes.    Now,  unless  the 
two  independent  relations  provided  by 

Al9     ft,     Ci,     -D!     =0 
A2,     B2,     C2t     D2 
A3,     B3,     C3,     D3 

are  satisfied,  these  three  equations  can  be  resolved  so  as  to  give 
x  _  y  -  $'  =  z-y'  _  v-V 
X          u,  v  K     ' 
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where 


i  +  vCL 


\AZ 


=  0, 
=  0, 

=  0, 


and  therefore 

X44  -I-  pBt  + 1/6'4  +  */J4  =  0. 

The  first  two  of  these  equations  shew  that  the  particular  direction  X,  /*,  v,  tc, 
lies  in  the  first  plane.  The  second  two  shew  that  the  same  direction  lies  in 
the  second  plane.  Thus  the  three  equations  in  the  variables  provide  a  line, 
with  direction-cosines  X,  /JL,  v,  K\  the  direction  thus  determined  lies  (and 
any  parallel  direction  lies)  within  both  planes.  Consequently,  the  two  planes 
lie  in  one  and  the  same  flat ;  and  they  intersect  in  a  line,  which  possesses  a 
finite  range,  because  {?,  7',  S',  are  finite. 

(11)  The  two  flats 

Ax  +  E\j  +  Cz  +  Du  =  aE1  +  /3EZ, 


are  not  the  same  if  aEi  +  ftE^  and  yE3  +  SE^  are  unequal  ,  they  are  parallel 
flats  (§  58).  Not  fewer  than  four  of  the  five  quantities  M  are  different  from 
zero  the  vanishing  even  of  two  of  them  would  entail  the  vanishing  of  the 
remainder.  Because  |  AI,  B2,  C73,  Z)4  |  vanishes,  the  quantities  xt  y,  z,  v, 
corresponding  to  the  non-  vanishing  quantities  M  are  infinite.  Then  as  before, 
unless  two  of  the  quantities 


At, 


Ct, 
C3, 


vanish,  the    two   planes  lie   in   parallel  fiats  and  intersect  at  infinity  in  a 
direction  parallel  to  the  hnu 

X          fJL          V          K 

But  it  may  happen  that  the  relations 

lx,     BI,     CV,  DI 

12,     A,     d,  />• 

la,     £3,     Ci,  D3 

arc  satisfied.    In  that  event,  the  quantities  X,  p.,  i/,  K,  are  zero ;  and  the 
equations  of  the  line  cease  to  provide  a  definite  result.    We  now  have 


in  addition  to  the  former  relations ;  and  these  former  relations  now  give 
At  =  e'^!  -I-  rj'A2,     Bt  =  e'Bi  +  rj'Bz,      C4  = 
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If  then  the  first  plane  is  represented  by  the  equations 

V-Si,     W-Et, 
the  second  plane  is  represented  by  the  equations 


that  is,  by  the  equations 

V=Ei,     W  =  EZ'. 

Now  if  I,  m,  n,  k,  are  the  direction-cosines  of  any  line  lying  in  V  =  EI,  W  =  E2  , 
we  have 

Atl  +  BI  m  +  <?!  n  -I-  D±k  =  0, 

A2l  +  B2tn  +  Czn  +  D2k  =  0  , 
consequently 

A3l  +  £3  m  +  C3n  +  D3k  =  0, 

AJ  +  Btm  +  C74n  +  DJs  =  0  ; 

that  is,  in  the  second  plane  there  lies  a  direction  parallel  to  any  assumed 
direction  lying  in  the  first  plane,  whatever  direction  be  so  chosen  The  two 
planes  are  parallel. 

The  preceding  investigation  thus  yields  the  following  alternative 
results  . 

When  two  planes  are  given  in  quadruple  spao^,  either 
(i)  they  intersect  in  a  point;  or 

(ii)  they  lie  in  one  and  the  same  flat,  and  intersect  in  a  line  lying 
within  a  finite  range  from  the  origin  ;  or 

(lii)  they  lie  in  parallel  flats,  and  intersect  at  infinity  in  a  definite 
direction;  or 

(iv)  they  are  parallel  planes. 

Ex  1  Prove  that  the  planes  OAt/  and  ODf,  in  the  figure  on  p.  7,  meet  only  in  the 
l>oiiit  0,  and  that  the  pl.ine.s  I'Ag  anil  /Jfi/rnoet  only  in  the  point  P. 

Ex.  a  Prove  that  the  planes  /y/ifi  «ind  o/iy,  in  the  figure  on  p.  7,  internet  at  infinity  in  a 
direction  parallel  to  the  line  7/6*;  that  the  pLinos  ABC  and  tfh'l)  intersect  at  infinity  in 
the  same  direction  ;  and  that  the  planes 

ADC,    fyh,    J'ifK,     c,j3y, 
.ire  parallel  to  one  another. 

Er  3.   Prove  that  the  plancH 


x      y 
a  +  T>~~ 


ad 


Ur,-i 

n      d        i 


intersect,  by  pairs,  in  straight  lines,  and  find  the  respective  lines. 
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Ex.  4.   Two  planes  are  given,  with  their  pairs  of  equations  in  the  forma 


rj.  +  xy  -  v  =  A  i         r'jc  +  1'y  -o  =  A' 
Shew  that,  in  general,  their  point  of  intersection  in 


/-/',  7-7'  I , 

A- A',  s-a'  \ 

h-h',  /•-/,     *-<' 
/     >       ^    »        7 

/'     ,       P'   ,       7' 


I   /•-/',  A-A' 

/-/',  />-/>'.  7-7' 

h'          ,  /         ,  i' 

A    ,  /'    ,  < 


where 

I'rovn  th.it,  if 
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h-h'      r-i'       s-s' 


the  planes  intersect  in  a  line  through  the  point 

/'  ~f       ft      /'/'  "•  fp'        r^'  ~  ^}J 
j'  —  p'1       '       p—p'    '         /  — '/    J 

having  its  direction -cosines  proportional  to 

-(7-7').   y-^'i   ptf-yp',    'i(|'_7  (7-7') 

What  are  the  conditions  (a)  that  the  planes  uhould  lie  in  two  parallel  flats  .  and  (b)  that 
the  planes  should  be  parallol  2 

Ex.  .r)     When  the  equations  of  two  planes  are  given  in  the  form 
c-a,     y-b,     .--c,     c-d      =0, 


#  —  ((',     ?/  —  6',    ;  —  c',     u  — rf' 


shew  that  their  point  of  intersection  is  given,  as  to  its  coordinates,  by  equations  of  the 
type 

(r<-«').V,     l^i\     J,a',     /,'ir,     (,'«    =0. 

a -a'    ,       It  ,       I,  ,      li  ,      It 

b—b'     ,       y/l !  ,       yJlj ,      Mlj',       /«/ 


Obtain  the  conditions,  that  the  planes  should  be  parallel,  in  the  form 

/!,        JJl,,       «,,       /', 
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Ex  6.  (The  definition  of  the  parallelism  of  two  planes  has  been  made  to  depend  upon 
tho  par.illcli.sra  of  straight  lines,  that  is,  of  hues  having  the  same  direction  ;  and  it  is  not 
made  to  depend  upon  a  negative  condition  of  not  meeting  within  a  finite  range  of  any 
.selected  origin.) 

Prove  that,  with  the  adopted  definition  of  parallelism,  two  planes,  which  he  in  the  .same 
fiat  and  have  their  hue  of  intersection  at  infinity,  are  parallel  to  one  another. 

Ex  7.  Prove  that,  when,  two  planes  meet  in  a  point  otily^  it  is  possible  to  draw}  through 
arty  point  not  lying  in  either  of  them,  one  (and  only  one}  plane  which  intersects  each  of  them 
in  a  line. 

T,ike  the  .sole  common  point  for  origin,  ,iud  let  the  planes  bu 

\ 

J  ' 

where  (p  —  p')  (a  —  s')  -  (</     q')  (r  -  r1)  does  not  vanish  because  the  origin  IM  the  only  common 
meeting-place  of  the  pldncn.    Lot  the  third  plane  (if  any)  be 


AS  it  passes  through  an  arbitrary  point  a,  ht  c9  d,  ^e  have 
r  =  Pa  +  g&  +  /;     d=jfa+tib 
As  the  new  plane  intersects  the  first  pUne  in  a  line,  we  have 

ff(P-p)  =  F(R-r),    H(Q-q) 
.ind  as  it  intei-Hccts  the  second  plane  in  a  line,  we  have 

U(P-p') 
From  these  relations,  we  have 

//(/'-p' 
mid  (  p  -  //)  (s  -  s')  -  (</  —  r/)  (r  -  /)  does  not  vanish.    Hence 

^=0,     /r=(), 
and  therefore  the  third  plane  (if  any)  is 

z 
with  the  conditions 

c 

this  plane  intersects  the  first  m  a  hue,  it  follows  that 


and  because  it  intersects  the  second  in  a  lino,  that 

(P 
Now 


(lt-r)a+(8-S)b=d-ra-  sb  =  &, 

where  y  and  8  do  not  vanish  together,  because  a,  6,  c,  rf,  does  not  he  in  the  first  plane  ;  and 
therefore 

(S-8)y  =  (Q-q)8. 
Similarly!  if 
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where  y  and  8'  do  not  vanish  together,  because  a,  bf  r,  r/,  does  not  he  in  the  second  plane, 
we  have 


and  therefore 

( 

Accordingly,  we  have  the  four  linear  equations  in  /*,  Q,  It,  >V, 

=  '  \ 

alt+  bti=d 


which  give  unique  finite  values  for  P,  Q,  It,  S,  unless  the  determinant  of  the  coefficients  on 
the  left-hand  side  which  is  equal  to  az  (yfi'-fly')  should  vanish.  But  as  the  point  </,  ft,  r,  </, 
is  arbitrary,  the  quantity  yd'  —  8y  docs  not  vanish,  hence  the  result,  as  enunciated. 

The  existence  of  some  one  plane,  with  the  assigned  property,  tan  be,  established  ,is 
follows     Let  the  two  planes  be 


and  let 


whcic  both  a  and  /3  cannot  vanish,  and  both  y  and  5  cannot  vanish    A  third  plane,  di.iwn 
through  the  point  common  to  the  two  planes,  is 

/9-V-oK-O,     8^--ylr-0 
This  plane  intorsocts  the  first  pl.ine  in  the  line 

A'=0,     J'=0,     ^-7!r=0, 
it  intersects  the  second  pl.ino  in  the  line 

Z=0,      F-0,     /9A'-aF=0- 
aud  it  passes  through  the  point  <«,  6,  c,  d.    Hence  it  possesses  the  assigned  property. 

Kv.  H  In  a  multiple  homaloidal  spate,  there  arc  two  homaloidal  amplitudes  A  and  B, 
of  dimensions  m  and  n  respectively  ;  and  they  have  a  common  range  of  r  dimensions.  The 
least  extensive  homaloidal  amplitude  containing  A  and  //  is  of  s  dimensions  ;  prove  that 


Note.   The  two  results,  (i)  and  (n)  on  p  70,  ,ire  particular  examples  of  this  theorem 
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FLATS. 

Directions  in  aflat. 

44.  It  has  been  seen  that  a  single  equation,  linear  in  the  four  variables, 
suffices  for  the  expression  of  a  flat.  The  form  of  the  equation  depends  upon 
the  data  which  determine  the  flat. 

Thus  the  flat  may  be  required  to  pass  through  a  point  and  to  contain 
three  assigned  directions  which  are  not  complanar.  In  that  event,  the  form 
of  the  equation  is 

x  —  a,    y—b,    z  —  c,    v  —  d  I  =  0, 


"i  , 


mz 


k  , 


where  the  three  directions,  determined  by  the  sets  of  cosines  Jlf  77^,  nit  h\  , 
I2t  m2t  n2t  k2i  and  I3t  m3t  n3,  k3,  are  not  complanar,  so  that  relations 


(for  0  =  1,  m,  n,  £),  are  not  simultaneously  satisfied. 

Let  /,  m,  ?i,  k,  denote  any  other  direction  in  the  Hat,  so  that  the  lino 


lies  in  the  flat;  then 


x  —  a  __y  —  b  __z  —  c  _v  —  d 
I       .     m  n  k 


I  ,     m  ,     H  ,     k    j  =  0. 


.,     h 


Consequently,  quantities  X,  pt  v,  exist,  such  that 


m 


and  when  X,  /i,  i/,  arc  regarded  as  parameters,  these  expressions  give  tho 
direction-cosines  of  any  line  that  lies  in  the  flat.  Also,  let  a  be  the  inclination 
of  the  lines  lz,  mz,  n2,  k2t  and  13,  m3t  n3l  k3;  let  fi  be  the  inclination  of 
Ja,  wi3,  n3,  ^3,  and  /lf  wi,  ?ii,  kl9  and  let  7  be  the  inclination  of  llt  m^  nlf  7^, 
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8  =  1,  the  parameters  X,  p,  v,  arc  con- 


and  J2.  wi*i  nZj  kz.    As  lz+  mz  + 
nected  by  the  relation 

\2  -I-  fL2  +  *2  +  2/iv  cos  a  +  2i/X  cos  £  +  2\/x,  cos  7  =  1. 

Moreover,  if  .X",  Y,  Z,  Vt  denote  any  point  in  the  flat,  at  a  distance  R  from 
a,  b,  ct  dt  along  the  direction  lt  mt  n,  k,  we  have 
X-a=   I 


Y  —  b  =  raft  =  pmi   +  <rm2  +  rm3 

Z—c  =  nR  =  piii 

V-d=kR  =  pkt 

which  accordingly  give  the  coordinates  of  any  point  in  the  flat,  in  terms  of 
three  parameters  pt  a,  r.  Manifestly  the  point  X,  Y,  Z,  V,  can  be  reached 
by  moving  from  the  point  a,  b,  c,  d,  a  distance  p  along  the  direction 
llt  mi,  n  !,  A*!,  then  from  the  extremity  of  that  distance  p  a  new  distance  a- 
along  the  direction  12,  m2,  nlt  k2l  and  then  from  the  extremity  of  that  dis- 
tance a-  a  new  distance  T  along  the  direction  J3,  Mi3l  713,  k&.  Thus  p,  a,  T,  arc 
the  coordinates  of  the  point,  when  it  is  referred  to  an  oblique  frame  within 
the  flat,  and  the  formulae  relating  to  oblique  axes  in  three  dimensions  are 
applicable.  Clearly 

pz  +  a2  +  r2  +  20-r  cos  a  +  2rp  cos  ft  +  2p<r  cos  7  =  R2. 

Normal  to  aflat. 
45.    The  preceding  form  of  equation  can  also  be  written 


where 
while 


I  +  Aim  i  +  Nil! 


'ti  =  0, 
=  0, 

n3+/flfcj  =  o. 

If  then  L,  M,  N,  A",  are  the  direction-cosines  of  a  line,  this  line  is  perpendi- 
cular to  e.ich  of  the  three  non-complanar  guiding  directions  through  a,  6,  c,  clt 
which  determine  the  tint.  Further,  denoting  any  direction  in  the  flat  by 
I,  mt  n,  k,  as  before  (§  44),  we  have 

LI  +  Mm  +  Nn  +  Kk  =  XSZ/i  +  /iS  L12  +  i/S  L13 

=  0: 

or  the  direction  L,  M,  N,  K,  is  perpendicular  to  every  direction  that  lies  in 
the  flat.  Moreover, 

/,  _  M  _  N  _  K  _  1 

'A*1 


i/ii,   »i,   /ti        -  |  HI,   klt 


!,  mlf  /Ji 
'a,  /HS,  "2 
/j,  '"a,  ^3 
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A  =  S 


Hi, 
"2, 


sv,  sv,, 

2*1*2,    Stf, 


su. 


Stf 


I  1  ,  cos  7,  cos  /S 
cos  7,  1  ,  cos  a 
cos/9,  cos  a,  I 


=  1  —  cos2  a  —  cosz  /9  —  cos2  7  +  2  cos  a  cos  /S  cos  7. 

Thus  the  direction  L,  Mt  N,  Kt  is  determinate  and  unique;  it  is  perpendi- 
cular to  every  direction  that  lies  in  the  flat;  and  therefore  the  direction  is 
called  normal  to  the  flat.  In  particular,  a  line  through  any  point  «',  b't  c',  d', 
in  the  flat,  drawn  in  this  direction  and  therefore  given  by  the  equations 

as  —  a'y—b'     z  —  c      v  —  d' 
~L~  =  ~M~  =  ~N~  =  ~K~  ' 

is  called  the  normal  to  the  flat  at  the  point  a',  &',  c,  d'. 
Further,  the  quantity 

La+Mb+Nc  +  Kd 

is  the  projection  upon  this  direction  L,  M,  Nt  If,  through  the  origin,  of  the 
line  joining  the  origin  to  the  point  a,  6,  c,  d,  in*  the  flat;  that  is,  it  is  the 
length  of  the  perpendicular  upon  the  flat  drawn  from  the,  origin  0.  This 
quantity  is  equal  to  P\  hence,  in  the  equation  of  the  flat  when  it  has  the 
form 


Lt  M,  N,  K,  are  the  direction-cosines  of  the  normal  to  the  flat  at  any  point, 
and  P  is  the  length  of  the  perpendicular  upon  the  flat  from  the  origin. 


Modes  of  determining  a  flat. 

46.  The  foregoing  determination  of  a  flat  is  made  by  the  assignment  of 
a  point  and  of  three  directions,  all  of  which  are  to  be  contained  in  the  flat. 
There  arc  other  modes  of  determination. 

A  flat  can  be  determined  by  four  points,  which  are  not  complanar.  If 
they  are  a,  6,  c,  d  ;  ait  bit  c\ ,  di;  a2,  b2,  cz,  d*\  and  aa,  63,  c3,  d3  ;  its  equation 
can  be  taken  in  the  form 


x  —  a,  y  —  b,  z  —  c,  it  —d 

ai  -  a,  bi  —  6,  GI  -  c,  di  —  d 

az  —  a,  bi  —  bt  cz  —  c,  dz  —  d 

03 -a,  bx-b,  c3-c,  d3-d 


=  0, 
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or  in  any  equivalent  form  (§  14)  such  as  (e.g.)  arises  by  any  permutation  of 
the  symbols  of  the  four  points. 

A  flat  can  be  determined  by  a  requirement,  that  it  shall  contain  a  plane 


—  at 


lz   , 


—  b,     z  —  c,     v  —  d 


=  0 


and  a  point  a',  fc',  c',  d',  not  lying  in  the  plane :  its  equation  then  is 
x  —  a,     \j  —  6,     z  —  c,     v  —  d    =0. 
a'  — a,     6'  — 6,    c'  —  c,    d'  — d 

'i    »       w*i  i       ^'i   i        "'i 
i  „,  M  i. 

&2      ,  7/ljj    ,  W2     ,  A, 2 

When  the  plane  is  given  by  equations 

z  —  px  —  qy  =  f,     v  —  rx  —  sy  =  h, 
the  equation  of  the  containing  flat  is 

z  —  px  —  qy  —  f,     v   —  rx  —  sy  —  h     =  0. 

c'  _  pa1  -  qbf  -  /,     d'  -  mf  -  5&'  -  h 

A  flat  can  be  determined  by  the  requirement,  that  it  shall  contain  two 
lines,  which  do  not  meet  but  are  not  parallel.    When  the  lines  are 

x  —  a  _  y  —  b  _z  —  c  _v  —  d 

\  fi.  V  K 

x  —  ti       \i  —  I)      z  —  c       v  —  d' 


the  equation  of  the  flat  can  be  taken  to  be 

x  —  a,     y  —  b,     z  —  c,  v—d    =0. 

tt'-ft,    6'  -6,    c'-c,  d'-d 
\     ,        IL     ,         v     ,          « 


2£r.  1.   Find  the  equation  of  a  flat 

(i)   through  a  given  line  and  two  points  not  on  the  line 
(n)  through  a  given  plane  and  a  given  line  which  meet. 

Point  out  restrictions,  if  any,  on  the  positions  of  the  amplitudes  determining  the  flat. 
Ex.  2.   Prove  that  the  three  planes 


x-a,    y-b,     2-c,     v-d 
1T   ,       mr  ,      nr  ,        /r 


=0, 


for  r,  j=l,  2,  3,  he  in  the  same  flat,  if  lf,  mr,  ?<r,  lrt  for  r=l,  2,  3,  represent  three  non- 
complanar  directions. 
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Ex  3.    Given  that  the  two  planes 


[CH    IV 


11  =  1^  +s'y  +  A'J  ' 

meet  in  a  line  ,  obtain  the  equation  of  the  flat  (§  43)  111  which  the  two  planes  lie. 
Etc   1    Find  the  equation  of  the  flat  through  the  two  linen 


lz  +  Mly+N}z  +  Klv=Pl  \        Ljx  +  MJy  +  Nis  +  Kfr  =  Pi'  \ 
2x  +  J/iy  +  A^  +  AV^  1\     ,     L{x  +  M{y  +  Nfc  +  Kfr  =  P{  I  , 


on  the  assumption  that  the  two  lines  do  not  meet. 

Ex.  5.   Shew  that,  in  general,  a  flat  cannot  be  made  to  pass  through  more  than  four 
arbitrary  points  in  quadruple  apace. 

Verify  that  the  eight  points  A,  j9,  y,  fi,  g,  /*,/',  Pt  in  the  figure  on  p  7,  lie  in  one  flat. 

Ex.  G.   Trace  the  flat 


by  means  of  guiding  points  in  the  same  figure. 

Ex.  7.   Obtain  the  respective  equations  of  the  flats  Oafiy,  and  PABC-  A  BCD,  and 
o)9yd  ;  in  the  same  figure. 

Ex.  8.   Given  a  flat 

» 

prove  that  it  is  possible  to  choose  three  guiding  lines  for  the  expression  of  the  flat,  , 
that  these  lines  are  perpendicular  to  one  another. 

Find  three  such  lines,  when  the  equation  is  given  in  the  form 

l\    t      ?HI  ,      w,  ,       ki 


]  =  cos  0,  2/1^3= cos  ^Ir,  where  6,  0,  ^t  differ  from  \ir. 


Flat  through  a  plane  and  a  direction. 

47.  Consider,  in  particular,  the  mode  of  determination  of  a  flat  whereby 
it  is  required  to  contain  a  plane  and  the  direction  of  a  line  not  parallel  to  the 
plane  :  or,  what  is  the  same  thing,  to  contain  a  plane,  and  a  line  parallel  to 
that  direction  and  meeting  the  plane. 

Let  the  plane  be  given  by 


x  —  a,     y  —  bt     z  —  c,     v  —  d 
Ji     ,       nil  ,       ii!  ,       A?! 


=0. 


The  flat  must  contain  the  point  a,  6,  c,  d.   If  the  associated  line,  specifying 
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through 


the  additional  direction  to  be  contained  by  the  flat,  should  not 
«,  b,  c,  dt  through  that  point  draw  a  parallel  line,  having  equations 

2  tn  n  k 

Then  the  equation  of  the  flat  containing  the  plane  and  the  new  line  (that  is, 
containing  the  assigned  plane  and  the  assigned  direction  not  parallel  to  the 
plane)  obviously  is 


z  —  c,     v  —  d 
n   ,        k 


=  0. 


x  —  a,  y  —  i 

2     ,  in    ,  n 

11  ,  ?)ii  ,  ni 

12  ,  mz  ,  n, 

Let  L,  M,  N,  Kt  as  before  denote  the  direction-cosines  of  a  line  which  is 
normal  to  the  flat :  let 

22122  =  coso),     £221  =  cos0,     S222  =  cos</>, 
so  that  co,  0,  0,  may  be  regarded  as  known  quantities  •  and  write 

in ,      n,      k 

?n2,  H2,     A-2 

1  ,  cos  0,  cos  0 
cos  0,  '  1  ,  cos  w 

cos  0,  cos  w,  1 

=  I  —  COS2  ft)  —  COS2  0  —  COS2  0  +  2  COS  ft)  COS  0  COS  <A, 

Then 


•  w/i2 

-  w612  - 

/12  = 


whurc 


7i]2=  iiiAi-  ^iii| 

48.  It  is  easy  to  see  that  if,  instead  of  the  guiding  lines  2lt  vi^  m,  l\,  and 
22,  wi2l  /?2f  ^2,  of  the  plane,  two  other  guiding  lines  2^,  m^,  n^,  AV,  and  22',  ?/i2f, 
;j2',  A"/,  tire  chosen  for  the  specification  of  the  plane,  the  quantities  L,  M,  N,  K, 
are  unaltered.  For  with  these  alternative  lines,  we  have  relations  of  the  form 

Uf  =  7z'i  +  «"«.     'V  =  &"i  -I-  9712, 
(for  t  =  2,  m,  ?i,  A:),  where 

p  =  71;  -  Se  £  0, 
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while 


fii2  =  -  KI  +  7*2', 

t)z  +  e2  -  2^e  cos  w'  =  1,     S2  +  72  -  287  cos  a/  =  1, 
and 

cos  &  =  2.1^,     cos  CD'  =  S 
Then 

a'l2,  6'l2i  C'u,  /'l>i  #'l2,  ^'l2 

and 

®' 
Hence 


and  similarly 

Thus 

J/:Jf:tf/:JT  =  /;:Jlf:Jff.£'; 

and  therefore  the  magnitudes  of  the  direction-cosines  of  the  normal  to  the 
flat  are  independent  of  the  choice  of  guiding  lines  for  the  specification  of  the 
plane. 

Length  and  position  of  a  perpendicular  from  a  point  to  aflat. 

49.  When  a  point  does  not  lie  in  a  flat,  we  require  its  shortest  distance 
D  from  the  flat.  But  it  also  is  necessary  to  havg  some  convention  as  to  the 
direction  along  the  line  of  the  distance  that  is  to  be  taken  positive  and  some 
accordant  convention  as  to  the  algebraic  measure  (positive  or  negative)  as 
distinct  from  the  sheer  geometric  magnitude. 

Let  the  point  from  which  the  shortest  distance  is  drawn  be  f,  ?/,  f,  v  ,  and 
let  the  flat  be 

Lx  +  My  +  Nz  +  Kv  =  P, 

where  P  is  definitely  positive.  (The  conventions,  when  P  is  zero,  will  be  con- 
sidered separately)  Also,  let  X,  Yt  Z,  V,  be  the  point  in  the  flat  which  is  the 
other  extremity  of  the  shortest  distance  from  f,  17,  f,  v.  We  define  thut 
direction  of  the  shortest  distance  to  bo  the  positive  direction  of  measurement, 
when  it  is  estimated  from  f,  97,  £  v,  towards  X,  Y,  Z,  V.  We  take  the 
algebraic  measure  of  the  shortest  distance  to  be  positive,  when  f,  77,  £,  v,  and 
the  origin  lie  on  the  same  side  of  the  flat  :  we  take  it  to  be  negative,  when 
f,  *7>  (Ti  "i  an(l  the  origin  lie  on  opposite  sides  of  the  flat:  consequently,  the 
algebraic  measure  of  the  shortest  distance  from  the  origin  to  the  flat  is  thus 
taken,  by  the  assumed  convention,  to  be  positive. 

When  the  origin  lies  in  the  flat,  so  that  the  quantity  P  in  the  preceding 
equation  would  be  zero,  a  further  convention  must  be  adopted.  In  this  event, 
we  shall  assume  that,  when  some  particular  coordinate  of  the  point  —  we  select  v, 
for  the  purpose  of  reference  —  is  positive,  the  algebraic  measure  of  the  shortest 
distance  is  negative  and  that,  when  v  is  negative,  the  algebraic  measure  is 
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positive.  (This  would  accord  with  the  preceding  convention  of  the  algebraic 
measure  if"  we  assume,  arbitrarily,  that  the  flat  is  displaced  slightly  along  the 
positive  direction  of  the  axis  OV,  without  change  of  orientation.)  Lastly,  if  v 
be  zero,  we  adopt  the  customary  convention  of  three-dimensional  geometry. 

Returning  to  the  determination  of  the  shortest  distance  from  f,  77,  f,  u,  to 
the  flat,  the  quantity  D2,  where 


is  to  be  a  minimum  for  all  admissible  values  of  X,  Y,  Z,  V,  that  is,  it  must 
be  a  minimum  subject  to  the  condition 


Hence 

X-(  =  \L,     F-77  =  xJf,     Z-S=\Nt     V-v=\K, 

when  initially  X  is  an  indeterminate  multiplier.    Thus 

X^E_Y-<n     Z-f      V-u 

L     "   ~  Al     ~    M    ~~     K    ' 

and  each  of  these  fi  actions,  equal  to  X,  is  also  equal  to 


where  /)  is  taken  .15  the  purely  positive  geometric  magnitude  of  the  shortest 
distance  and  a  positive  sign  is  affixed  to  (L2  +  Mz  +  ^V2  +  /^2j^,  leaving  thu 
doubtful  sign  Lo  be  settled  under  the  adopted  conventions.  Also 


Kv  ±  (L*  +  M* 
with  the  same  positive  sign  for  (L2  +  M2  + 

This  doubtful  sign  has  to  be  determined.    We  have 


Now  D  is  positive  :  (L2  +  M2  +  Ara  +  K2)^  is  positive  :  when  f,  rj,  f,  u,  coin- 
cides with  tho  origin,  that  is,  is  on  the  same  side  of  the  flat  as  the  origin, 
P  —  Ll~  —  M'r)  —  jVf  —  K  v  is  positive  :  consequently  the  positive  sign  must  be 
taken.  Hence  the  shortest  distance  from  f,  ?/,  f,  u,  to  the  flat  is  given,  as  to 
its  algebraic  measure,  by 


Again,  the  positive  direction  along  the  shortest  distance   is  given   by  the 
direction  from  f,  v},  f,  u,  towards  Xt  V,  Z,  V\  that  is,  it  is  given  by 

*-f,     Y-v.    Z-S,     V-v. 

F.d.  G 
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Hence  L,  M,  Nt  K,  taken  from  the  equation  of  the  flat 


are  proportional  to  the  actual  direction-cosines  of  the  shortest  distance.    Thus, 
as  is  to  be  expected,  the  shortest  distance  is  normal  to  the  flat. 

With  these  conventions,  we  say  that  the  perpendicular  from  f,  rj,  f,  v,  to 
the  flat  Lac  +  My  +  Nz  +  Kv  =  P,  where  P  is  positive,  is 


the  positive  sign  being  taken  for  the  radical  ;  and  the  coordinates  of  the  foot 
of  the  perpendicular  are 


.jf 

K-V-hA 

Clearly  the  perpendiculars  to  a  flat  from  any  two  points   f,  rj,  f,   v\ 
f,  17',  f  ,  v'\  are  parallel.    Their  algebraical  ratio,  being 


is  independent  of  any  assumption  concerning  radical  signs. 

50.   Had  we  assumed  initially  that  the  shortest  distance  lies  along  a 
direction  normal  to  the  flat,  we  should  have  taken 

X-g_Y-<n_Z-S_V^u_ 

L     "    M    "    N    "     K     ~p- 
The  relation  between  D  and  p  is 


As  the  point  X,  Y,  Z,  Vt  lies  in  the  flat  Lx  +  My  +  Nz  +  Kv  =  Pt  we  have 
so  that 


We  thus  obtain  the  former  expressions  for  Xt  Yt  Z,  V. 

The  doubtful  sign  in  estimating  the  algebraic  measure  of  the  perpendicular 
distance  is  settled  by  the  convention  adopted  for  the  measure  ;  and,  again, 
the  length  of  the  perpendicular  is  obtained  in  the  form 
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51.    When  the  equation  of  the  flat  is  given  in  the  form 

x  —  a,     y  —  b,     z  —  c,     v  —  d      =  0, 


any  point  in  the  flat,  and  therefore  the  foot  of  the  perpendicular  from  f,  97,  f, 
is  given  by  equations 

X=a+    lip 

Y=  b  +  WI/D 

Z  —  c  +  WI/D  +   7120"  +  HUT, 

V=d+  k±p+  kz<r  +  /L'3T, 
where  p,  cr,  r,  are  three  parameters.   The  shortest  distance  D  is  given  by 


=-  S  (a  +  /i/o  +  /z<r  +  /JT  -  f)2, 

and  this  has  to  be  a  minimum  for  all  values  of  p,  &,  T.   Thus 
2Ji  (a  +  ^p  +  Z2o-  +  /3r  -  f)  =  0, 
2/2  («•  +  'ip  +  '20-  +  ^T  -  f)  =  0, 
2/3  (a  +  llP  +  /2cr  +  /3r  -  f)  =  0. 
Taken  in  one  manner,  these  equations  can  be  written 


and  therefore 

X-S 


Y-TJ 


V-v 


nlt 
n2, 
n3, 


"i, 


A:2| 


H3 


where 


«*!• 


2  =  1  —  co82a  —  cos2/3  —  cos27  -I-  2  cos  a  cos  0  cos  7, 


with  the  former  notation.   The  positive  sign  is  given  to  0^:  and,  us  before, 
the  doubtful  sign  must  be  settled. 

Hence 

D  i 

i,     *2 


6—2 
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and  so  for  the  others ;  hence 

a  —  f ,     b  —  vj,  c  —  f,  d  —  v    =  + 

^i   i       T^I  ,  HI  ,  ki 

lz  ,       niz  i  n2  j  kz 

"3     i  ^3   >  ^3    i  'l/>3 

Now  D  and  ®*  are  positive;  and  the  perpendicular  has  its  sign  the  same 
as  when  f,  rjt  f,  v,  coincides  with  the  origin,  according  to  our  convention. 
Hence  the  perpendicular  on  the  flat  is,  in  algebraic  measure,  given  by 


1 
©* 


Its  direction-cosines  arc 


"la, 


a  —  f ,     6  —  T],     c  —  f,     d  —  v 


«2 


«*-* 


1*, 


-©-* 


/-•i, 


h, 


k    , 
J2 


"2 


From  the  critical  equations  rendering  Dz  a  minimum,  when  these  arc 
taken  in  another  manner,  we  have 

2li(£—  tt)  =  p  +CTCOS7  +  TCOS/3, 

2JZ  (f  —  a)  =  p  cos  7  +  er  +  T  cos  «, 

S^  (f  -  (')  =  p  cos  /3  +  o-  cos  a  +  T 


Also 
hence 


X  -  a  =  pli  +  c7/2  +  T^3  ; 


=0. 


SJi(f-a),       1     ,     cosy,     cos£ 

S?2  (f  — «).     cos  7,       1     ,     cos  a 

E/3(f  —  a),     cosyQ,     cos  a,        1 
Similarly,  for  7  -  6,  Z  —  c,  F  —  d :  being  equations  which  give  the  coordinates 
of  the  foot  of  the  perpendicular  from  f ,  rj,  f,  v,  on  the  flat. 

Ex.  1.  Prove  that  the  flats  A  BCD,  ff'gg'W,  a|9yfi,  in  the  figure  on  p  7,  divide  the  line 
OP  into  four  equal  parts 

Ex.  2.    Denoting  the  perpendicular  from  a  upon  the  flaty</'/iM  hy  p^  the  perpendicular 

from  /3  upon  the  flat  yh'f'B  by  p,,,  the  perpendicular  from  y  upon  the  flat  /if'g'C'by  />,, 

and  the  perpendicular  from  d  upon  the  flat/^A/)  by  jr;4,  (all  in  the  same  figure),  prove  that 

1111        „/!       1       1       r 
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Ex.  3    Find  the  length  of  the  perpendicular  from  the  point  «H,  6B,  ct1  dai  on  the  flat 
through  the  four  points  at  ,  6,  ,  rr,  dt  ,  (for  r  —  1,  2,  3,  4) 

Obtain  also  the  coordmatca  of  the  foot  of  thin  perpendicular. 
Er  4    A  flat  is  required  to  contain  the  plane 


find  also  the  Inip.ii    direction  X,  /i,  v,  K.    Prove  that  the  distance  of  the  Hat   from  the 
origin  is 


Perpendicular  from  a  "point  on  the  plane  of  cleavage  of  two  flats. 

52.  Wo  now  arc  in  a  position  to  obtain  the  magnitude  and  the  position 
of  the  shortest  distance  from  an  external  point  f  ,  77,  f,  u,  to  a  plane,  when  the 
equations  of  the  plane  represent  it  as  the  intci  section  of  two  flats 

L^x  +  M±y  4-  N^z  +  fl>  =  J\, 
Lzx  +  Mzy  4-  Nzs  +  /v>  =  7J2> 

where  LI,  MI,  Nlt  KI,  and  /)2,  jl/a,  -Ar2,  /T2i  are  the  direction-cosines  of  the 
respective  normals  to  the  two  flats  And  it  will  prove  to  be  possible,  as  in 
§  32,  to  derive  a  geometrical  construction  for  that  shortest  distance,  in 
association  with  the  perpendiculars  from  f,  17,  f,  v,  on  the  two  flats. 

Let  X,  Y,  Z,  V,  be  the  foot  of  the  shortest  distance  on  the  plane.  Then 
the  quantity  D\  where 

1*  =  (A'  -  f  p  +  (Y-  „)»  +(Z-  fjt  +  (V-  wft 

must  be  a  minimum  for  all  admissible  values  of  Jf  ,  y,  #,  F-  that  is,  it  must 
bi»  a  minimum  subject  bo  the  two  conditions 

LiX  +  Jl/t  F+  iViZ  +  #1  K  -  A  =  0, 
Z2Ar  +  J/2  Y+  Ni%+K,V-P,  -  0. 
According  to  the  usual  critical  tests,  we  have 

X  -  £  = 
Y  -  rj 

z  -  S 


where  initially  X  and  /*  are  two  indcLcrminate  multipliers. 
In  the  first  place,  we  have 

|,  X-£,     Y-rj,     Z-l     V-v  :  =0. 
f      LL   ,       ML  ,      Ni  ,       K, 
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and  therefore  the  shortest  distance  lies  in  the  plane 

-  f  *   y  -  1>   z  -  £   v  - 


This  plane  passes  through  the  point  f,  17,  f,  v,  and  it  contains  the  directions 
determined  by  LI,  MI,  NI,  K\*  and  Z2,  M2,  N2t  K±\  that  is,  it  is  the  plane 
determined  by  the  two  perpendiculars  from  f,  rj,  £  v,  upon  the  two  flats, 
respectively,  the  equations  of  which  compose  the  equations  of  the  plane. 
Let  a  denote  the  inclination  of  the  normals  to  the  two  flats,  so  that 

cos  a 
We  write 


so  that  Q!  and  Q2  are  the  perpendiculars  upon  the  two  flats  from  the  point 
£  TJ,  £  v.   Substituting  for  Pl  and  Pz  in  terms  of  X,  F,  Z,  7,  we  have 


+  fA  cos  a, 


«  X  cos  a  +  /*. 

Also,  when  Z,  Jlf,  J\T,  IT,  are  the  direction-cosines  of  the  shortest  distance, 
LD  =X-£  = 


so  that  the  direction  L,  Mt  N,  K,  lies  in  the  plane  through  f,  17,  £  IF,  deter- 
mined by  LI,  MI,  NI,  KI,  and  L2,  M2,  Nz,  Kz-  that  is,  by  the  two  normals. 
Hence 


X2  +  2X/i  cos  a  +  fj? 


which  gives  the  length  of  the  shortest  distance  :  while 

LD  sin2  a  =  L^  (Ql  -  Q2  cos  a)  +  £2  (-  Qi  cos  a  +  Q2), 
JlfD  sin2  a  =  M!  (Q!  -  Q2  cos  a)  +  M2  (-  Qx  cos  a  +  Q2), 
JV'D  sin2  a  =  N1(Q1-Qz  cos  a)  +  #2  (-  &  cos  a  +  &), 
KD  sin2  a  =  ^  (&  -  Q2  cos  o)  +  K2  (-  &  cos  a  +  &), 

which  give  the  direction-cosines  of  that  shortest  distance. 
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Let  FI  be  the  foot  of  the  perpendicular  from  f,  77,  f,  u,  the  point  A,  on 
the  flat  2L1x  =  P1,  let  Fz  be  the  foot  of  the  per- 
pendicular from  A  on  the  flat  2L2x  =  PZ  ',  and  let 
F  be  the  foot  of  the  perpendicular  drawn  to  the 
plane.  Then  AFlt  AF,  AFZ,  have  been  proved  to 
be  complanar.  Also  FF^,  a  line  in  the  first  flat,  is 
perpendicular  to  AFl9  and  FFZf  a  line  in  the  second 
flat,  is  perpendicular  to  AFZ  .  Hence  the  four  points 
A,  FI,  F,  F2,  lie  on  a  circle  of  which  AF  is  the 
diameter. 

Further,  we  have 

r  ig. 


D  cos  6  —  AFi  =  Qi  =  \  +  /x  cos  a,     I)  cos  $  =  AFZ  =  Qz  =  *•  cos  a  +  /i, 
where  FtAF=0,   F2AF=<f>,  and  0  +  0  =  a,  also 


53.  It  is  to  be  noted  that,  while  the  plane  is  given  by  the  two  equations 
2Zi#  —  PI  =  0  and  2£2z  —  P2  =  0  which  are  not  unique  as  a,  representation 
because  they  can  be  superseded  by  any  linear  combined  equivalent  pair,  the 
length  and  the  position  of  AF  are  the  same  for  every  such  equivalent  pair. 
This  invariance,  a  property  to  be  expected  in  connection  with  the  shortest 
distance  from  the  plane,  is  established  algebraically  as  follows. 

Let  the  plane  be  represented  by  the  equivalent  pair  of  equations 
L^x  +  M^y  +  NJz  +  Kiv  =  P^ 

T^x  +  Mz'y  + 
where 


2,     AY  =  8 

Pi  =  7A  +  ^2  ,     P*  =  &Pi  +  ^2; 
the  constants  7,  e,  8,  97,  are  subject  to  the  negative  condition  that  w,  where 

a)  =  777  —  Se, 

does  not  vanish  ,  and  we  take  /Y,  MI,  NI,  KI,  and  Z2',  MZ,  NZ,  K2't  as 
direction-cosines,  so  that 

VIZ/2  =  72  +  27e  cos  a  +  e2  =  1,     SL2'2  =  82  +  2817  cos  a  +  T,2  =  1. 
Also,  let  Q/  and  Q2'  be  the  perpendiculars  upon  the  new  flats,  and  let  a  be 
their  inclination  ;  then 

cos  a!  =  2,Li'Lz'  =  78  +  ci;  +  (717  -I-  8e)  cos  or, 

sin2  «'  =  2  (/,/  ^2'  -  ^'Z-s')2  =  (717  -  8e)2  2  (LL  Jlfo  -  Jtfi  />2)2  =  oi2  sin2  a, 


=  8P,  +  17^2-2  (87^  +  ^/,2)  f  =  8 
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And,  inversely,  we  have 


with  corresponding  expressions  for  M^t  NI,  KI,  and  Mz,  NI,  KZ]  hence 
<»2  =  Sf^Zj2        =  2  (i7/V  -  eLzJ      =  7j2  -  2e7;  cos  a'  +  e2, 

a)2  =  2&>2  Lzz        =  S  (-  SL/  +  7/.2')2  =  S2  -  27S  cos  a  +  72, 

Q)2  COS  a  =  2ft)/^i  .  fi)/y2  =  2  (^/V  —  e£/)  (—  SLi    +  7^2') 

=  —  178  —  76  4-  (717  +  Se)  cos  a'. 

In  thc»new  expressions  connected  with  the  shortest  distance,  let  D'  denote 
its  magnitude;  let  X\  Y',  Z't  V,  denote  its  foot,  lying  in  the  plane;  "and  let 
X',  fjft  be  the  new  indeterminate  multipliers,  corresponding  to  the  former 
X,  ft.  Then 

X  '  -  f  =  V/V  +  p!L^     Y'-<rj 
Z'-S=  \'Ni  +  p'Nt\     V'-v 

Qi  =  \'  +  p  cos  a,      Qz  =  A.'  cos  a'  +  fif. 
From  the  last  two,  we  have 

\'  +  p  cos  a  =  Qi  =  yQi  +  eQ2  =  7  (X  +  p  cos  a)  +  e  (\  cos  a  +  /x), 
X'  cos  a'  +  //  =  Q2X  =  S&  +  ^2  =  S  (X  +  /i  cos  a)  +  77  (X  cos  a  +  //,)  ; 
when  these  are  resolved,  and  the  foregoing  relation's  are  used,  they  yield 
<0X  sin2  a  =  (X'  +  p  cos  a')  (8  cos  a  +  97)  —  (X'  cos  a'  +  p)  (7  cos  a  +  e) 

=  oi  sin2  a  (7X'  +  S//,'), 
on  reduction,  and  similarly 

W/A  sin2  a  =  o)  sin2  a  (eX'  +  77/1')  , 

that  is, 

X  =  7X'  +  Sp,     fi  =  eX' 
Hence 

X'/Y  +  /.L2'  =  X'  (7 

arid  therefore 

X'  =  *. 

Similarly  F'=  7,  #'  =  #,  7'=  F:  that  is,  the  expressions  for  the  foot  of  the- 
perpendicular  give  an  invariable  position  for  all  transformations  of  the  equa- 
tions of  the  plane. 

Similarly 


Qi2  (72  -  27$  cos  a'  +  S2)  +  Qzz  (rf  -  2€r,  cos  a'  +  e2) 
-  ZQiQ*  [(711  +  80  cos  a'  -  (877  +  701 
(Qiz  ~2QiQz  cos  a  +  Q22)  rw2  sin2  a  , 
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so  that,  as  sin2a7=  a2  sin2  a,  there  are  the  equalities 


=  _ 

sin2  a'  sin2  a  ' 

which  shew  that  the  expression  for  the  length  of  the  shortest  distance  also  is 
invariantive. 

Ex.   When  tho  plane  is  given  by  the  equations 

lx  +  my  +  nz  +  kv=\,    rx+m'y  +  n'z+Vv  =  \J 
shew  that  the  perpendicular  from  £,  17,  f,  v,  on  the  plane  is  equal  to 

- 

J    ' 


f(l-Sj£)2--2^1_-2te)  (1  -sffl  stf'  +  (l  -2JW  -i 

V  "    (il'uii-vw          "" 


and  find  the  coordinates  of  the  foot  of  the  perpendicular. 

Intersection  of  a  fiat  and  a  line. 

64.  As  the  equations  of  a  line  are  three  in  number,  its  meeting  (if  any) 
with  a  flat  will  be  determined  by  four  equations,  each  linear  in  the  variables : 
that  is,  a  line  generally  intersects  a  flat  in  a  point. 

Let  the  flat  be 


and  let  the  line  have 

x  —  a.  _y  —  P  _ 

X  fL 

for  its  equations.    At  the  common  point,  if  any,  let  r  be  the  common  value  of 
these  four  fractions  ;  then  r  is  determined  by 

L  (a  +  Xr)  +  M  (0  +  /ir)  +  N(y  +  vr)  +  K(&  +  rcr)  =  P, 
so  that 

=  P-La-M0-Ny-Ko 

r 


and  the  coordinates  of  the  point  of  intersection  are 


The  result  gives  an  infinite  value  for  r,  if 

L\  +  MIL  +  Nv  +  KK  =  0, 

provided  P  —  La  —  Mf}  —  Ny  —  K&  does  not  vanish.  In  that  event,  the 
direction,  determined  by  X,  /*,  v,  re,  is  perpendicular  to  the  direction,  deter- 
mined by  L,  M,  N,  K,  which  is  the  normal  to  the  flat  :  that  is,  the  direction 
is  contained  within  the  flat.  But  the  point  a,  /3,  7,  8,  does  not  lie  in  the  flat, 
because  P  —  La  —  Mf3  —  Ny  —  K8  is  not  zero  :  thus  the  line  meets  the  flat 
at  an  infinite  distance,  or  we  can  say  that  the  line  is  parallel  to  the  flat. 
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The  result  gives  an  indeterminate  value  for  r,  if 

and  also 

P- 

In  that  event,  the  equation 


is  satisfied  for  all  values  of  R  :  that  is,  the  line  lies  in  the  flat. 

Ex.  1.   When  the  line  docs  not  lie  in  tho  flat  but  is  parallel  to  it,  prove  that  the 
shortest  distance  between  the  line  and  the  flab  in 


Ex.  2.    Prove  that,  for  bhe  figure  on  p.  7,  the  lines  0/8  and  Oy  are  parallel  to  the  flat 
and  that  the  distance  08  is  bisected  by  that  flat. 

Ex.  3    Prove  that  the  line 


lies  in  the  flat 
if  the  conditions 


/.„    JU,,    .V,,    A',,     /', 
L2,    .I/,,     .V,,     A'2,     /', 


I    L,     JA,     ,V,     7i,     P 
are  satisfied. 

Intersection  of  two  flats 

55.    We  have  seen  that  a  plane  can  be  represented  by  the  equations  of 
two  flats,  taken  simultaneously.    Hence  a  plane  can  be  regarded  as  a  plane 
of  cleavage  of  two  different  flats, 
When  the  flats  are 

^y  +  Niz  +  KIV  =  Pl  , 
*y  +  Nzz  +  K2v  =  P2, 

any  direction  I,  m,  nt  k,  in  their  plane  of  cleavage  is  such  that 
Inl  +  M^m  +  Nvn  +  K^k  =  0, 
L2l  +  M2m  +  Nzn  +  K*k  =  0. 

Hence  the  normal  to  each  flat  is  perpendicular  to  every  such  direction  :  that 
is,  to  every  direction  in  the  plane  of  cleavage. 

Ex.  Obtain  the  equations  of  the  flats  Paffh  and  /%'A',  in  the  figure  on  p.  7  ;  and  shew 
that  the  intersection  of  these  flats  is  the  plane  PBC. 

Find  the  plane  in  which  the  flats  Pagh  and  PSff/'  intersect,  inserting  points  (other 
than  P)  in  the  diagram  .sufficient  to  determine  the  plane. 
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Manifestly,  when  two  planes  exist  in  one  and  the  same  flat,  they  intersect 
m  a  line,  a  property  already  (§  43)  established.  For  if  the  two  planes  are 
given  by  the  two  pairs  of  equations 

ZLx  =P  \ 


where  SLx  =  P  is  the  flat  in  which  they  both  lie,  then  the  common  intersection 
of  the  planes  is 


that  is,  it  is  a  line 

COROLLARY.    Two  planes  m  any  three-dimensional  space  meet  in  a  line 
For  they  can  be  taken  as  existing  in  a  common  flat  v=  0,  being  given  by 

Ax  +  By  +  Cz  +  Du  =  E,  i'  =  0;     A'  a  +  B'y  +  C'z  +  D'v  =  E't  u  =  0; 
bheir  line  of  intersection  in  the  flat  v  =  0  is  given  by 


Intersection  of  a  flat  and  a,  ]}lane,  or  of  three  flats. 

56.  When  the  intersection  of  a  flat  by  a  plane  is  required,  it  can  be  given 
by  three  linear  equations,  made  up  of  the  single  equation  of  the  flat  and  the 
two  equations  of  the  plane.  Thus  the  intersection  will,  in  general,  be  a  line. 

If  the  equations  of  the  plane  are  the  combined  equations  of  two  flats,  the 
intersection  will  be  given  by 

+  NZ  +KV  =  p, 

+  NIZ  +  A>  =  /M 

2  y  +  Nzz  +  K2v  =  Pz  j  ' 

taken  simultaneously.  Accordingly  (§  17)  the  intersection  is  a  line,  always 
on  the  implicit  assumption  that  there  are  three  equations,  that  is,  that  the 
three  equations  are  unconnected  by  an  identical  relation. 

If  the  equations  of  the  plane  are 


I    x  —  a,     y  —  b,     z  —  c,     v  —  d 


0, 


every  point  m  the  plane  is  given  by  means  of  the  relations 

x  —  a  =  liri  +  lzrZ9    y  —  b  =  w^^-J-  mzrZt    z  —  c  =  n^r^-\-  H2r2l    v  —  d 

Hence  all  points  common  to  the  plane  and  the  flat  are  given  by  those  values 
of  the  parameters  TI  and  rz  which  satisfy  the  relation 

P  -  SZa  +  nSA  +  rz^Llz  =  0. 
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(This  relation  is  merely  the  expression  of  a  property  in  projections.  Let  A 
be  the  point  a,  b,c,d',  let  ANi  be  a  distance  i\  along  the  direction  l\,  m1}  nltki, 
and  ANZ  be  a  distance  rz  along  the  direction  l^m*,  Hi,  &a,  so  that  the  point 
x,  y,  z,  v,  is  the  fourth  corner  of  the  parallelogram  N^AN^P  in  the  plane. 
The  property  in  question  is  that  the  projection  of  the  broken  line  AN^P 
upon  the  normal  to  the  flat  from  A  is  equal  to  the  projection  of  the  straight 
line  AP  upon  that  normal.)  Hence  the  points  common  to  the  plane  and  the 
flat  are  given  by 


and  similarly  for  y,  z,  v  ;  that  is,  the  common  points  constitute  the  line 


Er  1.    Shew  that,  if  ^  =  0,  ^  =  0,  #,=0,  /^=0  ,ire  four  flats,  and  if  the  planes 


intersect  in  a  line  and  not  in  a  point  only,  then  the  other  two  pairu  of  plancy  given  hy 
^1  =  01         ^=01  ^=01         F3-01 

/•,-OJ1      /T4=0/'          ^4  =  OJ'      ^3=0/' 
also  meet  in  the  same  line 

Ex.  2.    Prove  that  the  flat  Pag/t  and  the  plane  /j/Vi',  in  thn  figure  on  p.  7,  intersect  in 
a  line  parallel  to  EC  through  the  middle  point  of  OD 

What  is  the  intersection  of  the  same  plane  with  the  flat  Pf'gh  1 

Ex.  3.    Obtain  the  line-intersection  of  the  flat  Lx+My  +  Nz  +  Kv=P  and  the  plane 


in  the  form 

x-6        _  i/  _  z-f—p6 

M+Nq  +  Ks  ~~  -  (  ~Np  +  Kr  +  L)  "  A'  (a/?  -  y>)  -  /ry  - 
where 


Conditions  that  a  plane  is  contained  in  a  flat. 

67.    The  intersection  of  the  flat  and  the  plane  is  definitely  ;i  line  when, 
in  the 'first  instance,  the  three  equations 

Lx  +  My  +Nz  +Kv  =  P  , 
^a;  +  M^y  +  N^z  +  K^v  = 
L2x  +  M2y  +  N2z  +  K2v  =  P2 } 
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are  independent  of  one  another,  that  is,  are  unconnected  by  any  linear  relation. 
When  the  equations  are  not  thus  unconnected,  they  reduce  to  two  equations: 
they  cannot  reduce  to  fewer  than  two,  because  a  plane  (which  requires  two 
equations  for  its  expression)  is  presumed  given.  When  they  reduce  to  two 
only,  there  must  subsist  relations 


P  =  pl\  +  <rP2, 
that  is,  we  must  have  the  three  relations 

/,  ,     M,    N,    K,    P      =  0. 
Llf    Jfi,    Nlt    Kl9    P, 
L2,    M2,    N2,    Kz,    P2 
Moreover,  we  then  have 

p  (SZa*  -  1\)  +  <r  (SZ2rc  -  P2)  =  ^Lx  -  P  : 

that  is,  any  point,  lying  in  the  plane  and  therefore  having  its  coordinates 
satisfying  the  equations  SZiz  —  PI  =  0  and  2L2x  —  P2  =  0,  has  its  coordinates 
satisfying  the  equation  2_Lc  —  P  =  0  and  therefore  lies  in  the  flat.  Hence, 
under  the  foregoing  conditions,  the  plane  represented  by  the  second  and  third 
equations  lies  in  the  flat  represented  by  the  first  equation. 

It  follows  that,  when  the  conditions  are  satisfied,  the  plane  represented 
by  any  two  of  the  equations  lies  in  the  flat  represented  by  the  third  equation. 

Ex.   Di  SCUMS  the  contingency  that  arises,  when  only  the  conditions 

/,,     if,      iV,      K   j=0 
,    Zi,     if,,     ,Vlf     A',  I 

,  /.2,  ^fi,  jr*  KZ  j 

out  of  the  preceding  set  are  satisfied. 


Parallelism  of  flats. 

58.  As  it  proved  necessary  to  apply  the  property  of  parallelism  to  planes 
by  an  extension  of  its  property  in  connection  with  lines,  so  it  proves  con- 
venient to  apply  the  property  of  parallelism  to  flats,  by  a  similar  extension 
of  the  property  in  connection  with  lines.  We  proceed  as  in  §  42,  using  as 
a  basis  the  synthetic  construction  of  a  flat  from  straight  lines. 

Let  two  flats  be  denoted  by  F  and  Fr.  Take  any  point  A  in  F  and  any 
point  A'  in  F'.  Through  A  draw  any  three  arbitrary  directions  AB,  AC,  AD, 
in  F,  subject  to  the  negative  limitation  that  these  three  directions  are  non-com- 
planar.  Through  A1,  in  quadruple  space,  draw  three  directions  A'B't  A'C', 
A'D9,  respectively  parallel  to  AB,  AC,  AD.  If  all  these  three  directions  A'Bff 
A'C',  A'D',  lie  in  F',  we  say  that  the  flats  F'  and  F  are  parallel. 
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It  might  happen  that  a  direction  A'B'  could  be  drawn  in  F'  parallel  to 
a  particular  direction  AB  in  F\  the  property  would  be  inadequate  to  secure 
the  desired  parallelism.  It  also  might  happen  that  directions  A'B'  and  A'C' 
could  be  drawn  in  F't  respectively  parallel  to  two  particular  directions  AB 
and  AC  in  F:  the  property  still  would  be  inadequate  to  secure  the  desired 
parallelism.  In  the  former  event,  it  would  mean  that  two  parallel  directions 
can  be  taken  in  the  respective  flats  :  in  the  latter,  it  would  mean  that  two 
parallel  planes  could  be  taken  in  the  respective  flats. 

For  the  parallelism  of  flats,  it  is  necessary  to  have  the  three  concomitant 
non-complanar  parallel  directions.  When  the  property  is  possessed,  it  is 
possible  to  obtain  in  F'  a  direction  parallel  to  any  assumed  arbitrary  direction 
in  F,  a  characteristic  result  established  as  follows. 

Let  li,  mi,  HI,  &i;  12,  w2l  wz,  kz;  l^tm^t  n3t  £3;  determine  three  non-com- 
planar  directions  in  F.  Suppose  that  those  three  directions  can  be  drawn  in  F'. 
Then  any  direction  in  F  is  given  by 


m  =  awii  +  0m%  +  71713, 
n  =  ani  +  0n^  +  7113  , 
k  =  a 


These  same  magnitudes  I,  m,  n,  k,  also  determine  a  'direction  in  F':  that  is,  a 
direction  in  F'  can  be  drawn  parallel  to  any  direction  whatever  assumed  in 
F,  which  is  the  property  in  question. 

That  the  agreement  in  parallelism  of  (e.g.)  only  two  directions  would  be 
inadequate  to  secure  full  parallelism,  is  easily  seen.  Thus  if,  in  F'  t  the  first 
two  of  the  specified  directions  are  possible  but  not  a  third  non-complanar 
direction,  we  cannot  have 


for  6=ltmt  n,  k,  when  the  ratios  Z3':ra3':w3':  k$  are  not  equal  to  the  ratios 
Z3:7n3:n3:A;3;  that  is,  lines  could  be  drawn  in  F,  parallels  to  which  could  not 
be  drawn  in  F'.  The  two  flats  would  not  then  possess  complete  parallelism, 
though  parallel  directions  would  exist  for  7=0,  7/  =  0,  while  a  and  0  remain 
arbitrary. 

It  thus  appears  that,  when  the  flat  F  is 

x-a,     y-b,     z-c,     v-d    =  0, 

i  »,  i 

"2     i          7^2    i  ^2    i  n*2 
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the  parallel  flat  Ff  through  the  point  a'  is 
x  -  a',     y  -  &',     s  -  c', 


95 


-d1 


Consequently,  if  the  normal  to  the  flat  F  has  L,  M,  N,  K,  for  its  direction- 
cosines,  then  L,  M,  N,  K,  are  also  the  direction-cosines  of  the  normal  to  the 
flat  F'\  in  other  words,  the  normals  to  two  parallel  flats  are  themselves 
parallel. 

It  is  an  immediate  corollary  that  the  flats 


where  PI  and  P2  are  distinct  from  one  another,  are  parallel  to  one  another. 
Further  we  say  that,  as  two  flats  usually  have  a  plane  of  cleavage,  two 
parallel  flats  have  their  plane  of  cleavage  at  infinity. 

Ex  1.   Obtain  the  distance  between  two  parallel  flat?  /'and  F'. 

Ex.  2.    Prove  that  the  flats  ABCD,  ff'gg'hk',  a£yd,  in  the  figure  on  p.  7,  are  parallel  to 
one  another;   likewise  the  pairs  of  flats  0,9yd  and  PBCD,  Oybo.  and  PC  DA,  0&a&  and 


Find  where  a  flat,  through  /,  g,  A,  parallel  to  the  flat  00yd  is  met  by  the  line  OP. 
Ex.  3.   Shew  that  the  necessary  and  sufficient  conditions,  in  order  that  the  flats 
I  -y  — a,    y  —  b,     s-c,     v-d    =  0,        x-a'     y  —  b'     z-c'     v  —  df    =0, 

shall  be  parallel,  arc  that  relations 


*r  =  «r* 

shall  be  satisfied,  for  r=l,  2,  ^. 

Inclinations  of  homaloidal  amplitudes  of  various  types. 

59.  We  now  proceed  to  consider  the  inclinations  of  the  various  homaloidal 
amplitudes,  line,  plane,  flat,  to  one  another. 

The  case,  when  both  the  amplitudes  arc  lines,  has  been  already  discussed 
(§§  IP,  20).  It  is  the  simplest  of  all  the  cases,  for  each  of  the  amplitudes 
admits,  within  itself,  a  unique  direction  which  is  one  of  its  essential  character- 
istics. 
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When  one  of  the  amplitudes  is  a  plane,  there  is  no  individual  direction, 
which  is  contained  by  the  plane  and  can  be  regarded  as  an  essential  character- 
istic. Nor  is  there  any  individual  direction,  perpendicular  to  the  plane,  and 
belonging  to  it  alone  without  specification  of  some  external  property:  so  that, 
within  the  aggregate  of  lines  perpendicular  to  the  plane  at  any  point  in  the 
plane,  there  is  no  one  definite  line  which  can  be  selected  as  an  essentially 
associated  characteristic  direction. 

When  one  of  the  amplitudes  is  a  flat,  there  is  no  individual  direction 
which  is  contained  by  the  flat  and  can  be  regarded  as  an  essential  character- 
istic. But  there  is  one  unique  direction,  which  is  perpendicular  to  every 
direction  in  the  Hat  and  which  is  the  normal  to  the  flat :  that  normal  .can  be 
taken  as  a  direction,  essentially  characteristic  of  the  flat. 

Hence,  after  the  case  of  two  lines  already  considered,  the  cases,  next  in 
simplicity,  are 

(i)  the  inclination  of  a  line  and  a  flat,  and 
(ii)  the  inclination  of  two  flats. 

The  respective  inclinations  of  a  plane  to  a  line,  to  a  plane,  to  a  flat,  remain 
for  separate  consideration,  at  a  later  stage. 


Inclination  of  a  line  to  effort. 

60.  In  estimating  the  inclination  of  a  line  to  a  flat,  there  are  two  methods 
of  proceeding. 

The  more  obvious  method  is  to  frame  an  estimate,  by  taking  the  inclina- 
tion of  the  given  line  to  the  normal  to  the  flat,  because  the  direction  of  this 
normal  is  unique  in  relation  to  the  flat.  If  the  flat  be 


—  a, 


—  b,     z  —  c,     v  —  d 


=  0, 


and  if 

2^  13  =  cos  a,     2£3  li  =  cos  /3,     2^i  ^2 =  cog  7i 

the  equation  of  the  flat  can  be  written  in  the  form 


where  L,  M,  N,  Kt  the  direction-cosines  of  the  normal,  are 

L  M  N  K 


mi, 


z,    nZl    kz 
S,   rz3,   £3 


r*lf 


kz,   lz, 


LI,    mlt 
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the  value  of  ®  being 

1  —  cosaa  -  cosa0  -  cos2?  +  2  cos  a  cos  0  cos  y. 

Let  the  inclination  of  this  normal  to  the  given  line  with  direction-cosines 
I,  m,  n,  kt  be  £TT  —  ^  ;  then 

sin  *  =  IL  +  mM  +  nN  +  kK, 


that  is, 


0*  sin  ^  = 


I  ,     m  ,     n  ,     k 


tj     kz 


61.  The  foregoing  method  however  has  the  apparent  disadvantage  that 
it  brings  the  given  line  into  relation  with  the  flat,  only  by  estimating  its 
inclination  to  a  line  which  lies  outside  the  flat,  though  that  outside  position 
has  a  corporate  association  with  all  directions  in  the  flat.  By  the  alternative 
method,  we  first  take  the  inclination  0  of  the  given  line  to  any  direction  in  the 
flat  :  and,  to  avoid  an  ambiguity  of  sign  necessarily  dependent  on  the  sense 
in  which  a  direction  is  measured,  we  consider  the  magnitude  coszc/>. 

Now  this  magnitude  can  never  be  negative,  though  it  can  be  zero  :  it  can 
never  be  greater  than  unity,  though  it  can  be  unity.  It  is  always  possible  to 
select  a  line,  in  an  unlimited  number  of  ways,  in  the  flat  so  as  to  be  perpen- 
dicular to  the  given  line.  For  take  a  direction 

X  =    l\  +  0-^ 


4-  TMa  , 


where  the  parameters  p,  <r,  r,  are  subject  to  the  relation 

p*  +  a2  +  ra  +  2<rr  cos  a  +  2rp  cos  ft  +  2p<r  cos  7  =  1  ; 
and  let 

2«!  =  cos  a',     2MB  =  cos  £',     SM3  =  cos  •/. 

Then  </>  is  a  right  angle,  and  cos2^  assumes  its  least  possible  value,  when 


that  is,  when 

p  cos  a'  +  <r  cos  f¥  +  T  cos  y  =  0. 

Manifestly,  there  is  an  infinitude  of  values  of  p,  <r,  r,  satisfying  the  two 
relations  :  and  therefore  it  is  possible,  in  an  infinite  number  of  ways,  to  secure 
that  cosa</>  acquires  its  least  value,  which  is  zero,  though  it  may  not  provide  a 
minimum  for  cos  <£>. 

We  therefore  proceed  to  find  the  maximum  value  which  cos2<£  can  acquire. 
P.O.  7 
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Denoting  the  corresponding  value  of  0  by  6t  we  take  the  maximum  value  of 
cos20  for  all  values  p,  <r,  r,  that  are  admissible  under  the  one  condition 

p2  +  cr2  +  T2  +  2c7T  cos  a  +  2-iyj  cos  /9  +  2pa  cos  7  =  1, 
while,  for  the  maximum  value, 

cos  0  =  l\  +  mp,  +  nv  +  kic 

—  p  cos  a'  +  a-  cos  0'  +  T  cos  7'. 
The  critical  equations  are 

cos  a!  =  fl(p  +  a  cos  7  +  T  COB  /Q), 

cos  /9'  =  H  (p  cos  7  -I-  a-  +  T  cos  a), 

cos  7'  =  fl  (/>  cos  /9  +  o-  cos  a  +  T         ), 

where  H  is,  initially,  an  indeterminate  magnitude.   Multiplying  by  p,  <r,  T,  and 
adding,  we  have  cos  6  =  £1 ;  and  thus  the  foregoing  equations  are 

cos  of  __ 

coT0~P 

cos/3' 


_ 
+0-  cos  7  +  T  cos  p, 


+  T  cos  a, 


Also  we  have 
hence 


~  =  p  cos  /9  +  o-  cos  a  +  T 

cos0  =  p  cos  a'  +  o-  cos  /9'  +  f  cos  7' ; 


and  therefore 

0  cos2 


cos  a',  1  ,  cos  7,  cos  /S 

cos£'p  cos  7,  1  ,  cos  a 

cos  7',  cos  ft,  cos  a,    1 

cos20,  cos  a',  cos/9',  0037' 


=  0, 


cos  a',  1  ,  cos  7,  cos  /9 

cos/9',  cos  7,  1  ,  cos  a 

cos  7',  cos  /9,  cos  or,    1 

0  ,  cos  a',  cos/9',  0037' 

From  the  expression  for  sin  ^  in  §  60,  we  have 
®  sin*  ^  =   1  ,  cos  a',  cos  /9',  cos  7' 
cos  a',    1  ,  cos 7  ,  cos/9 
cos/9',  cos  7,    1  ,  cos  a 
cos  7',  cos/9,  cos  a  ,    1 

0  ,  cos  a',  cos  /9',  cos  7' 
cos  a',  1  ,  cos 7,  cos/9 
cos/9',  cos  7,  1  ,  cos  a 
cos  7',  cos  /9,  cos  a  ,  1 
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and  therefore 

cosa  0  =  cos2  ^. 

Thus  the  same  angle,  0,  =  ^,  is  obtained  for  the  measure  by  the  two  methods. 

62.  It  is  to  be  expected,  on  considering  the  geometrical  configuration, 
that  the  direction  of  the  line  X,  p,  v,  K,  with  which  the  line  I,  m,  n,  k,  makes 
this  angle  0,  lies  in  the  plane  through  the  given  line  and  a  direction  normal 
to  the  flat :  so  that,  in  fact,  the  direction  X,  /*,  v,  K,  is  the  intersection  of  the 
flat  by  this  plane.  This  expectation  is  verified,  as  follows: 

The  equations  of  the  plane,  through  the  normal  to  the  flat  and  the  given 
line  lt  m,  n,  k,  arc 

a;  —  a,     y  —  b,     z  —  c,     v  —  d     =  0 ; 
I     ,       m   ,        n   ,        k 
L   ,      M  ,      N  ,       K 
and  any  direction  in  this  plane  is  given  by 

If  this  direction  is  the  intersection  of  the  plane  and  the  flat 

L  (x  -  a)  +  M  (y  -  b)  +  N  (z  -  c)  +  K  (v  -  d)  =  0, 
then 

ZX'  +  Mpf  +  JvV  +  K K'  =  0, 
so  that 

that  is, 

p  sin  0  +  q  =  0. 
Also 

1  =  2X'2  =  p2  +  2pq  sin  0  +  q2 ; 
hence 

P  *1  1 

1      —  sin  0     cos  0 ' 
and  therefore 


J  —  Ls'mO         ,     m  —  Msu\0         .     n  —  Nsin0 


/V      /I)/*      /I  i  "      -—         -^ ,  IE      =      -T— 

cos  0  ^  cos  0  cos  0  cos  0 

With  the  preceding  values  of  X,  given  by 

and  the  corresponding  expressions  for  p,  v,  /v,  we  have 


KT/%'     \\  - 

iL  (X  -  X)  =  -  -  --  p^Li!  —  o-Z/,/2  —  rSZ/3  =  0, 


because  SZJ  =  sin  ft  SZ^  -  0  =  2ZJ2  =  5£J3.   Also 

vi  /-v'     -v\      2Wi  —  SZ^i  sin  0 
Z/i  (X  -  X)  =  -  —  - 

COS  Cf 
COS  CL 


7—2 
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a,  (v  -  x)  =     '-  ~  —'-—- 

cos/8' 


cos  7'  Q  - 

=        '  —  pcosp—  IT  cos  a  —  T  =  0. 


Now  the  determinant 


Lt    H,    N,    K 


m3,     713, 


and  does  not  vanish  :  hence,  as 


we  have 

X'-\=0,    ^-M  =  0,     v'-i/  =  0,     ^'-^  =  0, 

thus  establishing  the  property  in  question. 

63.  From  these  results,  or  by  an  independent  assumption  of  what  is 
suggested  by  a  geometrical  figure,  we  can  inter9  the  inclination  of  a  line  to  a 
flat  in  the  following  way. 

Let  the  line  be 

x  —  a_y-  b  _z  —  c  _v  —  d 
~~TT~  "^T""7T  ~~k~' 
and  the  flat  be 


The  line  meets  the  flat  at  a  distance  r  from  a,  b,  c,  d,  where 

L  (a  +  Ir)  +  M  (b  +  mr)  +  N(c+  nr)  +  K  (d  +  kr)  =  P, 
so  that 


The  perpendicular,  p,  from  a,  b,  c,  d,  on  the  flat  is 

p  =  P-La-Mb-Nc-Kd. 

Hence,  if  6  be  the  inclination  of  the  line  to  the  flat,  defined  (from  the  pure 
geometry)  by  the  relation 

p  =  r  sin  0, 
we  obtain  the  former  result 

sin  0  =  Ll  +  Mm  +  Nn  +  Kk. 

This  process  is,  however,  hardly  more  than  a  modification  of  the  first  mode 
(§  60)  of  obtaining  the  inclination. 

Ex.   In  the  figure  on  p.  7,  prove  that  the  lines//7',  /</,  /A',  are  parallel  to  the  flat  ajSyd'; 
and  that  OP  ia  perpendicular  to  the  flat,  only  when  OA=*OB=OC=OD. 
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Projection  of  a  line  on  a  flat. 

64.  With  the  discussion  of  the  inclination  of  a  line  to  a  flat,  it  is  natural 
to  associate  the  projection  of  the  line  on  the  flat.  Manifestly  the  projection 
can  be  obtained,  by  drawing  perpendiculars  from  points  of  the  line  upon  the 
flat  and  taking  the  locus  of  the  feet  of  the  perpendiculars.  Let  the  flat  be 

Lx  +  M  y  +  Nz  +  Kv  =  Pt 
and  the  line  be 

x  —  a  _y  —  b  _  z  —  c  _v  —  d 
I  m  n  k     ' 

Any  point  on  this  line  can  be  represented  by  coordinates 

f  ,  1,  ?,  v,     =  a  +  lp,     b  +  mp,     c  +  vp,     d  +  kp, 

where  p  is  parametric.    When  Xt  Y,  Z,  V,  denote  the  coordinates  of  the  foot 
of  the  perpendicular  of  length  R  drawn  to  the  flat  from  f  ,  17,  f,  v,  we  have 

Z  =  f  +  Zfl,     Y=r,  +  MR,    Z=S+NR,     V= 
This  point  lies  in  the  flat  ;  hence 

MY+NZ+KV 


Thus 

X  =  a  +  lp  +  LR 

=  a  +  L(P-I,La)  +  p(l    -  L 
Y  =  b  +  M(P-  2/,a)  +  p  (m  - 
Z  =  c  +  N  (P  -  SZa)  +  p  (n  - 
V  =  d  +  K(P-  2La)  +  p(k-  KZ 
Therefore  the  locus  of  X,   Y,  Zt  V,  that  is,  the  projection  of  the  line,  is 

given  by 

.Y-a    _      F-/3     _     Z-y     _     V-8 
I  -  L  3Z  ~  m  -  M  1  IL  ~  n  -  N2.1L  "  k  -  K21L  ' 
where 


_ 

~L        3T~~]T~   jr- 

and  a,  /3,  7,  8,  arc  the  coordinates  of  the  foot  of  the  perpendicular  from  a,  bt  c,  d, 
on  the  flat. 

With  the  preceding  notation,  ^  is  the  inclination  of  the  line  to  the  flat 
(§  60)  :  thus  ^  should  be  the  angle  between  the  line  and  its  projection.    Now 

(I  -  LWL)*  +  (m-  MSIL)*  +  (n  -  NZIL)*  +  (k  -  KZIL)*  =  cos8  *f 
so  that  the  direction-cosines  of  the  projection  are 
I-LZIL      m-M^lL      n  -  N-LIL 


and  S  clearly  is  the  inclination  of  this  projection  to  the  original  line. 
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Ex.   When  the  flat  is  given  by  the  equation 

x-a',    y-6',    z-d,    v-d' 

ll     ,          971]    ,          HI    f          n'i 

lz   ,       mz  ,       w2  ,       ^2 


COS  023  — 


and  when 


dhew  that  the  direction-cosines,  of  the  projection  of  the  line 

x—a_y—b     z—c      v—d 

I     ~~    m    ~~    n 

on  the  flat,  are  proportional  to  X,  /i,  i>,  K,  where 
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COS  001,  1        , 

COS  0Q2,       COS012,  1        ,       COS02J 

COS^ai,      COS  ^,3,      COS023,  1 

in  which  BT=X,  /*,  i/,  *,  in  turn,  and  «  =  ^,  m,  n,  fc,  for  the  respective  values  of  or. 


Inclination  of  two  flats. 

65.   We  now  pass  to  the  consideration  of  th^incliration  of  two  Hats 
Z1flr  +  Jlf1y  +  ^12:  +  /rit;  =  P1,     L2x  +  M2y  +  N2z  +  K2v  =  P2, 

to   one   another;    and,  as   for  the   preceding   investigation,  there   are   two 
methods. 

We  assume,  as  an  inference  from  the  fact  that  the  normal  to  a  flat 
is  a  uniquely  determinate  direction,  that  the  inclination  between  the  normals 
to  the  two  flats  can  be  taken  as  a  measure  of  the  inclination  of  the  two  flats. 
On  this  assumption,  and  denoting  the  angle  between  the  directions  of  the 
respective  normals  to  be  6,  we  have 


By   the   alternative   method    adopted   in   §  61,   we   take  any   direction 
li,  mi,  nl}  ki,  in  the  first  flat,  so  that 

ZA  +  M1m1  +  N!H!  +  K^  =  0,       l^  +  mj  +  n?  +  ^-1  =  0, 
and  any  direction  12,  m2,  n2j  k2,  in  the  second  flat,  so  that 

L212  +  M2m2  +  N2n2  +  K2k2  =  0,       Zaa  +  m2*  +  nf  +  k2*-l  =  0. 

Now  it  is  always  possible,  even  after  the  direction  in  the  first  flat  has  been 
selected,  to  choose  a  direction  in  the  second  flat  which  is  perpendicular  to 
that  selected  direction;  for  the  direction-  cosines  12,  m2,  n2t  k2,  need  only 
satisfy  the  relation 

lilt  +  Irn\'m^  +  nin2  +  fak2  =  0, 
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in  addition  to  the  two  relations  connected  with  their  existence  in  the  second 
flat.  Accordingly,  if 

cos  <f>  =  lilz  +  miinz  +  /ii/^  +  kik2, 

the  quantity  cos2  0  can  always  be  made  zero  :  it  can  never  be  greater  than 
unity:  and  accordingly  there  will  be  a  maximum  value  for  cos2<£,  which 
usually  will  lie  between  U  and  1.  We  denote  the  value  of  0,  associated  with 
this  maximum  value  of  cos2<£>,  by  0.  In  order  that  cosa<£  may  be  a  maximum, 
the  critical  equations  are 


12     =  \Lt    +  /!*!     ,       li     =  \'L2 

m2  =  \Mi  +  pmi,     mi  =  X'  M2  4-  fim2 
na  =  \Ni  +  fini  ,     ni  =  \'  N2 
k2  =  \K1+fi,k1  ,     A-!  =\' 

Multiply  the  first  set  throughout  by  ^,  mi,  HI,  k\t  and  add  :  then 

cos  0  =  p., 
HO  that 

/2   —  Ji    COS  0  =  \Li  ,       7712  —  Ml  COS  6  = 

nz  -  M!  cos  0  =  X-ATi  ,      kz  —  A"i  cos  ^  = 
and,  when  these  are  squared  and  added,  we  have 

sina0  =  \a, 
so  that  we  can  take 

sin  0  =  €\, 
where  e  is  +  1. 

Again  multiply  the  second  set  throughout  by  /2,  mz,  )i2l  k2,  and  add  •  then 

COS  0  =  fLt 

so  that 

li  —  lz  cos  0  =  \'LZ  ,     m-i  —  niz  cos  ^  =  \'MZ  , 

ri!  -  n2  cos  ^  =  X'^a,     £1  -  kz  cos  ^  = 
and,  when  these  are  squared  and  added,  we  have 


so  that  we  can  take 

sin  0  =  i/X', 
where  rj  is  ±  1. 

Hence  we  have 

12   -  li  cos  0  =  eLi  sin  0,  ^  -  12  cos  0  =  7jL2  sin  0, 

m2  -  /MI  cos  0  =  cMi  sin  0,  m^  —  m2  cos  0  =  TjM2  sin  0, 

Ha  -  ni  cos  0  =  eNi  sin  ^,  ?ii  —  ^  cos  ^  =  rfN2  sin  0, 

&a  -  ki  cos  0  =  eKi  sin  0,  ^  -  k2  cos  0  =  T;^  ain  0, 
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Consequently, 
eri  sin2 

and  therefore 


2(J2-J1cos0)(Z1-Jacos0) 
2/i/z  —  cos  02i 
-  cos  0  sin2  0, 

cos  0  =  —  < 

Now  the  line  l\t  mi,  ni,  ki,  can  be  drawn  in  cither  sense  along  its  direction, 
and  likewise  for  I2r  m2t  n2t  kt,  along  its  direction:  so  that  two  doubtful  signs 
are  at  our  disposal.  Accordingly,  we  choose 

e=l,     ,,--1; 
and  then 

while 


cos  0  = 


li  -12  cos  0  =  -  L2  sin 0, 
mi  —  m2  cos  0=  —  M2  sin  0, 
MI  —  n2  cos  6  =  —  N2  sin  0f 


12  —  li  cos  0  =  Li  sin  6t 
m^  —  mi  cos  0  =  MI  sin  0t 
'/IB  —  ni  cos  0  =  Ni  sin  0, 

We  thus  obtain  the  same  value  of  0  as  on  the  earlier  assumption :  that  is, 
the  two  methods  of  estimating  the  inclination  of  two  flats  lead  to  the  same 
result. 

Further,  the  last  equations  give 
li  sin  0  =  LI  cos  0  —  L2 


mi  sin  0  = 

ni  sin  0  = 


I  cos  0  — 

I  cos  0  — 


12  sin  6 
m2  sin  0 
n2 


The  first  of  these  sets  shews  that  the  line 
also  lies  in  the  plane 

x  —  a,     y  —  b,     z  —  c, 


LI  —  L2cos0 
MI  —  M2  cos  0 
Ni-N2cos0 
KI  —  K2  cos  0  i 
mi,  ni,  ki,  lying  in  the  first  flat, 


v  —  d 


and  the  second  of  these  sets  shews  that  the  line  12,  m2,  n2,  kz,  lying  in  the 
second  flat,  lies  in  the  same  plane.  Hence  the  two  lines,  by  reference  to  which 
the  inclination  of  the  two  flats  is  measured,  are  intersections  of  the  respective 
flats  by  a  plane  through  the  directions  of  the  two  normals  to  the  flats. 

66.   Inferences  can  be  deduced,  as  to  parallel  flats  and  perpendicular  flats. 

(i)  When  the  two  flats  are  parallel,  their  inclination  is  zero,  as  estimated 
by  the  relation  between  their  normals.  Conversely,  when  the  inclination  is 
zero,  we  are  led  to  the  known  criteria  for  parallelism.  When  0  =  0,  we  have 
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and  therefore,  as 


i,   LZ*+MZ*+NZ*+KZ*=I, 

we  have 
Thus 


+  (L,  KZ  -  KiLtf  +  (M^  -  A\  Ji^  +  (#i  KZ  -  A\  #2)z  -  o. 

All  the  quantities  L,  M,  N,  K,  are  real  :  go  that  the  last  equation  can  hold 
only  if  each  of  the  six  squares  vanishes,  i.e.,  if 

LZ^MZ=NZ_KZ 

Ij\     M.\     NI     K.  i  ' 

being  the   analytical   conditions   sufficient   to   secure    that    the    two    flats 
2£i  x  =  PI,  %Lzx  =  PZt  are  parallel. 

(ii)  When  the  two  flats  are  perpendicular,  we  have  0  =  JTT  ;  then 

LJ,Z  +  M!  Mz  +  N±NZ  +  KiKz  =  0. 
The  condition  that  a  direction  X,  /*,  i/,  xt  lies  in  the  flat  2Zia;  =  P1  is 


hence  the  normal  to  the  second  flat  lies  in  the  first.  Similarly,  the  normal  to 
the  first  flat  lies  in  the  second.  Hence,  when  two  flats  are  perpendicular  to 
one  another,  each  contains  the  direction  of  the  normal  to  the  other. 

Hence  also  when  two  flats  are  perpendicular,  a  line,  drawn  through  any 
point  in  one  of  them  perpendicular  to  the  other,  lies  in  the  first  flat. 

Ex  1.    Prove  th.it  any  flat,  through  a  normal  to  A  flab,  is  perpendicular  to  the  flat. 

Ex.  2.    Three  jbtts  are,  each  of  them*  perpendicular  to  a  fourth  flat  ;  prow  that  the  line, 
which  the  three  flats  determine,  is  perpendicular  to  the  fourth  fiat. 
Let  the  flats  be 


and  let  the  fourth  fl.it  be 

2/,.v=P, 

then,  aH  the  last  la  perpendicular  to  each  of  the  other  throe, 

2/,!/:  =  0,     2/^  =  0,     2Z,A-0 
Let  the  line  of  intersection  of  the  three  flats  be 

s-         v  -  d 


as  this  hue  lies  in  each  of  the  flats,  we  have 

2^!X  =  0,     2Z2X=0, 
Consequently 


that  is,  the  lino  common  to  the  three  flats  coincides,  in  direction,  with  a  normal  to  the 
fourth  flat. 
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Ex.  3.   Given  two  per  pendicular  flats,  prove  that  a  direction,  which,  lies  in  one  flat  and  ia 
at  right  angles  to  every  direction  in  their  plane  of  cleavage^  is  perpendicular  to  the  other  flat. 
Let  the  flats  be  given,  as  to  directions,  by  the  equations 


If  their  plane  of  cleavage  be  represented,  as  to  directions,  by  the  equations 

,     y,     z,     v     =0, 

,      71*!,      71!, 
,      7712,      712, 

each  of  the  directions  llt  in,,  HI,  kly  and  J2,  m2,  ?i2,  /-3,  lies  m  both  flats  ;  hence 


Let  A,  /*,  v,  K,  be  the  direction-cosines  of  a  line  m  the  first  flat,  and  perpendicular  to  the 
two  guiding  directions  (and  therefore  to  every  direction)  in  the  plane  of  cleavage.   Then 


£1*    =0 


Put  we  have 


^^2    =0 
/'2A'2   =0 

consequently,  a.s  in  the  preceding  example, 

X  fl  V  K 


so  that  the  direction  coincides  with  the  normal  to  the  second  flat. 

Ex.  4.  Two  flats  are  perpendicular  to  a  third  flat  ;  prove  that  the  normal  to  the  third 
flat  lies  in  the  plane  of  cleavage  of  the  two  flats.  • 

Hence  shew  that,  when  three  flats  are  perpendicular  in  pairs,  the  normal  to  any  one  of 
them  lies  in  the  plane  of  cleavage  of  the  other  two. 


CHAPTER  V. 
INCLINATIONS  OF  LINES  AND  FLATS  TO  PLANES  :  PROJECTIONS. 

Orthogonal  planes  :  perpendicular  planes. 

67.  The  orientation  of  a  line  in  quadruple  space  is  settled  simply, 
because  of  its  determination  by  the  uniqueness  of  its  direction.  The  orienta- 
tion of  a  flat  can  be  regarded  as  settled,  no  less  simply,  because  of  its  deter- 
mination by  the  uniqueness  of  the  (corn  mem)  direction  of  the  normals  to  the 
flat. 

But  the  orientation  of  a  plane  in  quadruple  space  (or  in  ra-fold  space, 
where  n  >  3)  cannot  be  settled  with  the  same  simplicity.  There  is  the  initial 
difficulty  that,  within  the  plane,  no  line  exists  with  any  characteristic 
uniqueness  ;  there  is  the  further  difficulty  that,  at  any  point  in  the  plane, 
there  is  no  direction,  perpendicular  to  the  plane,  with  any  intrinsic  character- 
istic uniqueness.  Indeed,  it  will  appear  that  the  orientation  of  a  plane  is 
made  most  definite,  not  by  bhe  use  of  linear  directions  as  for  a  line  and  for  a 
flat,  but  by  the  use  of  the  coordinate  planes  of  reference. 

Meanwhile,  one  property  of  directions,  through  a  point  in  the  plane  and 
having  an  orthogonal  bearing  towards  the  plane,  may  be  noted.  Let  the 
plane  be 


x  —  at     y  —  b,     z  —  c,     v  —  d 


0. 


"2    ,          *a 

A  line  through  the  point  a,  b,  c,  d,  is  given  by  the  equations 
x—a_y—b     z—c_v—d 

\        ~       fi,       =       V       =       K       ' 

it  is  perpendicular  to  the  guiding  lines  of  the  plane  if 

i/wi  +  icki  =  0, 
vn2  +  «&2  =  0. 


Then, 

v  (an!  +  0n*)  +  tc  (ak^  +  £fca)  =  0, 


for  all  values  of  a  and  /9  :  that  is,  the  line  is  perpendicular  to  every  direction 
in  the  plane.  But  the  two  relations  Sx/t  =  0,  2\lt  =  0,  together  with  the 
permanent  relation  2\a=l,  are  satisfied  by  an  unlimited  range  of  values 
of  X,  p,  v,  tc  :  that  is,  there  is  an  unlimited  number  of  lines  through  a,  6,  ct  dt 
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perpendicular  to  every  direction  in  the  plane.   Manifestly,  any  point  on  such 
a  line  through  a,  6,  c,  d,  satisfies  both  the  equations 


*!  (x  -  a)  +  m!  (y  -  b)  +  nt  (z-  c)  +  ki(v-  d)  =  0) 
Ja  (x  -  a)  +  m2  (y  -  6)  +  n2  (z  -  c)  +  fca  (v  -  d)  =  0  J  ' 

which  constitute  another  plane  through  the  point.  Thus  all  the  perpen- 
dicular lines  in  question  lie  in  a  second  plane.  Moreover,  for  any  direction 
L,  Mt  N,  K,  in  this  new  plane,  we  have 

IJj  +  m^M  +  n^N  +  k^K  =  0, 


and  therefore,  as  before 

(aJi  +  £/2)  L  +  (am!  +  /3m2)  M  +  (arii  +  /3w2)  N  +  (afci  +  /3A;,)  K  =  0  ; 

that  is,  the  direction  Z,  JH,  Nt  K,  being  any  whatever  in  the  new  plane,  is 
perpendicular  to  the  direction  all  +  /312,  ami  +  fimz,  ani  +  /9fl2.  a&i  +  @kz, 
being  any  whatever  in  the  original  plane. 

When  two  planes  possess  the  property,  that  the  direction  of  every  line  in 
either  is  at  right  angles  to  the  direction  of  every  line  in  the  other,  the  two 
planes  are  said  to  be  orthogonal  (sometimes  completely  orthogonal)  :  and  thus 
all  the  directions  at  any  point  in  a  plane,  which  arc  perpendicular  to  the 
plane,  lie  in  the  completely  orthogonal  plane  through  jhat  point.  But  though 
the  new  plane  is  uniquely  definite,  it  does  not  intrinsically  and  without  a 
further  imposed  external  condition  provide  any  unique  characteristic  line 
perpendicular  to  the  original  plane. 

Further,  it  is  to  be  noted  that  this  relation,  in  the  quality  of 
orthogonality,  is  not  the  only  kind  of  relation  in  which  two  planes 
can  stand  towards  one  another  if  they  arc  to  be  considered  perpen- 
dicular. Thus,  in  the  figure  on  p.  7,  the  plane  ZOV  (that  is,  the  plane 
a;  =  0,  2/  =  0)  is  completely  orthogonal  to  the  plane  JTOF(that  is,  the  plane 
2  =  0,  v  =  0):  every  line  in  either  plane  is  perpendicular  to  every  line  in  the 
other.  But,  in  the  customary  solid  geometry,  we  are  accustomed  to  regard 
two  planes,  such  as  XOY  and  XOZ  in  that  figure,  as  perpendicular  to  one 
another  :  the  two  planes  exist  in  the  common  fiat  OX  YZ  (that  is,  the 
ordinary  three-dimensional  space  given  by  v  =  0)  ;  and  lines  drawn  in  the 
respective  planes  at  any  point  in  OXt  perpendicular  to  OX  in  the  respective 
planes,  are  perpendicular  to  one  another.  On  this  property,  the  two  planes 
are  described  as  perpendicular.  Yet  not  every  direction  in  XO  Y  is  perpen- 
dicular to  every  direction  in  XOZ:  indeed,  in  XO  Fa  direction,  parallel  to  OX, 
and  in  XOZ,  a  direction  also  parallel  to  OX,  are  parallel  to  one  another. 

Thus  it  is  desirable  to  discriminate  between  the  two  kinds  of  rectangular 
relation  between  planes.  When  two  planes  are  such,  that  every  direction  in 
either  is  perpendicular  to  every  direction  in  the  other,  they  will  be  called 
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orthogonal  to  one  another.  When  two  planes  are  such  that  it  is  possible  to 
select  a  unique  direction  in  either  plane  perpendicular  to  every  direction  in 
the  other  plane,  the  two  planes  will  be  called  perpendicular  to  one  another. 
The  same  discrimination,  between  orthogonal  planes  and  perpendicular  planes, 
will  appear  from  the  analytical  tests. 

In  passing,  it  may  be  remarked  that  a  corresponding  discrimination  in 
the  kinds  of  perpendicularity  of  flats  is  necessary,  when  these  spread  through 
homaloidal  space  of  n  dimensions,  for  n  >4.  Owing  to  the  uniqueness  of  the 
normal  when  n  =  4,  such  discrimination  is  unnecessary  in  quadruple  space. 

68.  The  relation  of  perpendicularity  between  a  line  and  a  plane  can  be 
exhibited  in  a  slightly  different  form. 

Let  the  plane  be  given  by  the  equations 


and  let  a  direction  through  a,  6,  c,  d,  be  taken,  parallel  to  the  given  line,  so 
that  the  equations  of  a  new  line  thus  drawn  are 

x  —  a  _y  —  b  _z  —  c  _v  —  d 

X  p,  V  K       ' 

Let  /,  m,  w,  k,  be  a  direction  in  the  plane :  then 

LI  i  +  Miin  +  J\Vi  +  J^k  =  0, 

L2l  +  J/2  "*  +  -^2  n  +  ^2^  =  0. 

WThen  this  direction  is  perpendicular  to  the  given  external  direction  (and 
therefore  to  this  line),  the  relation 

\l  +  /Am  +  im  +  jcfc  =  0 

is  satisfied.  Thus  there  are  three  homogeneous  equations  m  I,  m,  nt  k. 
Usually,  they  suffice  to  determine  the  ratios  l:m:n:k;  that  is,  usually  it  is 
possible  to  determine  a  single  direction  in  a  plane  perpendicular  to  an  assigned 
external  direction. 

But  it  may  happen  that  the  ratios  l:m:n:k  are  not  thus  determinate. 
The  direction  /,  mt  n,  kt  in  the  plane  must  satisfy  the  two  equations  2/^  =  0 
and  2L2J  =  0:  but,  now,  the  third  equation  2xJ  =  0,  though  satisfied,  docs 
not  provide  any  further  datum  for  the  determination  of  I,  m,  nt  k.  The 
direction  X,  /A,  v,  K,  is  perpendicular  to  every  direction  I,  m,  n,  k,  satisfying 
the  two  conditions  IL^l  =  0,  2L2l  =  0,  that  is,  to  every  direction  in  the  plane. 
The  direction  X,  /A,  v,  K,  is  then  perpendicular  to  the  plane.  The  necessary 
and  sufficient  conditions  are 

X  ,  /A  ,  v  ,  n 
£1,  MI,  Ni,  K 
L*,  Jf,,  N2,  K 
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Consequently  the  line  in  a  direction  X,  /u,  v,  tc,  through  any  point  a',  6',  c',  d\ 
lies  in  the  plane 


tf-a',     y-b't     z  —  c't     v  — 


=  0; 


and  any  direction  in  this  plane  is  perpendicular  to  every  direction  in  the 
given  plane.  Thus  the  latter  plane  is  orthogonal  to  the  first  plane:  and  the 
relation  is  reciprocal. 

Ex.  1.  When  two  planes  intersect  in  a  line,  the  line  perpendicular  to  both  of  them  at  any 
point  along  their  intersection  is  normal  to  the  flat  in  which  both  the  planes  lie. 

Let  tho  origin  be  taken  at  any  point  on  the  line  of  intersection  of  the  planes :  and  let 
the  equation  of  tho  flat,  in  which  both  the  planes  lie,  be 

Lx+J/y  +  Nz+Ev=0. 
Then  the  equations  of  the  two  planes  can  be  taken  to  bo 

Lx  +  My  +Nz  +Kv  -01        Lx  +My  +Nz  +  Kv 


1 

)  ' 


respectively.   The  plane  through  the  origin  orthogonal  to  the  first  is 

x,      y,      z,      v    1=0; 
Z,     M,     Ni     K 


and  every  hue  in  this  plane  is  perpendicular  to  the  first  plane.   The  plane  through  the 
origin  orthogonal  to  the  second  is 

x,      y,       z,      v      =0; 
L,     M,     N,     K 
L2l    JTIf    *i,    K2 

and  every  line  in  this  plane  is  perpendicular  to  the  second  plane.   The  two  new  planes 
intersect  in  the  line  through  tho  origin 


__^_  _ 

L~  M~  N"  K1 

so  that  this  line  is  perpendicular  to  both  of  tho  original  planes.   It  manifestly  is  normal, 
at  the  origin,  to  the  flat 


in  which  both  the  planes  lie.   Hence  the  proposition. 

Ex.  2.   Planes,  orthogonal  to  a  given  plane,  and  drawn  through  different  points  along 
a  given  line,  are  parallel  to  one  another  and  lie  in  one  flat. 
Let  the  given  plane  be 


and  let  the  given  line  be 


x  -  a  _  y-  b     z-c  _  e-d 
X  p          v    ~~     K 
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A  plane,  through  any  point  a+Xr,  6+/ir,  c  +  vr,  rf+*r,  on  the  line,  and  orthogonal  to  the 
given  plane,  is  given  by  the  equations 


—  a  —  Xr,     y  —  b  —  pr,     z—r  —  vr^ 

Zr,          ,  Ml         ,  ^1         , 


(). 


For  different  values  of  r,  all  thc«c  planes  are  parallel  to  one  another.   Any  plane, 
determined  by  a  particular  value  of  r,  lies  in  the  flat 

I  tf-rt,  y-b,  2-c,  v-d  |=0. 

X    ,  /*   ,  v  ,        K 

AI  ,  J/i  ,  ^i  ,  A"i 

A,  ^2,  tfi,  K, 

This  equation  is  independent  of  r.  and  therefore  the  family  of  parallel  planes,  for  all  the 
values  of  r,  lies  in  thin  flat. 


Inclination  of  a  line  to  a  plane. 

69.   Among  matters  relating  to  orientation  of  planes,  we  begin  with  the 
inclination  of  a  line  to  a  plane. 

Let  the  plane  be 

x  —  a,     y  —  6,     z  —  c,     v  —  d     =0 


In  order  to  deal  solely  with  inclinations,  we  take,  through  the  point  a,  b,  c,  d, 
in  the  plane,  a  direction  X,  /A,  v,  K,  parallel  to  the  direction  of  the  line :  thus, 
without  loss  of  generality  as  regards  inclination,  we  take  the  line  to  be 

x  —  &  _y  —  b  _z  —  c_v  —  d 

X  fi,  V  K        ' 


Any  direction  in  the  plane  is  given  by 
X'  =  ph  +  qlz ,     pf  =  pnii  +  qnit,     v'  = 


where 


,     K  =  p  k\  +  qk*  , 


cos  01  =  1, 


01  denoting  the  angle  between  the  selected  guiding  lines  of  the  plane.    Let 
<f>  denote  the  angle  between  this  direction  and  the  given  line,  so  that 

cos  0  =  XX'  +  pp  +  i/i/'  +  KK. 

It  is  always  possible  to  select  one  plane-direction  X',  ^',  i/',  K,  which  is  per- 
pendicular to  the  given  line ;  for,  writing 

XZi  +  /iwi  +  I/HI  +  fcki  =  cos  a',     XJa  +  /4/H8  +  vn*  +  *&2  =  cos  f¥t 
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the  necessary  values  of  p  and  q  are  given  by 

p  cos  a' +  gr  cos  £'  =  0,    p*  +  q2  +  2pq  cos  a>  =  1. 

For  all  other  directions  in  the  plane,  cos2  </>  will  usually  be  different  from  zero 
— the  exceptions  arise,  of  course,  when  a  =^TT  and  £'=  JTT. 

Now  cos2  </>  cannot  be  greater  than  unity.  Also,  cos2  </>  cannot  be  equal  to 
unity ;  for  then  we  should  be  obliged  to  have 

v=v,     pk^  +  qk2  =  K=rc, 

where  X,  p,  v,  K,  are  given  quantities,  and  values  p  and  q  cannot  usually  be 
obtained  to  satisfy  the  four  conditions.  Thus  cos20,  an  essentially  "positive 
quantity,  can  be  zero  and  cannot  be  unity ;  it  therefore  must  have  a  maximum 
value,  giving  a  minimum  (stationary)  value  to  </>. 

When  cos2  0  is  a  maximum,  we  shall  denote  the  associated  value  of  <f)  by  0, 
where  0^  0^  \ir  ;  and  we  shall  call  this  angle  6  the  inclination  of  the  line  to 
the  plane.  We  thus  have  to  make  cos2</>  a  maximum,  for  admissible  values  of 
X',  p,  i/,  K  ;  that  is,  for  admissible  values  of  p  and  g,  these  quantities  being 
subject  to  the  relation 

p2  +  ga  +  %pq  cos  o>  =  1. 
Now,  generally, 

cos  ^  =  2\\'  =  p  cos  a'  +  9  cos  f¥. 

Thus  the  critical  equations  are 

cos  of  =  t  (p  +  q  cos  GI),     cos  f¥  =  t(p  cos  CD  +  9), 

where  t  initially  is  an  indeterminate  multiplier :  and  now  the  particular  value 
of  0  is  0.  Multiplying  the  critical  equations  by  p  and  q  respectively,  and 
adding,  we  have 

cos  0  =  t(p2  +  2pq  cos  a>  +  g2)  =  t ; 

and  now  the  critical  equations  are 
cos  a' 


COS0 

cos/3' 


-p 


Also 
consequently 


cos  9  =  p  cos  ft'  +  q  cos  f¥ ; 


cos  a 

--«  , 

cos  6 
cos  £' 


COS  ft) 


=  0; 
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therefore 

sin8  CD  cosa  6  =  cos2  of  —  2  cos  a'  cos  0'  cos  &>  +  cos2  £', 
and  also 

sin2  01  sin2  0  =  1  —  cos2  a  —  cos2  j9'  —  cos2  o>  +  2  cos  a'  cos  £'  cos  a>. 
Either  of  these  equations  determines  the  inclination  of  the  line  to  the  plane. 

For  the  fuller  interpretation  of  this  result,  we  compare  it  with  the  in- 
vestigation (§  32)  of  the  perpendicular  from  an  external  point  on  a  plane. 
In  Fig.  2  (§  32,  p.  49),  let  P  be  any  point  in  the  line  through  0,  with  the 
direction  X,  /A,  v,  ic\  let  OA,  OB,  be  the  guiding  lines  of  the  plane:  PA,  PB, 
the  perpendiculars  from  P  on  these  guiding  lines  :  and  ON  the  diameter, 
through  Ot  of  the  circle  AOB  drawn  in  the  plane.  Then  PN  is  the  perpen- 
dicular from  P  on  the  plane. 

Let  OP  =  D-  then 

A  OP  =  a,   OA=D1  =  D  cos  «',   BOP  =  £',    OB=D*  =  D  cos  p. 

Also  let  NO  A  =  a,  NOB  =  P,AOB  =  <»\  thus 

cos  a  =  ZJi  X'  =  p  4-  q  cos  &>, 

cos  £  =  S/2X'  =  p  cos  a)  -|-  y. 
Hence 

cos  a'  =  cos  a  cos  0,     cos  yS'  =  cos  0  cos  0  ; 
and 

OA         #! 


n 

D  cos  6. 
cos  a     cos  a        cos  a 

In  the  flat  AOPB,  a  three-dimensional  homaloidal  (ordinary)  space,  the  plane 
PBN  is  perpendicular  to  the  line  OB,  because  PBO  and  NBO  are  right 
angles;  and,  similarly,  the  plane  PAN  is  perpendicular  to  the  line  OA 
Hence  the  line  PN,  the  intersection  of  the  planes  NAPt  NBPt  lying  in  the 
one  flat  AOPB,  is  perpendicular  to  the  plane  A  OB.  Consequently,  the  angle 
JVOP  is  equal  to  0. 

In  order  to  find  the  inclination  of  the  line  OP  to  the  plane  AOB,  we  use 
the  flat  AOPB.  In  that  three-dimensional  homaloidal  space,  construct  a 
sphere  on  OP  as  diameter:  let  the  section  of  this  sphere  by  the  plane  AOB 
be  the  circle  AOB,  and  let  ON  be  the  diameter  of  this  circle  through  0.  Then 
NOP  is  the  inclination  of  the  line  OP  to  the  plane  AOB. 

The  analytical  expression  for  cos20  is 


the  quantity  /),  =  OP,  is  independent  of  the  plane  :  and  the  rest  of  the 
expression  is  (§  34)  invariantive  for  all  selections  of  guiding  lines  for  the 
determination  of  the  plane.    Hence  cos20  also  is  an  invariant,  as  it  should  be 
an  invariant,  for  all  changes  in  the  choice  of  guiding  lines  of  the  plane. 
F.Q.  8 
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Associated  with  every  external  direction  OP  through  0,  there  lies  within 
the  plane  a  line  of  reference  ON  such  that  the  angle  NOP  is  the  inclination 
of  the  line  to  the  plane.  Its  direction-  cosines  are 

\'  =  l\p  +  kq  =  -=-5  -  ja(/i  (cosa'-cosjQ'cosriO-Ma  (cos  ft—  cos  a'  cos  a)}, 
p  =  mip  +  m^q  =  ^—^  -  ^  [mi  (cos  a'  —  cos  ff  cos  w)  +  mz  (cos  ft'  —  cos  «'  cos  CD)}, 
v  =nip  +nzq  =  -^  -  £  ("i  (cos  a/"  cos  £'cos  w)  +  "2  (cos  ff  -  cos  a'  cos  co)J, 
K  =kip  +k2q  =  ^-^  -  -  [ki  (cos  a  -  cos  £'cos  to)  +  k2  (cos  f¥-  cos  p'cos  «)}. 

Further,  we  have  ON=Dcos0m3  and  so,  for  the  ,r-coordinatc  of  -A7,  we 
have 

X  -  a  =  \'D  cos  6  =  -=-s—  ((/i  —  /2  cos  o>)  cos  a'  +  (Ja  —  /i  cos  ea)  cos  £'j. 

Also,  if  f  ,  77,  f,  v,  are  the  coordinates  of  P,  then  f  —  a  =  \D  ;  so  that,  if  I,  mt  n,  kt 
are  the  direction-cosines  of  PNt 


and  therefore 

!  • 

I  sin  c9  =  X  —  r-g—  {(^  —  12  cos  <u)  cos  a  -  (lz  —  ^i  cos  to)  cos  /9'J. 

Now 

hence,  if  we  write 

for  r  =  Z,  m,  n,  A1,  and  s  =  I,  m,  nt  k,  where  r  and  s  may  be  the  same,  we  have 
-I   sin  ^sinzoj  =  \(eK  —  sinzfli)+          fj.etm  +         v«in  +         Keik 

-m  sine?  sin2  eu=  Xctw  +/i(emm  —  sinzw)+  i/ewn  +  icetnk 
-n  smO  sin2  co  =  \ehl  +  /^e^n  +  v  (enn  —  sinzcii)  -h  icent 
•k  sm^sinaoi=  Xett  -h  fie,nk  +  ve^  H-  «(efci  —  sin2tu) 

which  give  the  direction-cosines  of  PN. 


Projection  of  a  line  on  a  plane. 

70.  Manifestly,  ON  is  the  projection  of  OP  upon  the  plane  ^.01? :  and  it 
helps  to  provide  an  estimate  of  the  inclination  of  OP  to  the  plane.  The 
projection  is  definite,  save  for  the  instances  when  the  line  OP  is  at  right 
angles  to  OA  and  OB:  as  already  indicated,  the  exceptional  lines  OP  then 
lie  in  a  plane  orthogonal  to  the  plane  AOB. 
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Bub  the  line  OP  determines  a  flat  when  associated  with  the  plane  AOB. 
The  equation  of  the  flat  POAB  clearly  is 


x  —  a,     y  —  b,     z  —  c,    v  —  d 


X    ,       fj,     , 

One  plane,  containing  the  line  PN,  is 
(x  - 


=  0. 


The  intersection  of  this  flat  and  this  plane  is  the  line  PN.   For  any  point  in 
the  flat  is 


z  =  c  +  nip  +  H2a  +  I/T, 
v  =  d  +  kip  +  kzo-  +  KT  , 
and  if  this  point  lies  in  the  new  plane,  we  have 

SJi  (a  —  f  )  +  p  +  a  cos  a)  +  T  cos  ot'  =  0, 

S/2  (a  —  f  )  +  P  cos  a>  +  <r  +  T  cos  £'  =  0. 
Hence 

p  +  <T  cos  a>  =  DX  —  T  cos  a'  =  (D  —  r)  cos  a', 

p  cos  to  +  o-  =  D2  —  T  cos  ft'  =  (  D  —  T)  cos  £'  ; 
and  therefore 

p  sinao>  =  (D  —  T)  (cos  a  —  cos  £'  cos  to), 

<r  sinz<»  =  (I)  —  T)  (cos  £'  —  cos  a  cos  a>). 


Hence  for  the  point  x,  y,  z,  v,  common  to  the  flat  and  the  new  plane, 

.-  £- 
But  f  —  a  =  XD,  and  therefore 


x  —  f  =  a  —  f  +    .-  £-    {/i  (cos  «'  —  cos  ff  cos  GI)  +  /2  (cos  ff  —  cos  a'  cos  a>)J  +  XT, 
ut  f  —  a  =  XD,  and  therefore 
a;  —  f  =  (-D  —  T)    —  X  +      j—  {^(cos  a'—  cos  /^  cos  o>)  +  /2  (cos  /9'  —  cos  a'  cos  a>)} 


Similarly  for  y  -  rj,  z-£,  v  —  v.    Hence  the  intersection  of  the  flat  POAB  and 
the  plane  2Zi  (x  —  f  )  =  0,  SZ2  (x  —  %  )  =  0,  is  the  line 


that  is  to  say,  it  is  the  line  PN. 

8—2 
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It  is  an  immediate  corollary  that  the  point  N,  the  foot  of  the  perpen- 
dicular upon  the  original  plane  from  the  point  P  in  the  line  OP,  is  the  single 
point  of  intersection  of  the  orthogonal  planes 


a;  — a,     y  —  6,     z  —  c,     v  —  d 
k   ,       wii  ,       HI  ,        ki 

12     ,  77I2    ,  712    ,  kz 


=  0, 


and 


The  result  of  the  main  investigation,  as  regards  the  inclination,  is : 

The  inclination  6  of  a  line,  with  direction-cosines  X,  /*,  v,  K,  to  a  plane  with 

guiding  lines  having  direction-cosines  li,  ml9  n1}  kl}  and  lz,  m2,  na,  k2,  is  given 

by  the  relations 

sin2  01  cos20  =  cos2  a1  +  cos2£'  —  2  cos  a'  cos  f?  cos  01, 
sin2a>  sin20  =  1  -  cos2ai  -  cos2  a'  -  cosz£'  +  2  cos  w  cos  a'  cos  £', 
where  cos  a>  =  £Zi22>  cos  a  =  2\^,  cos  ft'  =  £XZ2. 

These  formulae  are  manifestly  the  formulaB  of  spherical  trigonometry,  giving 
the  distance  of  the  vertex  of  a  triangle  from  the  opposite  side. 

Line  perpendicular  to  a  plane :  line  parallel  to  a  plane. 
71.   Two  special  cases  of  this  general  result  in  §  70  are  to  be  noted. 

(i)  When  the  inclination  6  of  the  line  to  the  plane  is  equal  to  £TT,  so 
that  the  line  is  perpendicular  to  the  plane,  we  have 

cos  a'  =  cos  a  cos  0  =  0,     cos  @'  =  cos  0  cos  0  =  0, 
so  that 

ti  =  0, 

fcz  =  0: 
the  line  X,  /A,  v,  K,  is  perpendicular  to  every  direction  in  the  plane. 

(ii)  When  the  inclination  0  of  the  line  to  the  plane  vanishes,  so  that 
the  direction  X,  /A,  v,  K,  coincides  with  the  direction  \',  p,  v,  *',  in  the  plane, 
it  follows  that  the  line  OP,  which  has  been  drawn  through  a  point  0  in  the 
plane  parallel  to  the  postulated  line,  lies  entirely  in  the  plane.  Then  the 
given  line  is  parallel  to  the  plane :  and,  as 

X  =  X'  =  /)/i  +  ql*,     fL  =  fj.r  =  pml  +  qmz,     v  =  v  =pnt  +  qn2,     K  =  K  =pk^  +  qkz, 

the  conditions  are 

p,     *     =0. 


mz, 
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Ex.  1.   When  the  plane  is  given  as  the  intersection  of  two  flats 
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where  SZ,2=1,  SZ22=1,  prove: 

(i)  that  tho  inclination  3  of  a  line  with  direction-cosines  X,  p,  i/,  K,  to  the  plane  is 
given  by 

sin2  17  sin2  3  =  cos2  a  +  cos2  /9  -  2  cos  a  cos  ft  cos  17, 

where  COB  77=2/^7,2,  cos  a=2Li\,  cos  ft  —  2//2X  .  and 

(ii)   that  tho  direction-cosmos  of  the  line  of  reference  in  the  plane  with  which  the  given 
line  makes  the  inclination  3  are  X',  p,  i/,  *',  where 

(X  -  X'  cos  3)  sin2  17  =  //i  (cos  a  -  COB  ft  cos  17)  +  Lz  (cos  /3  -  cos  a  cos  17 
(p  -  \L  cos  3)  sin2  17  =  MI  (cos  a  -  cos  ft  cos  17)  +  Jf2  (cos  ft  -  cos  a  cos  17) 
(v  -  v'  cos  3)  sin2  17  =  Ar!  (cos  a  -  COB  0  cos  17)  +  AV2  (cos  ft  -  cos  a  cos  17) 
(«  -  K  cos  3)  sin2  17  =  A",  (cos  a  -  cos  0  cos  17)  +  K2  (cos  ft  -  cos  a  cos  17)  , 

j£r.  2    When  a  plane  i*  given  in  the  form 


the  inclination  ^r  of  the  lino 

to  the  plane  is  given  by 
where 


*=Q;  and  is 


x—a_y-b_z-c_v—d 
\  p  v  * 

A  cos2  +  -  JS2  -  25^25+  C7F, 


Prove  that  the  line  IH  perpendicular  to  the  plane,  if  X  +  v 
parallel  to  tho  plane,  if  i"=pX+</ji,  K  =  r 


Equations  of  the  projection  of  a  line  on  a  plane. 

72.  With  the  investigation  of  the  inclination  between  a  line  and  a  plane, 
we  associate  the  projection  of  the  line  upon  the  plane.  The  equations  of  the 
plane  can  be  taken  in  the  form 


—  6,     z  —  c,     v  —  d 


"2 


0. 


The  form  of  the  result  is  affected  by  the  relation  between  the  line  and  the 
plane  as  regards  meeting.  If  the  line  actually  intersects  the  plane,  we  assume 
this  point  to  be  selected  as  the  point  a,  b,  c,  d,  in  the  equations  of  the  plane  : 
while,  if  the  line  does  not  meet  the  plane,  we  take  its  equations  to  be 

x  —  a_^y  —  /3_^2  —  y_v  —  S 


118  PROJECTION  OF  [CH.  V 

where  a,  ft,  7,  8,  are  not  equal  to  a,  6,  ct  d,  respectively.    In  either  event,  the 
direction-cosines  of  the  line  are  taken  to  be  X,  /*,  v,  K- 
Let  f,  TJ,  f,  v,  be  any  point  on  the  line,  so  that 


being  the  parametric  distance  along  the  line.  If  X,  Y,  Z,  V,  arc  the 
coordinates  of  the  foot  of  the  perpendicular  from  f  ,  77,  f,  v,  on  the  plane,  then 
(§  34)  we  have 

X  =  a  +  sinToT  K'1  ~  /2  C°S  " 
with  like  expressions  for  F,  Z,  V,  where 

-a)  =  2J1 
-  a)  =  2  J2  (a  -  a)  +  p  cos  0', 


while 

cos  a'  =  2ZiX,     cos 

Accordingly,  let  there  be  quantities  A,  B,  C,  D,  such  that 

(A  -a)sm*a>  =  (ll  —12  cos  o)  S^i  (a  -  a)  +  (J2  -  ^i  cos  o>)  S^2  (a  -  «) 
(5  —  6)  sin2  &)  =  (wi  —  W2  cos  t»)  2^  (a  —  a)  +  (tnz  —  7>ij  cos  w)  S^2  (o  —  a) 
(C  -  c)  sin"  <u  =  (HI  -  n2  cos  ai)  S/!  (a  -  a)  4-  (HZ  —  ?'i  cos  01)  S^2  (a  -  a) 

(D  —  d)  sin2  a)  =  (&!  -  X'2  cos  w)  2/i  (a  -  a)  +  ikz  -  tj.  cos  cu)  S^2(a  -  a) 

» 

Also,  write 

L  =(l±   —  lz  cos  <u)  cos  a'  +  (/2   -  li   cos  w)  cos  £' 
Jlf  =  (wj  —  mz  cos  fij)  cos  a'  +  (m2  —  mi  cos  01)  cos  /9' 

JV^  =  (7lj    —  772    COS  ti>)  COS  a'  +  0»  2    —  ?*i    COS  Q))  COS  /S' 

75T  =  (ki  —  k,2  cos  G))  cos  a'  +  (/i'2  —  k\  cos  o>)  cos  /3' 

Then  the  foot  of  the  perpendicular  from  the  point  a+Xp,  /3  +  pp,  7  -\-vp, 
upon  the  plane  is  given  by 


Hence  the  locus  of  X,  Y,  Z,  V,  that  is,  the  projection  of  the  line  upon  the 
plane,  is  given  by  the  equations 

X-A      Y-B_Z-C  _  V-D 
L     "     M    "     N~        K    ' 
Let 

ft  =  (cos2  a'  +  cos2  ff  —  2  cos  a7  cos  ff  cos  ai)l  sin  <u  ; 

then  the  direction  -cosines  of  the  projection  of  the  line  are 

L_     M    N     K 
ft'   n  '   ft'   ft1 
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As  is  to  be  expected,  these  direction-cosines  are  independent  of  the  con- 
tingency of  intersection  by  the  line  and  the  plane.  Should  the  line  and  the 
plane  meet,  we  can  take  a,  ft,  y,  8,  *=  a,  b,  c,  d;  and  equations  of  the  pro- 
jection can  be  taken 

X-a_Y-b_Z-c_  V-d 
M        ' 


L  M    ~~  '  N 

thus  giving  the  projection  of  the  line 
x  —  a  _y  —  b 


K 


upon  the  plane 


—  c  _  v  —  d 
fi  v  x 

—  b,     z  —  c,     v  —  d 
nil  ,       HI  ,        ki 


lz   , 


0. 


The  inclination  of  the  given  line  to  its  projection  is  less  than  its  inclination 
to  any  other  line  in  the  plane,  a  result  that  follows  from  the  investigation 
(§  69)  of  the  inclination  of  the  line  to  the  plane. 


Direction-cosines  of  the  projection  of  the  line. 

73.   The  direction  -cosines  of  the  projection  are  proportional  to  L,  M,  N,  K. 
Now 

L  =  (/!  -  /2  cos  G>)  SZiX  +  (lz  -  l\  cos  <»)  2Z2X. 

But  it  is  convenient  to  have  these  expressed  linearly  in  terms  of  X,  ft,  i/,  K  ; 
so  with  the  definitions  of  §  69,  viz. 


we  have 


cos  w, 


L  =  eu\+ 

M  =  etm\  +  eininp  -I-  emnv 

N  =  etn\  +  ellinfL  -H  ennv  +  enktc 

K 


The  direction-cosines  of  the  perpendicular  f,  77,  f,  v,  on  the  plane,  denoted 
by  J,  m,  it,  k,  were  given  in  §  52  ;  it  is  easy  to  verify  that 


as  is  to  be  expected.   Also 
L*  +  Mz  +  N*  +  K*  = 


(cosaa  +  cosa/9'  -  2  cos  a'  cos  0'  cos  w)  sinaoi. 


Finally,  the  length  of  the  projection  upon  the  plane  of  the  segment  p 
of  the  given  line  between  f  ,  17,  f,  v,  and  a,  6,  c,  d,  should  be  equal  to  p  cos  0. 
Now 

fi  =cos0sinaG>; 
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and  therefore 

X-A  =  ~    L     - 
sin2  01 

with 


The  direction-cosines  of  the  projection  are  L/tl,  M/fl,  N/fl,  K/£l;  thus  the 
length  of  the  projection  of  the  segment  is  p  cos  0. 

Ex.   Required  the  projection  of  the  line  upon  the  plane  v=0,  z=0. 

Here  the  plane  is 

A,    y,    z,    v     ™0, 

1,     0,     0,     0 
0,     1,     0,     0 

so  that  llf  win  n,,  *i,  =  l,  0,  0, 0;  lz,  wa,  nZl  k^  =0,  1, 0,  0 ;  «  =  JIT  ;  and  a,  6,  c,  rf,=0, 0,  0, 0. 
Thus 

coaa'-X,     coa/S'-^ 


A=a,     />2=/9; 
and  therefore  the  equation  of  the  projected  liue  in  the  plane  v=0,  z=0,  is 

X-a=  Y-P 
X  ^     ' 

The  full  equations  of  the  projected  hue  in  quadruple  s^fice  are 

T-a      F-^       „  v 

—\-  =  -  ,     ^=0,      K=0; 

A  /i 

and  the  direction-cosines  of  the  projection  arc 

°' 


Similarly  for  the  projection  upon  any  other  of  the  planes  of  reference  in  the  quadruple 
space. 

Theorem  as  to  the  projection  of  two  lines  into  one  another. 

74.  The  different  course  of  the  analysis,  when  the  equations  of  a  plane  in 
their  canonical  form  are  used,  is  illustrated  by  the  establishment  of  the 
theorem  that,  when  two  lines  are  given,  it  is  possible  to  draw  a  plane  through 
either  of  them.,  such  that  this  line  is  the  projection  of  the  other  line  upon  the 
plane*. 

*  The  corresponding  property  in  three  dimensions  IB  an  follows  :  Given  two  lines 
Tj-a_3/-6_z-c        x-a  _y-[i  _z-y 

I  m  n    '         X  /A     ~~     v     ' 

the  first  is  the  projection  of  the  second  on  the  plane 

(2lX)2{(a;-a)(a-a)}  =  {2:i(a-a 
and  the  second  is  the  projection  of  the  first  on  the  plane 
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We  take  the  first  line  to  be 

x  —  a  _y  —  b  _z  —  c  _v  —  d      „ 

-   —  -   —  —  -  1  -  —  £\i. 

m  n  k 

and  the  second  line  to  be 

x-a  _  y-fl  _  *_-_•/  =  v-8  _ 
X  /i  i/  « 

A  plane  through  the  first  is  given  by  the  equations 

z  -  c  =  p  (  x  -  a)  +  q  (y  -  b  )  | 

v  —  d  =  r  (x  —  a)  +  s(y  —b)\ 
provided  p,  q,  r,  s,  satisfy  the  relations 

n  =  pi  +  qm,     k  =  rl  +  sm. 

Take  a  point  f  ,  17,  f,  u,  on  the  second  line  ;  and  let  X,  F,  Zt  V,  be  the 
foot  of  the  perpendicular  from  this  point  upon  the  assumed  plane.  Then  the 
quantity 


must  be  a  minimum,  subject  to  the  conditions 

Z-c  =  p(X-a)  +  q(Y-b\     V-  d  =  r(X  -a)  +  s(Y-b): 
that  is, 


must  be  a  minimum  for  all  admissible  values  of  X  and  F.   The  critical 
equations  are 


By  the  demands  of  the  theorem,  -Y,  Y,  £,  V,  is  to  lie  on  the  first  line,  so  that 

X  =  a  +  lR,     Y=b  + 
then  the  two  critical  equations  are 


and  therefore 

f  -  a  +  ;)  (f  -  c)  +  r  (v  -  d)  _  I  4-  pi\  +  rk 

~ 


This  condition  allows  the  perpendicular  from  a  particular  point  f,  17,  ?,  i/,  on 
the  second  line,  drawn  to  the  assumed  plane,  to  lie  upon  the  first  line  in  that 
assumed  plane.  When  the  whole  second  line  projects  into  the  first  line,  this 
condition  must  be  satisfied  for  all  values  of  f,  17,  f,  v,  such  that 
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for  current  parametric  values  of  S.  Consequently  we  have 

a  -  a  +  p  (7  -  c)  +  r  (8  -  d)  __  l  +  pn  +  rk 

~          qn  +  sk  ' 


X  +  pv  +  TK.  _  l+pn  +  rk 
p  +  qv  +  s/c      in  +  gw  +  sk  ' 
being  two  equations  involving  p,  q,rts\  taken  with  the  earlier  relations 

n  =pl  +  qm,     k  =  rl  +  smt 

they  suffice  potentially  for  the  determination  of  p,  q,  r,  s. 
The  second  of  the  new  conditions,  being 

(X  +pv  +  ric)  (m  +  qn  +  sk)  =  (I  +pn  +  rk)  (p  +  qv  +  SK), 
is 

Xra  —  \IL  +p  (vm  —  H/I)  +  q  (\n  —  Iv) 

+  r  (icm  -kp)  +  s  (\k  -  IK)  +  (ps  -  qr)  (vk  -/*/«)  =  0. 


Now,  as 

P  ™  7  0'  -  gw»X     r  =  7 
we  have 


so  that  the  condition  becomes  linear  in  q  and  s  ;  and,  if 

cos  0  =  l\  +  mp  +  nv  +*&*, 
its  form  becomes 

m  cos  0  -  fj,  +  £  (n  cos  0  -  »)  +  s  (k  cos  0  -  v)  =  0. 

The  first  condition  arises  when,  in  the  second  condition,  we  substitute  «-«, 
0—  6,  7—  c,  S  —  d,  for  X,  /i,  i/,  K,  respectively  ;  hence,  if 

D  =  I  (a  -  a)  +  m  (0  -  b)  4-  ti  (y  -  c)  +  A;  (8  -  d), 
the  second  condition  becomes 


Consequently,  we  have 

D   ,     S-d,     £-/ 
1    ,         k   ,       m 

COS0,  K     ,  p 

Similarly,  by  using  the  relations 


so  that 


s 

D   , 

fi  —  6,     7  —  c 

D    , 

1    , 

m   ,        n 

1    , 

COS0, 

P    ,        v 

COS0, 
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the  two  conditions  have  the  form 

I  cos  0  -  \  H-  p  (n  cos  0  -  i/)  +  r  (k  cos  6  -  v)  =  0, 
lD-(a-a)+p{nD-(y-c)}+r[kD-(&-d)}=0] 
and  therefore  we  have 
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JJ   ,     fi-rf,     a-a 
1    ,          k    t         I 

COS0,  K     ,  X 


D    ,     a  —  a,      7  —  c 
1    ,         J     ,         n 
cos0,        X    ,         i/ 


D   ,     7  — c,     6  —  d 
1    ,        "    ,        fc 
cos  0,        v    ,        /c 


It  is  easy  to  infer  that  each  of  these  fractions  is  equal  to 

ps-qr 


^   ,     a-a, 

1    ,        ^     , 
cos  0,        \    , 


tf-6 
in 


Thus  the  values  of  p,  q,  r,  s,  are  determined  uniquely ;  and  therefore  a  plane 
can  be  drawn  through  the  first  line,  so  that  the  second  line  projects  upon  the 
plane  into  that  first  line. 

Similarly,  a  single  plane  can  be  drawn  through  the  second  line,  so  that 
upon  it  the  first  line  is  projected  into  that  second  line.  The  parameters  of 
this  plane  can  be  derived,  by  symmetry,  from  the  parameters  of  the  former 
plane. 


Inclination  of  a  plane  to  a  fiat. 

75.  Before  discussing  the  inclination  of  one  plane  to  another  plane,  we 
discuss  the  inclination  of  a  plane  to  a  flat,  chiefly  because  of  the  analogy 
between  this  question  and  that  of  the  inclination  of  a  line  to  a  plane.  The 
orientation  of  a  fiat  is  usually  chaiacteriscd  by  its  association  with  one  par- 
ticular and  unique  diicction — that  of  the  normal  to  the  flat. 

Two  extreme  instances  can  be  treated  summarily. 

In  one  instance,  the  plane  might  he  in  the  flat.  In  that  event,  the  normal 
to  the  flat,  being  perpendicular  to  every  direction  in  the  flat,  is  perpendicular 
to  every  direction  in  a  contained  plane.  If  therefore  the  flat  be 


and  the  plane  bo 


rz  +  A^  =  P, 

-6,     *-c,     w-d     =0, 
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the  necessary  and  sufficient  conditions,  that  the  plane  should  lie  in  the  flat, 
are 

Lli  +  Mm^  +  Frit  +  Kki  =  0, 

L12  +  Mm2  +  Nn2  +  Kk2  -  0, 

with  the  relation  La  +  Mb  +  Nc  +  Kd**P,  which  does  not  affect  properties  of 
inclination. 

In  the  other  extreme  instance,  the  plane  contains  the  direction  of  the 
normal  to  the  flat.  When  the  flat  and  the  plane  are  given  by  the  respective 
preceding  equations,  and  when  the  plane  contains  the  direction  normal  to  the 
flat,  then  (§  38)  the  relations 


L,    M,    Nt    K 


=  0 


I2t       77Za,       n2j       k 

must  be  satisfied. 

In  the  former  instance,  we  could  say  that  the  plane  lies  in  the  flat  or  is 
parallel  to  the  flat.  In  the  latter  instance,  we  could  say  that  the  plane  is 
perpendicular  to  the  flat:  it  contains  one  direction  which  is  perpendicular  to 
every  line  in  the  flat. 

Excluding  these  extreme  cases,  we  still  take  the  preceding  equations  to 
represent  the  flat  and  the  plane  respectively.  Any  direction  X,  p,  v,  K,  in  the 
plane  is  such  that 


where  the  parameters  p  and  q  must  satisfy  the  relation 


612  being  such  that  cos012  =  2M2-     Let  I,  m,  n,  k,  be  any  direction  in  the 
flat,  so  that 


together  with  the  permanent  relation 


Now,  as  the  plane  is  supposed  not  to  lie  in  the  flat,  the  plane  and  the 
flat  intersect  in  a  straight  line.  If  then  the  direction  X,  p,,  v,  K,  in  the  plane 
and  the  direction  I,  m,  n,  k,  in  the  flat  be  chosen  parallel  to  the  straight  line 
of  intersection,  the  value  of  cos2  i/r,  where 

cos  -^r  =  l\  +  mfA  +  nv  +  kic, 

could  be  unity.  On  the  other  hand,  a  direction  /,  mt  n,  k,  could  always  be 
chosen  in  the  flat  perpendicular  to  the  plane:  for  the  necessary  conditions  are 

Hi  +  wwii  +  rwij  +  kki  =  0, 
112  +  mm*  +  nn2  +  kk2  =  Q, 


75]  A  PLANE  AND  A  FLAT  125 

together  with 


and  these  equations  suffice  to  determine  Z,  ra,  n,  k,  when  (as  is  now  supposed) 
the  plane  docs  not  contain  the  normal  to  the  flat.  For  such  a  direction,  the 
value  of  cos2  -fy-  is  zero. 

We  therefore  seek  a  stationary  value  for  cos2-^-,  rejecting  a  unit  value  and 
a  zero  value  if  and  when  they  arise  in  the  analysis.  The  corresponding  value 
of  T/T  is  the  inclination  of  the  plane  to  the  normal  to  the  flat;  and  we  can 
then  take  £TT  -  T/T  as  the  angle  between  the  plane  and  the  flat.  The  critical 
equations,  assigning  a  stationary  value  to  cos2  \^,  where 

cos  ^r  =  2J\  =  I  (ph  +  ql2)  +  m  (pm^  +  qm2)  +  n  (pi\i+  qn2)  +  k  (pkt  +  qk2), 
subject  to  the  limiting  relations 

p*  +  q*  +  %pq  cos  0i2  =  1, 


are 

S  Hi  =  C(p+qcos  0i2),     2llz  =  C(p  cos  012  +  q\ 

pli  +  qlz  =  A  L  +  El  , 
pm-i  +  qm2  =  A  M  +  Bm, 
prti  +  qn2  =  A  N  +  Bn  , 


arising  respectively  from  variations  of  p,  q,  lt  m,  n,  k:  and,  initially,  A,  B,  C, 
are  indetci  mma  te  multipliers. 

Multiplying  the  first  and  the  second  of  these  critical  equations  by  p  and 
by  q  respectively,  and  adding,  we  have 

C  =  cos  ifr. 

Multiplying  the  remaining  four  by  Z,  m,  n,  fc,  respectively,  and  adding, 
we  find 

fl  =  cosV". 
Squaring  those  four,  and  adding,  we  have 


and  therefore,  without  loss  of  generality,  we  may  take 

A  =  sin  >fr. 
Thus  the  six  critical  equations  become 

(p  +  q  cos  012)  cos  ^,     SW2  =  (p  cos  012  +  q)  cos  ^r, 
pl\    +  qlz    —  L  Sin  -*fr  +  I    COS  tfr, 
pini  +  qmz  =  M  sin  ty  +  m  cos  -^r, 
+  qnz  =  N  sin-ty  +  n  cos  ^, 
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and  there  still  remain  the  permanent  relations  of  condition,  viz. 


For  further  results,  we  shall  require  the  inclinations  a'  and  /?'  of  L,  M,  N,  Kt 
to  /i,  mlf  tii,  *ii  and  lz,  w2,  nz,  kz,  respectively,  so  that 

2Lli  =  cos  a',    SZJ2  =  cos  ff ; 
thus  a'  and  ff  are  known  quantities. 

76.    We  first  obtain  the  expression  for  the  inclination  ^r.   Multiply  the 
last  four  equations  by  li,  mlf  «lf  fa,  respectively  and  add :  then 
p  +  q  cos  012  =  S  Lli  sin  i/r  +  S^i  cos  ^ 

=  cos  a'  sin  -^  +  ( p  +  q  cos  012)  cos2  ^r, 
and  therefore 

(p  +  q  cos  0ia)  sin  -^  =  cos  a'. 

Multiply  the  same  four  equations  by  I2t  wa,  7i2)  A?2|  respectively  and  add:  then 
p  cos  0i2  +  ^  =  2///2  sin  \/r  +  S^z  cos  -fy 

=  cos  ^'  sin  -fr  +  (p  cos  012  +  g)  cos2  ^ 
and  therefore 

(|)  cos  0i2  +  q)  sin  -t/r  =  cos  )9'. 
Now 

pz  +  </2  4-  2j9g  cos  0J2  ==  1 , 
consequently 

sin2  0W  sin2  ^  =  cos2  a'  +  cos2  ff  —  2  cog  a'  cos  ^  cos  012 , 
giving  the  angle  of  inclination  between  the  flat  and  the  plane. 
Next,  we  have 

fi  =  pm.i  +  qmz  =  M  sin  -fy  +  m  cos  ^, 
v  =pni  +  qnz  =  N  simfr  +  n  cos  i^, 

x=pfa  +qkz 
and  therefore 


X, 


,     w, 


=  0: 


that  is,  the  selected  line  in  the  plane,  the  selected  line  in  the  flat,  and  the 
normal  to  the  flat  are  complanar. 

77.    We  next  obtain  the  positions  of  these  selected  lines.    From  the 
relations 

(p  +  q  cos  012)  sin  ^  =  cos  a',     (p  cos  012  +  q)  sin  ^  =  cos  /?, 
we  have 

p  sin2  012  sin  i/r  =  cos  a'  -  cos  0'  cos  012  , 

q  sin2  012  sin  ^r  =  cos  ff  -  cos  a'  cos  012; 
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and  therefore 

X  sin2  BIZ  sin  ^  =  (pli  +  qlz)  sin2  0J2  sin  ty 

=  (/i  -J2  cos0i2)cosa'  +  (J2  -li  cos  012)  cos  0', 
/i  sin2  0I2  sin  >fr  =  (n^  -  mz  cos  012)  cos  a'  +  (mz  -  mi  cos  012)  cos  £', 
i;  sin2  012  sin  -^  =  (MI  —  n2  cos  012)  cos  a'  +  (;*2  —  ;/L  cos  012)  cos  £', 
/c  sin2  0i2  sin  ^r  =  (ki  —  kz  cos  0i3)  cos  a'  +  (kz  —  ki  cos  012)  cos  @'. 

Now  (§  72)  the  four  quantities  on  the  right-hand  side  arc  proportional  to 
the  direction-cosines  of  the  projection  of  the  direction  Z,  Mt  N,  K,  upon  the 
plane  Hence  the  selected  line  X,  /i,  v,  *,  in  the  plane  is  the  projection,  upon 
the  plane,  of  a  normal  to  the  flab  at  any  point  along  the  line  of  intersection 
of  the  plane  and  the  fl.it. 

As  this  normal,  the  selected  line  in  the  plane,  and  the  selected  line  in  the 
flat  (necessarily  perpendicular  to  the  normal  to  the  flat),  are  com  planar,  the 
selected  line  in  the  flat  is  obtained  by  drawing,  in  the  plane  through  Z,  M,  N,  K, 
which  projects  the  normal  upon  the  given  plane,  a  line  perpendicular  to  that 
normal.  Algebraically,  its  direction-cosines  /,  m,  n,  kt  are  given  by 

I  cos  -fy  =  X  -  L  sin  ^r 
in  cos  jfr  =  fi,  —  Jl/sin  ty 
n  cos  ^  =  v  —  Nsm  -ty 
k  cos  ifr  =  K  —  Ksin  -^r 

with  the  foregoing  values  of  X,  /i,  v,  K. 

Finally,  the  plane  through  the  normal  and  the  two  selected  lines  is  per- 
pendicular to  the  line  which  is  the  intersection  of  the  plane  and  the  flat. 
Let  this  common  line  have  direction-cosines 


I',  m',  n',  k't 
where 

rz  +  sz  +  2rs  cos  012  = 

as  it  lies  in  the  flat,  we  have 


so  that 

r  cos  a  +  s  cos  /Q'  =  0, 
and  therefore 

r  s  1 


cos  £'     —  cos  a'     (cos2  a'  -I-  cos2  £'  —  2  cos  a'  cos  ff  cos  012) 

= I 

~~  sin  012  sin  ifr " 
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Now  the  plane  through  L,  M,  N,  K,  and  X,  /A,  i/,  *,  is 

x-a',     y-V,    z-c't     v-df  11  =  0. 
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L    , 

X    , 


N  , 
v    , 


We  have  just  seen  that 
Again, 


cos  «'  +  *  sm' 


=  0; 


and  therefore  the  plane  in  question  is  perpendicular  to  the  line 

rmi  +  sm2,  rni  +  snt,  rki  +  sk2,  that  is,  it  is  perpendicular  to  the  intersection 

of  the  plane  and  the  flat. 

Ex.  I.   Shew  that,  if  the  line  of  intersection  of  the  plane  and  the  flat  be  taken  as  one 
of  the  guiding  lines  of  the  plane,  so  that  the  equations  of  the  plane  are 

x-a\    y-V,    z-c',    v-d' 

V  MI'  «'  U 

I     ,       m    ,       n    ,        K 

'2    i       MS  ,       "2  i        *i 
while  ELI'  =  0,  the  inclination  is  given  by 

sin  \^  sin  y  ~  cos  ft  ; 
and  the  selected  line  in  the  plane  has  direction-cosines 

1%  —  I'  cos  y       mz  -  m'  cos  y       n%  —  n'  cos  y 
smy      '  smy        '  siny       ' 


where 


^  —  k  cos  y 
siny       ' 


cos  ft'  =  2L12  ,     cos  y  = 
!r.  2.    Shew  that,  if  the  plane  is  given  by  the  equations 


its  inclination  ^  to  the  flat  Lx  +  My  +  Nz  +  Ku  =  P  is  given  by  the  equation 
cos2  ^  sin2  rj  =  cos2  a  +  cos2  j9  -  2  cos  a  cos  0  cos  iy, 

COH  77=27,!  Z2, 


where 


Projection  of  a  plane  upon  a  fiat. 

78.  It  is  natural  to  consider  the  projection  of  the  plane  into  the  flat,  just 
as  we  consider  the  projection  of  a  line  upon  a  plane  or  into  the  flat.  We  have 
already  seen  that  the  projection  of  a  line  into  the  flat  is  another  line :  the 
projection  of  the  plane  can  be  obtained  by  regarding  the  plane  as  made  up 
of  an  aggregate  of  lines. 


78]  A  PLANE  UPON  A  FLAT  129 

When  the  plane  is 

II  a;  —  a,     y  —  b,     z  —  c,     v  —  d  11  =  0, 


any  point  in  it  is  given  by 
%  =  a  +  pli  +  qlz,     rj  = 

Let  the  flat  be 

Lx  +  My  + 

and  let  Xt  Y,  Z,  V,  be  the  foot  of  the  perpendicular  on  the  flat  from  f,  TJ,  f,  u. 
If  D  be  the  length  of  this  perpendicular,  we  have 


and  therefore 

Now  2LX  =  P,  and 

SZf  =  SZa  +  p^Lli  +  ((LLli  =  SZa  +  p  cos  a'  +  ry  cos  /9', 

with  the  former  significance  (§  72)  for  «'  and  -8',  hence 
D  =  P  —  'SLa  —  p  cos  a  —q  cos  /9'. 

Consequently  X,  K,  ^,  K,  are  given  by 

X  =  %  +  LD  =a  +  L  (P-S/,tt)  +  p(/,  -Z  coso')  +  ry(^  -/,  cos/9'), 
7  =  77  +  Jl/fl  =  6  +  M(P  -  SZti)  +  p  (mi  -  Jl/cos  o')  +  q  (mz  -  M  cos  ff\ 
Z  =Z+ND  =  c  +  N(F-?.La)  +  p(n1  -  N  cos  a')  +  ry  (/»,  -Ncoaff), 
V=u  +  KD  =  d  +  K(P-2Ld)+p(kl  -  /f  cos  a)  +  r/  (^  -Kcos/3'); 

and  therefore  the  locus  of  Jf,  y,  ^T,  V,  is  the  plane 

a:  -a       ,  y-jQ        ,  z  -  7        ,  11  -  S  =0, 

li  —  fjcosa,     nil  —  M  cos  a,     HI  —  NCOS  a,     hi  —  Kcosa.' 


which  accordingly  is  the  projection  of  the  given  plane,  the  values  of  a,  £,  7,  S, 
being  given  by 

a-a     0-b     7-c_8-rf_p 

L   =  if  =  ^r  -   /r-^" 

The  coordinates  of  any  point  in  the  projection  satisfy  the  equation 


of  the  flat,  as  is  to  be  expected  from  the  fact  of  projection  into  the  flat. 

Again,  having  regard  to  the  guiding  lines  of  the  original  plane  and  to  the 
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guiding  lines  in  the  equations  of  the  projection  of  the  plane,  we  note  that  the 
condition 


li-Lcosaf,     Wi-JIfcosa',     MI  -  N  cos  a' ,     &i  —  Kcosa' 
Iz  —  Lcoa/B't     niz  — M  cos£',     nz  —  Ncos/3',     kz  —  Kcoa/3' 

is  satisfied.    Consequently  (§  43)  the  two  planes  lie  in  one  and  the  same  flat ; 
and  it  is  easy  to  verify  that  this  flat,  containing  the  original  plane  and  its 

projection,  is 

x  —  a,     y  —  6,     2  —  c,     v  —  d    =0. 


/2 
L 


M 


nz 

N 


K 


Moreover,  as  the  two  planes  lie  in  one  flat,  they  intersect  in  a  line  and  not 
in  a  point  only  (§  43) :  this  line  is  their  common  line,  and  its  equations  are 


"i 


Angle  between  a  plane  and  its  projection  upon  aflat. 

79.  We  could  regard  the  angle  between  the  plane  and  its  projection  as 
giving  the  angle  between  the  plane  and  the  flat.  To  obtain  the  inclination 
of  the  plane  to  its  projection,  we  can  use  the  forthcoming  analysis  of  §§  83, 84. 
As-  the  direction -cosines  of  the  guiding  lines  in  one  plane  are 

li>  7^1}  ^ii  k\t   and   lzt  wit*  ^2,  kz, 

with  01  as  the  angle  between  them-  and  as  the  direction -cosines  of  the  guiding 
lines  in  the  other  plane  are 

h  —  L  cos  OL      MI  —  M  cos  a      n^—  Jfcnsof     k^—  K  cos  a' 
sin  a'       '  sin  a'         '          sin  a         '          sin  a'        ' 

and 


sn 


sin  ff       '          sin  $'        '          sin  $'       ' 
with  »y  as  the  angle  between  them,  where 

cos  a  —  cos  a'  cos  8' 
cos  17  =  -  =  —  —  .—  Q,  —  , 
sm  o  sin  p 

the  angle  between  the  planes  can  be  obtained  by  using  the  formula  of  §  83, 
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Again,  in  order  to  obtain  this  angle  between  the  plane  and  its  projection, 
we  can  use  the  fact  that  the  plane  and  its  projection  intersect  in  a  line.  The 
equations  of  this  line  have  been  given.  In  the  plane,  take  a  direction 
perpendicular  to  this  common  line  ;  in  the  projection,  take  a  direction  per- 
pendicular to  this  common  line;  the  angle  between  these  directions  is  the 
required  inclination  (see  also  §  89). 

Both  processes,  by  their  respective  methods,  are  left  as  exercises  to 
construct  the  value  of  -^  which  has  already  (§  76)  been  given. 

Ex.  1     Prove  that  the  projection  of  the  plane 

Ac  +  J^y+^c  +  JTtv^Pil 

A*+JYiy+.0i*  +  *iiF  =  PjJ 
on  the  flat 

IH  the  intersection  of  the  last  flat  by 


.11  id  verify  that  the  two  pi  dues  meet  in  the  hoc,  common  to  the  original  plane  and  the 
original  flat 

Ex  2.    A  plane  IN  given  by  the  equati 


tion* 


prove  that  its  projection  on  the  flat 

IN  the  pl.inr 

j    .!,-<•  +  /*,     y-6  +  J/c,      ;+ATc,     v  +  A'c   '|=0, 

Jj     p-Lu   ,       r-Mu   ,     1-AX       -JTw 

||      g  —  Lv    ,        .s  —  J/w    ,        —  AX    1  —  Kv 
where 

c-  =  Za  +  Jft-J>,     u  =  Lp  +  Mr+N,     v  =  Lq+^_  .  _. 

Verify  that  the  two  planes  intersect  in  a  hue  and  not  in  a  point  merely  -  and  obtain  the 
equations  of  the  line. 

Inclination  of  two  flats. 

80.  The  orientation  of  a  flat  is  considered  most  simply  by  reference  to 
the  direction  of  its  normal;  and  consequently  the  inclination  of  two  flats 
is  estimated  by — and  is  taken  to  be — the  angle  between  the  normals  to  the 
flats.  When  the  equations  of  the  flats  are 

Lx  +My  +Nz  +Kv  =P, 
L'x  +  M'y  +  N'z  +  K'v  =  P', 

respectively,  and  when  the  inclination  of  the  flats  is  denoted  by  g,  we  have 
cos  x  =  LL'  +  MM'  +  NN'  +  KK\ 

on  the  assumption  that  Z,  M,  N,  Kt  and    IS,  M',  N',  K\  are   the  actual 
direction-cosines  of  the  normals. 

9—2 
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The  intersection  of  the  two  flats  is  a  plane — their  plane  of  cleavage. 
The  properties  of  the  plane  of  cleavage,  in  relation  to  the  flats,  have  already 
(§  55)  been  discussed. 

An  estimate  of  the  inclination  of  two  flats,  by  choosing  a  line  in  one  flat 
and  a  line  in  the  other  flat  in  such  a  way  as  to  secure  a  maximum  or 
a  minimum  inclination  0  of  the  two  lines,  or  a  maximum  or  minimum  value 
of  008*0,  has  already  been  made  in  §  65.  From  the  analysis  there  given,  it 
appears  that  the  angle  between  lines,  selected  so  as  to  satisfy  the  critical 
conditions  for  a  maximum  or  a  minimum  inclination,  is  given  by  the  equation 

cos  6  =  LL  +  MM'  +  NN'  +  KK1. 

Accordingly  the  estimate,  thus  obtained,  agrees  with  the  estimate  provided 
by  the  angle  between  the  directions  of  normals  to  the  two  flats. 


CHAPTER  VI. 
INCLINATIONS  OF  PLANES:  ORTHOGONALITY. 

Summary  of  conditions,  for  parallel  planes,  for  orthogonal  planes. 

81.  Before  entering  on  the  discussion  of  the  inclination  of  two  planes  to 
one  another,  it  is  convenient  to  summarise  the  analytical  results  affecting 
respectively  the  two  extreme  instances :  (i),  when  the  two  planes  are  parallel ; 
(ii),  when  the  two  planes  are  orthogonal. 

I.    Parallel  planes. 

(i)  The  conditions  for  parallelism,  when  the  planes  arc  given  by  the 
equations 


2  —  a,     y  —  b,     z  —  c,      r  —d  \  =  0,      ,    x  —  </,     y  —  &',     z  —  c',     v  —  d' 


I  ™  7 

i/i    ,        mi  ,        Hi   ,        hi 

I  1  I 

«2    ,       inz  ,        n±  ,        A'2      ii 
can  be  taken  cither  in  the  forms 


13    , 
I*    , 


"3 
"4 


=  0, 


where  aS  —  /3y  does  not  vanish,  while  a,  £,  7,  8,  arc  otherwise  arbitrary  ;  or  in 
the  equivalent  forms 


"*3-     "a, 
nil,     HI, 


=0, 


=0 


(11)   When  the  planes  arc  given  by  the  equations 
|    x  —  a,     y  —  b,     2  —  c,     v  —  d  1=0, 


the  conditions  for  parallelism  are 


=  l\  ) 
=  Pt  ) 


fc1  =  0,     Li 

(iii)    When  the  planes  are  given  by  the  equations 

i  x  —  a,     y  —  b,     z  —  c,     v  —  d    j  =  0,     z  =f  +  px  +  qy  | 


nz   , 


v  =  h  +  rx  +  sy 


} 
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the  conditions  for  parallelism  are 
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(iv)   When  the  planes  are  given  by  the  equations 

L3x  +  M3y  +  N3z  +  K3v  =  P3 


=  P3  } 
=  P*  )  ' 


the  conditions  for  parallelism  are 


1,, 


2i       -^2>       -"2. 


=  0, 


i,    ^2,    K, 


=  0. 


(v)    When  the  planes  are  given  by  the  equations 

L1x  +  Mly  +  N1z  +  Klv  =  Pl)       z=f  +  px  +  qy\ 
L*x  +  Mzy  +  NIZ  +  Kzv  =  P2  )  '     r  =  A  +  r.r  +  .s-y  I  ' 
the  conditions  for  parallelism  are 

Li  +  Nip  +  /ftr  =  0,     7v2  +  N2p  +  /f,r  =  0, 
MI  +  ^i?  +  -^i*  =  0,     M2  +  JVag  +  ^gs  =  0 

(vi)   When  the  planes  are  given  by  the  equations 

*  =/  +  pa;  +  qy  1        z  =/'  +  pV+  7'^  ) 
v  =  ^  +  raj  +  sy  )  '      y  =  h'  +  rx  +  57y  )  ' 
the  conditions  for  parallelism  are 


II.    Orthogonal  planes. 

The  six  possible   combinations!  arising   out   of  the    different    forms    of 
equations,  are  numbered  as  for  the  preceding  combinations. 

(i)   The  conditions,  that  the  planes  be  orthogonal,  are 

+  n^n^  +  kjc^  =  0,     l^  +  m^nii  +  M4Hi  +  ^4^1  =  0, 
713^2  +  Wj,  =  0,     ^4^2  +  W4m2  -I-  n^nz  +  &4fc2  =  0. 
(ii)   The  conditions,  that  the  planes  be  orthogonal,  are 


,     Jfk,     jrlf 


=  0, 


"2, 


(iii)   The  conditions,  that  the  planes  be  orthogonal,  are 

0,       12  +  n2/)  +  &2r  =  0, 
=  0,      w2  +  n2g  +  A;Z5  =  0. 
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(iv)   The  conditions,  that  the  planes  be  orthogonal,  are 

0, 
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=  0, 


(v)   The  conditions,  that  the  planes  be  orthogonal,  are 


/f  !  =  /a  r  +  3f  i  *,        K2  =  L2  r 

(vi)   The  conditions,  that  the  planes  be  orthogonal,  are 
pq'  +  rs'  =  0,       1  +  pp'  +  rr  =  0, 
7p'  +  AT'  =  0,       1  +  59'  +  *,s-'  =  0. 


Ex.  1.   Shew  that,  if  two  planes  intersect  in  a  line,  they  cannot  he  oithoguual 

Ex.  2.  Uiven  four  flats  FI,  F^  FSt  F^  prove  that,  if  the  cleavage  planes  of  FI  and  Ft, 
and  of  FA  and  Ft,  are  parallel,  the  cleavage  planes  of  Fl  and  >T.,,  and  of  F»  and  F^  also  are 
parallel,  and  the  cleavage  planes  of  Fz  and  F^  and  of  F\  and  FA,  are  parallel. 

Ex.  3.  Given  four  flats  Flt  F2,  A,,  FI,  such  that  the  cleavage  plane  of  FI  and  F> 
i.s  orthogonal  to  the  cleavage  plane  of  FI  and  FI  in  what  circumHtances  i.s  the  cleavage 
plane  of  FY  and  Ft  orthogonal  to  the  clcjtvagc  plane  of  F>  and  /"-, ' 

Relation  between  four  directions  in  one  flat. 
82.    We  have  seen  (§  43)  that,  when  the  two  planes 


=  0, 


/3      , 


"3    < 

"4    , 


=  o, 


meet  in  a  line  and  not  in  a  point  alone,  the  condition 

=  0 


is  satisfied.  Further,  we  have  seen  that  the  two  planes  then  lie  in  one  Hat 
It  therefore  follows  that,  when  four  directions  are  taken  in  one  and  the  same 
flat,  there  exists  a  relation  among  their  direction -cosines  it  is  a  well-known 
property  of  homaloidal  triple  space. 

This  relation  can  be  exhibited  as  an  identical  equation  among  the  six 
inclinations  of  the  four  directions  when  combined  in  pairs.  Let  the  angle 
between  the  positive  senses  of  the  directions  lr,  mr.  n, ,  kt ,  and  18,  ntit  ntt  £„, 
be  denoted  by  6nt  so  that 

cos  0IM  —  Irl* 
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for  r,  s,  =  1,  2,  3,  4.   Then,  as 


[CH.  VI 


/a, 
/a, 


2_ 


2/1/2,  2/2*  ,  2/2/3,  2/a/4 
2/!/3,  2/2/3,  2/32  ,  2/3/4 
2/1/4,  2/2/4-  2/3/4,  2/42 

the  foregoing  relation  implies  the  equation 

1        ,  C03012,  COS  0Wl  COS  014      =0. 

COS012,  1        ,  COS  023,  COS  024 

COS  0i3,  COS  023,  1        ,  COS  034 

COS  014,  COS  021,  COS  034,             1 

Let  this  determinant  be  denoted  by  ® ;  when  it  is  expanded,  we  have 

ft  =  1  -  COS2  023  -  COS2  03i  -  COS2  0ia  -  COS2  0M  -  COS2  024  -  COS2  034 
+  COS2  023  COS2  014  -|-  COS2  03i  COS2  024  +  COS2  0i2  COS2  0M 
+  2  (COS  023  COS  034  COS  042  +  COS  034  COS  04i  COS  013  +  COS  041  COS  0la  COS  024 

+  COS  012  COS  023  COS  03i) 
—  2  (COS  012  COS  0i3  COS  024  COS  034  +  COS  02i  COS  023  COS  014  COS  0M 

+  COS  0i3  COS  023  COS  #14  COS  024). 

Then  the  condition,  satisfied  by  four  directions  wnen  they  lie  in  one  and  the 
same  flat,  is 

0  =  0. 

The  four  directions  can  be  taken  arbitrarily,  subject  to  the  sole  restriction 
that  they  shall  lie  in  one  flat,  if  this  condition  is  to  be  satisfied.  But  if, 
chosen  arbitrarily  in  homaloidal  quadruple  space,  they  do  not  observe  the 
restriction  of  being  contained  in  some  single  flat,  the  condition  ®  =  0  is 
not  satisfied. 

Ex.    If  the  fourth  line  makes  an  angle  £*•  -  0  with  the  normal  to  the  flat  through  the 
first  three,  shew  that 

8  =  (1  -  COS2  02i  -  COS2  0-,!  —  COM2  012  +  2  COS  0Z3  COS  03J  COS  012)  Hill2  0. 


Inclination-  of  two  planes  by  reference  to  projection  of  areas. 

83.  Instead  of  estimating  the  inclination  of  two  planes  by  proceeding 
from  the  inclination  of  lines  lying  in  the  respective  planes,  we  can  frame  an 
estimate  by  a  comparison  of  areas  in  the  planes,  one  of  which  will  be  deduced 
from  the  other — and  it  will  appear  that,  as  obviously  should  be  the  fact,  the 
same  result  is  obtained  whichever  plane  is  first  selected — by  projecting  its 
boundary,  through  perpendiculars  drawn  from  the  points  of  that  boundary, 
upon  that  other  plane. 
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Accordingly,  let  it  be  required  to  find  the  inclination  of  the  plane 
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x—  a, 

y-b,     z-c,     v- 

J3    , 

7W3    ,          773     ,           k3 

h    , 

r/?4  ,       7i4  ,       £4 

x  —  a, 

y  -  6,     ^  -  c,     w  - 

*i    , 

771^    ,          11\    i           ^-'l 

12    , 

7712    ,           7/2    ,            &2 

=  0 


to  the  plane 


The  planes  will  be  supposed  not  to  be  parallel  to  one  another.  The  conditions 
for  complete  orthogonality  have  been  stated;  and  the  possible  event  of  ortho- 
gonality will  therefore  be  omitted  as  the  full  conditions  are  known.  Two 
planes  certainly  have  a  point  of  intersection :  this  common  point  has  been 
taken  to  be  a,  6,  c,  d.  The  two  planes  possibly  intersect  in  a  line  and  not 
merely  in  a  point :  the  condition  for  linear  intersection  ia 


k, 
I*, 


k3 


III!, 
7HZ, 


7?4, 
'"l, 


=  0, 


but  such  eventuality  will  be  left  open  at  this  stage,  so  that  its  influence  may 
be  discussed  in  the  course  of  the  investigation. 

As  already  indicated,  we  shall  proceed  by  projections.  Let  the  direction 
'3,  Wa,  Na,  k3l  through  the  common  point  a,  6,  c,  d,  be  projected  on  the  latter 
plane:  its  projection,  also  passing  through  that  common  point  and  making  an 
angle  ^3  with  that  direction,  has  direction-cosines  £j/fi3,  JI/3/ft3,  N3/n3, 
where 

L3  =  ea  13  +  ei 


enm  in3  +  enn  n3  +  enk  k3 
a  +  enk  n3  +  ekk  fc3. 
fl3  =  cos  ^3  sin2  QI  =  (cos2  0^  H-  cos2  0M  -  2  cos  013  cos  0M  cos  o)*  sin  01, 
with  the  same  notation  as  before  (§  69)  for  01  ;  for  9^  and  &&  \  and  for  the 
symbols  epq,  where  p,q  =  l,  m,  11,  k.  Similarly  when  the  direction  h,  m4,  714,  ktl 
is  projected  also  on  the  second  plane,  its  projection  through  a,  6,  c,  d,  and 
making  an  angle  ^4  with  that  direction,  has  direction-  cosines  Zr4/fl4, 
where 

£4  =  ea  It  +  eim  mi  +  etn 


li  +  emn  7JI4  +  enn  7i4  +  ent  ^'4 


fl4  =  cos  ^4  sin2  *>  =  (cos*  ^M  +  cos2  024-2  cos  0J4  cos  0Z4  cos  o>)*  si  n  to. 
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Measure  a  length  r  along  13,  m3,  /z3l  k3,  and  a  length  s  along  /4,  7?i4,  724,  £4; 
the  lengths  along  Z3,  Jf3,  A"3j  K3,  and  L4j  M4,  J\T4l  /Jf4l  of  the  projected 
segments  are 


Let  fl  denote  the  angle  between  these  projected  segments,  so  that 

n3n4  cos  n  =  LJ^  +  M3  M*  +  N3N^  +  K3x^  . 

The  area  of  the  original  triangle,  two  of  the  sides  of  which  arc  r  and  s,  is 


where 

cos  17  =  /a/4  +  ra3w4  +  7f97i4  +  A;3A;4. 

The  area  of  the  projected  triangle  is 

^r  cos  ^3  .  s  cos  ^4  .  sin  H. 

If  therefore  we  denote  by  <£  the  inclination  of  the  two  planes  to  one  another, 
and  we  take  the  inclination  of  the  projected  area  to  the  original  area  as  the 
inclination  of  the  planes,  we  have 


£r  COB  ^I.A  cos^4.  sin  fl 
cos  d>  =  ~     —  =  --  -  -- 
Jrs  sin?? 

__  cos  ^,  cos  ^4  sin  fl 

sin  77 
Now 

nt  =  Lf  + 

and  therefore 

where 

D  =  (XiMi  -  M3 

+  (M,Nt  -  J\T3M4)»  +  (Jf,  /T4  - 
consequently 

cos  d>  =  ---  -   .   . 
^     sm  77  sin4  G> 

It  is  necessary  to  evaluate  Q^. 

In   the  various  terms  in   n.  we  substitute  for   L3,  3f3l  N3,  /T3,  rind 
Lt,Mi,NitKi.    We  have 


1c3,  eu 


f  4  —  1H  3 


By  direct  substitution  for  the  quantities  en,  e\w  .....  we  find 


mi  BI  +  ma  ^2  —  (^i  02  +  wa  0i)  cos  QI,  m\  fa  H-  ma  02  —  (wii  <^2  +  wia  ^i)  cos  w 


)  sin2w, 
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for  all  the  combinations  0,  0  =  lt  mt  nt  k.    But 

03,       03 

0«  i     04 
the  summation  being  taken  over  the  six  combinations  of  6  and  0;  hence 

02i       02    I  |    04,       04 

With  our  former  notation  (§  47), 


and  so  for  the  other  combinations  :  also 

2«122  =  S  (/i  wiz  -  /2  ^i)2  =  sin2  <u, 
We  write 

"12  034  +  ^12634  +  Ci2C34  +/12/34 


and  now 


A  (^iwiz  — 


Similarly  for  the  other  combinations 
Hence 


Therefore 


sinao). 
4  —  L^N*,  .  ., 

Azsin6oi. 


^-^ 

sin  rj  sin4 

A 

sin  77  sin  t 


Egressions  for  the  inclination  of  two  planes. 
84    We  thus  have  the  inclination  of  the  two  planes. 
Various  corollaries  can  be  derived. 

(i)  Any  two  non-coincident  lines  in  the  plane  can  be  substituted  for  the  two 
guiding  lines  l^m^.n^k^,  and  12,  m2t  n2,  k2,  of  the  plane 


ar-tt,     y-b,     z  -  c,     w-i 

l\      ,  TW|    ,  1\\    ,  IC\ 


,=0, 
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without  affecting  the  value  of  <£.   For  any  two  such  lines  are  given  by 


where  a£  -  £7  is  not  zero  :  then 

li'm*  -  Ijmi  =  (aS 
and  so  for  the  other  quantities,  so  that  every  magnitude 


for  i  =  a,  b,  c,f,  g,  h,  is  unaltered.   The  value  of  cos  <£  is  unchanged. 
Similarly  any  two  non-coincident  lines  in  the  plane 


x  —  a,     y  —  b,     z  —  c,     v  —  d 

^3      ,  W*3    j  ^3    ,  fc3 


=  0 


can  be  substituted  for  the  guiding  lines  23|  m3,  n3j  k3,  and  24)  ?/i4,  ?r4,  ^4, 
without  affecting  the  value  of  0. 

(ii)  The  expression  for  cos  0  is  symmetrical,  as  between  the  parameters 
defining  the  two  planes  :  thus  verifying  the  expectation  that  the  same  result 
would  have  been  attained,  had  an  area  in  the  second  plane  been  projected 
upon  the  first  plane. 

(iii)  The  quantities  034,  634,  034,  /Ml  #34,  A,Ml  are  (§  30)  proportional  to  the 
quantities  —  p,  —q,  1,  s,  —  r,  ps  —  qr,  arising  when  the  equations  of  the  plane 
arc  taken  in  the  canonical  form 

z=f  +  px  +  qy} 
v  =  h+  rx  +  sy  )  ' 

and  similarly  for  the  quantities  aM,  634,  CMJ/M,  g^,  h^t  when  the  equations  of 
the  other  plane  occur  in  the  canonical  form 


v  =  h'  +  rx  +  s'y  ) 
If  then 

S*  =  1  +  pz  +  92  +  ra  +  s2  4-  (f>s  -  qr)z, 


T   =l+pp'  +  qq'  +  rr'  +  ss'  +  (ps  -  qr)  (ps  -  ?V), 

the  inclination  of  the  two  planes,  when,  their  equations  occur  in  the  foregoing 
canonical  forms,  is  given  by 

&S'  cos     =2'. 


85] 
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(iv)    When  the  equations  of  the  two  planes  are  given  in  the  form 
Aix  +  B^y  +  L\z  +  D1v  =  E1  j      A*x  +  B3y  +  C3z  +  D3v 
Azx  +  B*y  +  C2  z  +  Dzv  =  E2  )  '    A*x  +  #4 

their  inclination  is  given  by 

U, 


3v  =  E3"l 
^v  =  E^) 


where 


(A,  Rt  - 


t  -  At  A)2 


,  (7.  -  At 


Dt  -  Bt 


3  D4  -  Ct 


EJC    Obtain  an  expression  for  the  inclination  0  of  the  planes 
x,      y,      z,      v 


likewise  for  the  inclination  ^  of  the  planes 

,      y ,      j,     v   j  =0,     , 


in  the  respective  forms 

S  Sill  UCOH0 


where 
and 


cos  co  =  ^  12  +  nil  W12  +  «i  ^  +  ^"i  ^"j 


sin  6)811117003^=       (^i  m2  -m^,  ) 
+  (wi,ji2  - 


where  u  has  the  foregoing  value,  and 


Orientation  coordinates  of  a  plane. 

85.   Now  consider  the  inclinations  of  the  pl.ine  to  the  planes  of  reference 
in  the  system  of  coordinate  axes.    As  the  direction-cosines  of  the  axes  arc 

1,  0,  0,  0,  for  OX, 
0,  1,  0,  0,  ...  OF, 
0,  0,  1,  0,  ...  OZt 
0,  0,  0,  1,  ...  OF, 
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the  equations  of  the  various  planes,  through  two  of  these  axes,  in  all  possible 
pairs,  are 

=  0,  for  ZOV, 


=  0,  for  XOV, 


=  0,  for  YOV. 


x,    y,    *,    v 

=  0,  for  XOY; 

xt     y,     z,     v 

1,    0,    0,    0 

0,     0,     1,     0 

0,    1,    0,    0 

0,     0,     0,     1 

a;,     y,     z,     v   ' 

=  0,  for  YOZ, 

x,     y,     z,     v 

0,     1,     0,     0  jl 

1,     0,     0,     0 

i  o,    o,    i,   o  | 

0,     0,     0,     1 

x,     y,     z,     v 

=  0,  for  ZO  X  , 

xt     y,     z,     v 

1,     0,     0,     0 

0,     1,     0,     0 

0,     0,     1,     0 

0,     0,     0,     1 

Let  <!>XY  denote  the  inclination  of  the  plane 


a?,      y 


nlf 


=  0 


to  the  plane  XOY:  and  let  c/>ZJi  ^Fz.  <£ZFI  0rr>  <£ZF»  bear  the  similar 
significance  for  its  inclinations  to  the  other  planes  respectively.  From  the 
preceding  result,  we  have 


a  =  cos 


b  =  cos      x  = 


C  =  COS      XY  = 


—  niwa 


sn  oi 


sn  QJ  ' 

612 

sin  to  ' 


sn  o) 

—  77li/2  C 

sin  01         ~  sin 


f   =  COS  <f>TF  =    - 


sin  01 


sin 


sin  to  ' 


sin 


h  =  cos 


sin  to  sin  o) 

Thus  the  quantities  a,  b,  c,  f,  g,  h,  may  be  regarded  as  orientation-cosines  or 
orientation  coordinates  of  the  plane.    Now  we  have 

=  0, 

/4i22  =  sina  01 ; 

and  therefore  the  orientation-cosines  of  a  plane  satisfy  the  two  universal 

relations 
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86.  If  it  proves  desirable  to  indicate,  specially,  guiding  directions  of  lines 
the  construction  of  the  plane,  such  as  the  directions  lit  mlt  i?lf  ki,  and 
nz  ,  n2t  k2l  the  need  is  met  by  using  the  symbols  a12l  b12,  clz,  fiZr  giz,  h12. 
.,  with  this  notation,  it  must  be  remembered  that  any  two  non  -coincident 
Actions  in  the  plane 


z  ,     k2  =  y 

ire  aS  —  £7  is  not  zero,  can  be  selected  as  guiding  lines  :  the  orientation- 
nes,  by  this  change,  are  invariantive.  For,  as  the  new  quantities  are 
action-cosines,  we  have 

Sf'-l,    2/2'2  =  l, 
.hat 

a2  +  /92  +  2a/3  cos  o>  =  1  ,     72  +  Sz  +  278  cos  &>  =  1. 

i  en  QJ'  denotes  the  angle  between  the  two  new  lines, 

in2  a/  =  2  (^z7  -  J2W)2  -  faS  -  0y)2  2  (/!  w,  -  ^mO2  =  (aS  -  /37)2  sina  tu. 


is 

1     /«,  '«  '     M'™'\     («8-g7)(iiHfii  , 

aia  =  --  ,  (wii  nz  —  HI  ?fi2  )  =    —  —  -K  —  -  5-     .  —    —  =  a12, 
sin  09  ^  '  (oo  —  fty)  sin  <u 

1  so  for  the  rest:  that  is,  the  orientation-cosines  of  the  plane  are  invariantive 
all  variations  in  the  choice  of  guiding  lines. 

When  the  equations  of  the  plane  are  given  in  the  form 


v  =  h  +  rx  +  sy  )  ' 
orientation-cosines  are 


ere 

A2  =  1  +  pz  +  q2  +  r2  +  s2  +  (ps  -  gr)2. 

e  two   universal    relations   satisfied    by   orientation-cosines   are   satisfied 
ntically  by  these  values  of  a,  b,  c,  f,  g,  h. 

When  the  equations  of  the  plane  are  given  m  the  form 

L2x  +  M2y  +  N2z  +  K2v  - 
orientation -cosines  are 

TV          IT    T  Jlf    V          V    JUI  M    V          Lr    AT 

Jj\  i\ 2  ~~  •**•  1  -"SB  i  •***  1  -•*. 2  ~~  •**•  1  •*" 2  •*••  1  •«*•  2  ~~  •"•  1  •*»  2 

"~        suill          '        ~"         sin  U         '  sin  n 

tun 

-    .       S  = 


smi  '  sin  11 
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where 


cos  n  = 
The  two  universal  relations  remain  as  before. 

Further,  if  there  be  two  planes,  with  orientation-cosines  a,  b,  c,  f,  g,  h, 
and  a',  b',  c',  f,  g',  h',  respectively,  their  inclination  $  to  one  another  is 

given  by 

cos  </>  =  aa'  +  bb'  +  cc'  +  ff  +  gg'  +  hh'. 

Again,  the  equation  of  the  flat  through  the  plane 


and  a  direction  \,  p,  v,  «,  not  lying  in  the  plane,  is 

pas  +  qy  -  (z-f)  =  rx  +  sy-(v-  h) 
p\  +  qp  —  v  r\  +  SfjL  —  K      ' 

that  is, 

•c  ((PS  ~~  ?r)  /*  +  rv  ~~  PK}  +  y  {(?r  ~~  PS)  *•  +  sv  "  </« 


and  therefore  the  direction-cosines  Lt  M,  Nt  K,  of  its  normal  are 
L  ©*  =  fih  -  i/g  +  KSL 


=     Xg-/if 

Ar@i  =  _\a-/Lb-i/ 
where 

®  =  2  (^h  -  i/g  +  /ra)a. 

Ex.    Identify  this  value  of  0  with  the  value  given  in  §  47 


•*  Orientatian-cosiiies. 

87.  The  inclination  of  two  planes  can  be  obtained  likewise  from  the  pro- 
jections of  an  area — say  a  triangle — upon  the  coordinate  planes  of  reference. 
Take  any  point  0  in  the  plane  as  origin  ;  a  line  02Jlt  of  length  7*1  and  direction- 
cosines  /i,  raj,  H!,  ki,  and  a  second  line  OP2,  of  length  ra  and  direction- 
cosines  /2,  7nz,  rzz,  k2;  and  consider  the  projection  of  the  triangle  OPiP2> 
which  is  of  area 

£?V2  sin  P201\  =  i^rg  sin  GI, 

upon  the  planes  of  reference  in  turn. 

In  the  plane  XOV,  the  coordinates  of  the  projection  of  PI  are  £i  =  r-i/i, 
3/1  =  0,  ^  =  0,  Vi  =  ri/c1:  those  of  the  projection  of  P2  are  x^  —  r^t  2/2  =  0, 
j2  =  0,  u2  =  7"a^a-  rJ-lne  area,  in  the  plane  XOV,  whose  angular  points,  referred 
to  the  axes  in  that  plane,  have  coordinates  0,  0 ;  xltv1-J  x2t  va;  is 
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Hence  the  cosine  of  the  angle  between  this  projected  area  and  the  original 
area  is 


sin  a)     ' 
that  is,  it  is  the  magnitude  denoted  by  f. 

Similarly,  for  the  planes  of  reference  XOY,  YOZ,  ZOX,  YOV,  ZOV,  the 
cosines  of  the  angles,  between  the  respective  projections  on  these  planes  and 
the  original  triangle,  are  c,  a,  b,  g.  h  :  that  is,  the  orientation-cosines  of  the 
plane  are 

a,  b,  c,  f,  g,  h. 

88.  Now  let  these  various  projections  on  the  six  planes  of  reference  be 
projected  back,  in  successive  addition,  on  the  original  plane  PiOPz-  When 
A  denotes  the  area  of  the  original  triangle,  the  various  projections  are 

aA,  bA,  cA,  fA,  gA,  hA. 

When  these  magnitudes  are  projected  back  into  the  plane  PjOP2t  the 
respective  magnitudes  of  the  re-projections  are 

a  aA,  b.bA,  c.cA,  f  .  fA,  g  gA,  h.hA, 
that  is, 

a2A,  b'-A,  c2A,  f2A,  g2A,  h2A. 

But  a2  +  b2  +  c2  +  f2  +  g2  +  h2  =  1  ;  and  therefore  the  sum  of  the  re-projections 
is  equal  to  the  area  of  the  original  triangle. 

Again,  project  the  triangle  P\OPz  in  the  plane  with  orientation-cosines 
a,  b,  c,  f,  g,  h,  into  a  triangle  QiOQ2  in  another  plane,  passing  through  the 
point  0  and  having  orientation-cosines  a',  V,  c',  f  ,  g',  h'.  When  we  take  the 
projections  of  PiOP2  upon  the  planes  of  reference,  viz.  aA,  bA,  cA,  fA,  gA,  hA, 
and  then  project  these  constituent  elements  upon  the  plane  Q\OQi>  obtaining 
respectively 

a',  a  A,  b'.bA,  c'.cA,  f'.fA,  g'.gA,  h'.hA, 

the  new  aggregate  is 

(aa'  +  bb'  +  cc  +  ff  +  gg'  +  hh')  A. 

But  aa'  +  bbf  +  cc'  +  ff'  +  gg'  +  hh'  =  cos  <£,  where  0  is  the  inclination  of  the 
two  planes  :  and  therefore  this  aggregate  is  A  cos  <£,  that  is,  the  area  of  the 
projected  triangle. 

Hence  plane  areas  in  quadruple  space  can  be  projected  upon  the  coordinate 
planes,  and  can  have  these  projections  combined  by  further  projection  upon 
any  plane,  in  a  manner  analogous  to  the  manner  in  which  lines  are  projected 
upon  the  coordinate  axes  and  have  their  projections  combined  by  further 
projection  upon  any  line. 

F.G.  10 
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Inclination  of  two  planes  in  the  same  flat. 

89.  A  review  of  the  preceding  analysis  shews  that  no  account  is  taken  of 
the  range  of  intersection  of  the  two  planes ;  that  is,  the  range  may  be  only 
the  point  a,  b,  c,  d,  or  it  may  be  a  line  through  that  point.  With  the  equations 
as  given,  the  value  obtained  for  cos<£  is  valid,  for  either  type  of  range. 

But  when  the  intersection  is  a  line,  and  when  this  line  is  in  evidence 
in  the  equations  of  the  planes,  a  substantial  change  can  be  effected  in  the 
expression  for  cos  </>,  which  then  subsides  into  the  customary  expression  for 
the  angle  of  a  triangle  in  three-dimensional  spherical  trigonometry.  To 
establish  this,  let  the  planes  be 


x-a\    y-b',   z-c,   v-d     =  0, 


so  that  the  line,  common  to  the  planes,  is 

a;  —  a'  _y  —  b  _  z  —  c  _v  —  d' 

Also,  let  0H  =  c,  03i  =  6,  0Z3  =  a ;  so  that 

cos  a  =  2/2/3 ,     cos  6  =  2/3/1 ,     cos  c  = 


—  c,    v  —  d' 


=  0, 


and  the  angles  to  and  17  of  the  preceding  investigation  become  &>  =  c  and  77  = 
Then,  in  these  circumstances,  we  have 


=  S/!2.  2/2/3  - 

=  cos  a  —  cos  c  cos  6  ; 
and  our  formula  becomes 

sin  b  sin  c  cos  <£  =  cos  a  —  cos  6  cos  c  : 

that  is,  the  formula  gives  the  angle  <£,  between  the  planes  containing  the 
sides  b  and  c,  as  equal  to  the  angle  A,  of  a  spherical  triangle  with  sides  a,  6,  c, 
in  a  three-dimensional  space 

And  this  result  is  to  be  expected.  The  two  planes,  now  having  a  line  in 
common,  lie  in  one  flat  (§  43).  Accordingly,  in  this  flat,  take  a  sphere  centre 
the  origin  :  draw  three  radii  llt  wii,  nit  kj_  ;  £2,^2,  n*,  &2  ;  £3,  m3,  ??3,  £3  ;  cutting 
the  sphere  in  the  points  A,  B,  C,  respectively.  The  section  of  the  sphere  by 
the  first  plane  is  the  arc  AB  of  a  great  circle,  and  its  section  by  the  second 
plane  is  the  arc  AC  of  another  great  circle,  while  the  angle  between  the 
planes  is  the  angle  A  at  which  these  two  arcs  cut.  The  customary  formula 
of  spherical  trigonometry  at  once  leads  to  the  particularised  result  —  a  mode  of 
derivation  of  the  inclination  which  manifestly  depends  on  the  circumstance 
that  the  two  planes  happen  to  intersect  in  a  line  and  not  merely  in  a  point. 
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Moreover,  we  can  associate  bhc  inclination  of  a  line  to  a  plane  with  this 
construction.    Let  the  direction  of  the  line  through 
the  centre  of  the  sphere  meet  the  sphere  in  A  \  with 
the  former  notation, 

AB  =  a',     AC  =  0't     BC=a,     AN  =  0, 
while  AN  is  the  perpendicular  from  A  on  BC.    In 
this  spherical  triangle,  a  customary  formula  for  AN  is 
cos*  AN  sin*  BC  B 

=  COBZ  AB  +  cos2  A C  -  2  cos  AB  cos  A  C  cos  BC, 
that  is, 

cos2  6  sin2  o>  =  cos2 «'  +  cos2  0'  —  2  cos  a  cos  ff  cos  ew, 

the  former  result.    Also 

sin2  0  sin2  o>  =  1  -  cos2  a  —  cos2  ff  —  cos2  o>  +  2  cos  «'  cos  0'  cos  a>, 
which  is  only  another  form  of  the  usual  relation  in  a  spherical  triangle 

sin2  p  sin2  a  =  1  —  cos2  a  —  cos2  b  —  cos2  c  +  2  cos  a  cos  6  cos  c, 
where  jo  is  the  (angular)  perpendicular  from  A  on  BC. 


Fig.  4 


Application  of  the  method  of  §  68,  with  a  restriction. 

90.  It  is  to  be  noticed  that  this  result,  as  regards  the  inclination  of  two 
planes  intersecting  in  a  line,  can  be  brought  into  relation  with  the  earlier 
method  (§  68)  of  finding  the  inclination  between  a  line  and  a  plane. 

Take  any  point  on  the  line  as  an  origin  of  reference:  let  the  line  have 
direction-cosines  I,  m,  n,  k\  and  let  the  planes  be 


x , 
I, 


y  > 


in ,      7i ,      A 
mlt     nlt     k 
The  direction-cosines  of  any  line  in  the  first  plane  are 


=  0, 


x , 


y . 

m , 


z , 
n, 


=  0. 


v 
k 
k2 


with  the  condition 

p*  +  q*  +  %pq  cos  c  =  1, 

where  SJ/i  =  cos  c  =  cos  a';  and  those  of  any  line  in  the  second  plane  are 

X'  =  rl  4-  s£2,     fjf  =  rm  +  sm^t     v  =  rn  +  snz  ,     tc'  =  rk  +  sk2  , 
with  the  condition 


where  ^.llz  =  cos  b  =  cos  ff.    The  inclination  of  these  two  new  lines  is 

COS  9  =  XX'  +  fJ,ft    +  I/I/  +  KK 

=pr  +  qr  cos  c+ps  cos  b  +  qs  cos  a, 


10—2 
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where  SWz  =  cos  o>  =  cos  a:  and  the  estimate  of  the  inclination  of  the  planes 
is  obtained  by  making  cos2  6  a  maximum,  that  is,  for  values  of  p,  q,  r,  st 
subject  to  the  two  conditions 


The  critical  equations  are 

r  +  s  cos  6  =  P  (p  +  q  cos  c), 

;•  cos  c  +  5  cos  a  =  P(p  cos  c  +  q), 

p  +  q  cos  c  =  Q  (r  +  s  cos  6), 

p  cos  6  +  9  cos  a  =  Q  (r  cos  6  +  s). 

By  the  customary  analysis,  we  find 

P  =  cos  0,       Q  =  cos  0. 
Then 

r  +  s  cos  b  =  P(p  +  q  cos  c)  =  PQ  (r  +  «  cos  6)  =  (r  +  s  cos  6)  cos2  0. 
Either 

coa*0  =  l: 

the  planes  are  parallel;  and  the  line  I,  m,  it,  k,  lies  in  the  same  plane  as  the 
lines  llt  OTI,  HI,  fci,  and  12,  'in2,  n2j  k2,  under  the  relation 

1  —  cos2  a  —  cos2  6  —  cos2  c  +  2  cos  a  cos  6  cos  c  =  0, 
which  requires  a  ±  b  ±  c  =  HTT,  where  n  is  an  integer.    Or 

>•  +  s  cos  6  =  0,       p  +  q  cos  c  =  0; 
and  the  equations  then  give 

sin  6  sin  c  cos  0  =  cos  a  —  cos  6  cos  c 

=  sin  6  sin  c  cos  A , 
leading  to  the  former  result 

.is  the  angle  between  the  planes. 

Further,  we  notice  that  the  plane,  through  the  two  directions  \,  /i,  v,  K, 
and  X',  /*',  i/,  *',  in  the  respective  planes,  is 

x,     y,     z,     v    |=0. 

X,        ft,        V,       K 
X',       /*,        I/,        «' 

Now 

£X  +  m/i  +  nv  H-  fc/e  =  pS/2  +  </Si/!  =  p  +  q  cos  c  =  0, 

/X'  +  TO/I'  +  Ni/  +  7f«'  =  r£J2  +  s S^2  =  r  +  s  cos  6  —  0 : 

that  is,  the  plane  through  these  two  directions  is  perpendicular  to  the 
supposed  line  of  intersection  of  the  two  planes — there  being,  of  course,  only 
one  plane,  at  once  perpendicular  to  this  line  and  lying  in  the  flat  containing 
our  two  original  planes. 
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91.  After  the  laab  result,  it  might  almost  be  expected  that  the  inclination 
of  two  planes,  when  they  intersect  in  a  point  only  and  not  in  a  line,  could  be 
obtained  by  reference  to  selected  lines :  but  the  expectation  is  not  justified. 

We  take  the  one  point,  common  to  the  planes,  as  the  origin,  and  we  assume 
that  their  equations  are  now 


X , 

k, 


y  , 

mi, 


;*i, 


=  0, 


y  ' 

'"'3  , 


"d, 


0. 


Because  the  two  planes  do  not  meet  in  a  line  and  so  do  not  coexist  in  any 
the  same  flat,  the  determinant 


k, 
/a, 


w2, 


"3  j 


docs  not  vanish. 

Two  simple  propositions  must  first  be  established . 

(i)  it  is  impossible  to  draw  a  line  in  one  plane  and  a  line  in  the  other 

plane  which  shall  be  parallel  to  one  another :  and 
(ii)  it  is  possible,  in  an  unlimited  number  of  ways,  to  draw  a  line  in  om«, 
plane  and  a  line  in  the  other  plane  which  shall  be  perpendicular  to 
one  another. 

To  establish  the  prior  proposition,  we  take  some  line 


111  the  first  plane,  and  some  line 


r/ia 


111  the  second  plane.    If  for  any  values  of  p  and  q,  and  for  any  values  of  r 
and  5,  these  lines  can  be  parallel,  we  should  have 


qm2  = 
+  qnz  =p  (rua 


where  the  value  of  //,  is 

(/)2  +  q2  +  2pq  cos  ^u)*  (i-2  +  sa  +  2rs  cos  ^M)"*. 
In  order  that  the  four  relations  rnay  hold,  we  muse  have 


mlt     nlf 

Wig,        /'g, 


I*, 


3,  &, 

4,  fel 


=  0. 
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that  is,  ®  =  0,  a  condition  which  is  excluded.  There  are  no  non-zero  values  of 
p,  q,  r,  s,  satisfying  the  four  relations.  It  is  therefore  not  possible  to  draw  two 
parallel  lines  lying  in  the  respective  planes.  (Should  the  planes  have  a 
common  line,  directions  in  the  respective  planes  parallel  to  that  line  arc 
parallel  to  one  another.) 

To  establish  the  later  proposition,  we  postulate  the  same  two  lines  in  the 
respective  planes.  In  order  that  they  may  be  perpendicular,  we  must  have 


and  therefore 

r(p  cos  0ia  +  q  cos  0M)  +  s  (p  cos  0U  +  q  cos  024)  =  0. 
Also 

r2  +  sa  +  2rs  cos  0M  =  1  ; 

it  is  therefore  possible  to  determine  r  and  s,  whenever  p  and  q  arc  assigned  , 
or  we  can  always  draw  a  line  in  the  second  plane  perpendicular  to  an  arbi- 
trarily assumed  line  in  the  first  plane.  Similarly,  if  a  line  be  arbitrarily 
assumed  in  the  second  plane,  it  is  always  possible  to  draw  a  perpendicular 
line  in  the  first  plane. 


Least  angular  distance  between  lines  in  two  planes. 
92.   We  now  take  a  line 


in  the  first  plane,  and  a  line 


in  the  second  plane,  where  the  disposable  parameters  p,  q,  r,  5,  are  subject  to 
the  two  relations 

jP  +  q2  +  2pq  cos  01Z  =  1,     r*  +  s2  +  2rs  cos  834,  =  1. 
The  inclination  of  the  two  lines  is  given  by 

cos  i/r  =  Z\  +  mfJL  +  nv  +  ktc. 

After  the  preceding  proposition,  •tfr  cannot  be  0  or  IT,  so  that  cosa>fr  cannot 
attain  the  value  unity  ;  but,  by  appropriate  choice,  ^  may  be  made  £TT  or  iJTr, 
so  that  cosaT/r  can  attain  the  value  zero.  We  therefore  seek  a  maximum  value 
for  cos2>/r  ;  and  we  denote,  by  0,  the  associated  value  of  >/r. 

This  maximum  value  is  attained  for  the  possible  range  of  values  of  p,  q,  r,  A-, 
which  are  subject  to  the  two  specified  relations.   The  value  of  cos  i/r  is 

cos  0  =  pr  cos  013  +  ps  cos  014  +  qr  cos  0M  +  qs  cos  0M  • 
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Thus  the  critical  equations  are 

r  cos  0i3  +  s  cos  014  =  A  (p  +  q  cos  012), 

r  cos  BZS  +  *  cos  0M  =  A  (p  cos  0U  +  7), 

p  cos  013  +  7  cos  023  =  5  (r  +  *  cos  #34), 

p  cos  014  +  q  cos  6u  =  B(r  cos  0M  +  s), 

where  initially  4  and  B  are  two  indeterminate  multipliers,  the  values  of 
which  can  however  be  determined  at  once. 

We  multiply  the  first  and  second  of  the  critical  equations  by  p  and  q,  and 
add :  we  multiply  the  third  and  fourth  of  the  critical  equations  by  r  and  *, 
and  add  :  the  results  are 

cos  0=4,     cos0  =  #. 

When  the  values  of  A  and  B  are  inserted,  the  critical  equations  become 

( p  +q  cos  0iz)  cos  0  =  r  cos  013  +  s  cos  014 

(]>  cos  0iz  +  q  )  cos  0  =  r  cos  0M  +  s  cos  0M 

p  cos  ^ig  +  q  cos  023  =  (r  +5  cos  034)  cos  0 

p  cos  014  +  </  cos  024  =  (r  cos  034  +  s  )  cos  0 

Accordingly,  the  value  of  cos  0  is  given  by  the  equation 


COS0  ,       COS0COS012,  COS  0i3       ,  COS  0 


=  0. 


COS0COS012,  COS0  ,  COS  023       ,  COS  024 

COS  0n        ,  COS  023        <  COS  0          ,       COS  0  COS  034 

COS0]4        ,  COS  024        ,       COS  0  COS  034,  COS  0 

When  this  determinant  is  expanded,  we  have 

(1  -  COS2  012)  (1  -  COS2  034)  COS4  0  -  n  COS2  0  +  (COS  013  COS  024  -  COS  014  COS  0^  =  (), 

where 

fl  =  COS2  0W  +  COS2  0i4  +  COS2  0z3  +  COS20M 

+  2  COS  012  COS  034  (COS  0n  COS  02«  +  COS  014  COS  023 ) 
-  2  COS  012  COS  023  COS  031  -  2  COS  023  COS  034  COS  042 

—  2  COS  03i  COS  0i4  COS  043  —  2  COS  0M  COS  042  COS  02i . 

Accordingly,  this  is  the  equation  determining  cos20.  It  is  a  quadratic  in  cos2  0, 
not  linear,  as  might  have  been  expected  from  the  earlier  analysis. 

We  proceed  to  some  inferences  from  the  equation, 

93.    When  we  recur  to  the  expression  (§  81)  for  the  magnitude  0,  which 
vanishes  when  the  four  directions  lp ,  mp ,  np ,  kp  (for  p  =  1 ,  2,  3,  4)  lie  in 
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one  flat  and  which  (being  equal  to  E2)  otherwise  is  positive,  we  have 

II  +  &  =  1  -  C08a012  -  C0820M 

+  COS*  0iz  COS2  034  +  COS2  #13  COS2  024  +  COS2  014  COS2  023 
-  2  COS  0]3  COS  0i4  COS  023  COS  024 
=  (1  -  COS2012)  (1  -  COS20M)  +  (COS  0I3  COS  0a4  -  COS  0M  COS  023)2. 

Also 

COS  013  COS  024  —  COS  014  COS  023 


2  634  +  Cla  C34  +/12/34 

=  sin  0i2  sin  0M  cos  0, 
where  </>  is  the  inclination  of  the  planes.    Hence 

fl  +  <H)  =  sin20iz  sina034(l 
The  result,  obtained  in  §  92,  was 

sin2  0i2  sin2  034  cos4  0  —  H  cos2  0  +  sin2  012  sin2  034  cos2  0  =  0. 

We  therefore  have 

«  >  cosa  0       =         cog2          g2  e  _  c 
sin2  012  sin2  034     v  /v  r/ 

Now  when  f)  is  not  zero,  so  that  the  two  places  do  not  lie  in  one  and  the 
same  flat  and  no  line  in  one  plane  can  be  drawn  parallel  to  a  line  in  thu 
other,  whatever  lines  be  chosen,  0  cannot  be  equal  to  zero,  thus  1  —  cos20 
cannot  be  zero.  Hence 

cos20  >  cosa<£; 

and  therefore,  taking  for  </>  an  inclination  less  than  JTT, 


But  whatever  value  be  chosen  for  0,  we  cannot  have  0  equal  to  0,  that  is,  the 
minimum  angle  between  two  lines  appropriately  chosen  in  the  respective  plane* 
is  not  equal  to  the  inclination  of  the  planes  when  they  meet  in  a  point  and  not 
in  a  line. 

Next,  suppose  that  the  planes  do  meet  in  a  line  and  not  merely  in  a 
point.   Then 

0  =  0: 

consequently  cither  cos20  =  I,  or  cos20  =  cos2^.  Now,  on  the  present  hypothesis 
that  the  planes  meet  in  a  line,  cos20  =  1  provides  a  maximum  value  for  cos2^-, 
where  ^r  is  the  inclination  of  two  lines  drawn  in  the  respective  planes  :  it  arises 
when  two  lines  are  drawn  parallel  to  the  direction  of  intersection.  Manifestly 
it  is  a  value  irrelevant  to  the  inclination  of  the  planes.  The  alternative  is 

cos2  0  =  cos2  0, 
or  </>  =  0  :  that  is,  the  inclination  of  the  planes  is  measured  by  the  inclination 
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of  the  two  directions  providing  a  minimum  value  of  cos2i^.  And  it  has  already 
(p.  148)  been  pointed  out  that,  in  such  circumstances,  the  plane  through  the 
two  selected  directions  is  perpendicular  to  the  direction  of  intersection. 

We  shall  return  later  (§  109)  to  the  consideration  of  the  critical  equations 
which  serve  to  determine  p,  q,  r,  s. 

Ex.  1.   Two  i>liine.s,  which  meet  in  the  origin  only  and  not  in  a  line  through  the  origin, 
.ire  given  by  the  equations 


v  =  rj}  +  si/  I         v  =  /.£  +  ay  J 

A  line  is  drawn  in  the  first  plane,  and  another  in  the  .second  plane,  and  their  inclination 
IM  0-  prove  that  the  minimum  value  of  cos20  is  given  by 


when1 

fii,     C  =p<l  +IM  ,     B 

/J,     6"=/>Y/+rY,     /r 


.11  id  12  denotes 

A(A'd£-^ 
Obtain  the  relations 

«d-bc=T,     AB-C*=S,     A'H'-C'*=S\ 
whem  <S',  *S",  T  ,ue  the  quantities  of  $  84  ,  and  bring  the  foregoing  equation  into  the  form 


.^  TL     =  (1  -  ^  6}  (cos2  e  -  co.'  0), 

whcie  0  la  the  incliDatiou  of  the  two  planea  to  one  another. 

Ex.  2.    Find  the  angle  bet  \\eon  the  planes  XO  V  and  OCa  in  the  figure  on  p.  7 

Another  expression  for  the  inclination  of  two  planes. 

94.  The  expression  for  the  inclination  of  two  planes,  of  which  the  re- 
spective orientation-cosines  are  a,  b,  c,  f,  g,  h,  and  a',  b7,  c',  f,  g7,  h',  has  been 
obtained  in  the  form 

cos  (f>  =  aax  +  bb'  +  cc'  +  ff  +  ggy  +  hh7. 
When  the  planes  are  given  in  their  canonical  forms 


v  =  h  +  rx  +  at/\  '      v  =  h'  +  r'x  +  s'y\  ' 
the1  expression  is 

&St7cos</>  =  7', 
where 

Af1  =l+jJ2   +9a  H-?-2  +.S2  +(^  -^r)2, 

T   =I  +  pp'  +  qq'  +  rr'  +  ss'  +  (piS   -qr)(p's'  -q'r'), 
S'2  =  1  +p'z  +  q'2  +  r'2  +  s'2  +  (j>Y  -  q'rj. 

But  an  expression,  having  a  somewhat  more  obviously  geometrical  form, 
can  be  given  for  the  former  value  of  cos</>,  when  the  planes  have  their 
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equations   in   either   of  the  customary  non-canonical  forms.     When  their 
equations  are 


x  —  a,    y  —  bt    z  —  ct    u  — 


nil  ,      HI  , 
w2  ,      MI  , 


=  0, 


—  a,    y  —  b',    z  —  c',    v  —  d' 


=  0, 


m4  ,       »4  ,        £4 

we  denote  by  flv  the  inclination  of  the  directions  lt,  mt,  ntt  klf  and  Z,,  mjt  njt  k}, 
so  that 

COS  fly  =  Mj  +  WZt7Wj  +  7ttHj  +  A;,  ^;, 

for  all  the  values  of  i  and  j.   Then,  as 

—  ?i3m4 


sm  612      '  sin 

and  so  for  the  other  orientation-cosines,  we  have 

ain  fl12  sin  0&  cos  <f>  =  U, 
where 

£7= 

bhe  summation  being  over  all  the  pairs  of  corresponding  symbols  from  the 
two  planes.    Now 

(Z,  wz  -  wilt)  (/3m4  -  maiA) 


and  similarly  for  each  of  the  other  products  ;  hence 


=  cos  013  cos  flM  —  cos  &2S  cos  fl14. 

Consequently  the  inclination  0  of  two  planes,  one  through  the  directions 
Ji,  mi,  HI,  ki,  and  J2|  m2,  wz,  /;2,  the  other  through  the  directions  13,  7ii3l  ??3,  A:3l 
and  Z4,  m4,  7?4,  ^4,  is  given  by 

sin  Oiz  sin  0M  cos  </>  =  cos  fl13  cos  fl24  —  cos  023  cos  fl14. 
Similarly,  when  the  two  planes  are  given  by 


and  when  ^  is  the  inclination  between  the  normal  to  the  flat  %Llx  =  P,  and 
the  normal  to  the  flat  'SlLJx  =  PJ,  so  that 

cos  *„  =  L,L3  +  M,  M3  +  N*N,  +  K,K3, 
the  inclination  0  of  the  planes  is  given  by 

sin  ^12  sin  ^M  cos  </»  =  cos  ^u  cos  ^24  —  cos  ^u  cos  ^14. 

Ex.   Shew  that  if  the  planes  12  and  34  meet  in  a  point  only,  the  planes  23  and  14  also 
meet  in  a  point  only,  and  likewise  the  planes  31  and  24. 

Prove  that,  if  the  respective  inclinations  of  these  pairs  of  planes  are  0,  g,  ^,  they  satisfy 
the  relation 

.sin  12  sin  34  cos  0  +  sin  23  sin  14  cos  x+siii  31  sin  24  cos  i/r  =0. 
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The  relation  of  parallelism  between  two  planes. 

95.  The  conditions  for  the  parallelism  of  two  planes  have  already  (§§  43, 81) 
been  set  out ;  consequently,  their  discussion  in  connection  with  the  expression 
for  the  inclination  of  the  two  planes  can  be  brief.  The  condition  for  parallelism, 
in  this  connection,  is 

0  =  0, 
and  therefore 

cos  0  =  1. 

When  the  equations  are  given  in  their  canonical  forms,  this  condition 
requires 

SS'=T, 
that  is, 

{1  +  p2  +  (f  +  r2  +  s2  +  (ps  -  ryr)2}  [1  +  p*  +  q*  +  r'2  +  sz  +  ( jj V  -  q'r)*\ 

=  {1  +  pp  +  qq  +  rr'  +  ss  +  (ps  -  qr) (ps  -  </V)]2, 
:i  relation  which  can  only  be  satisfied  if 

p'  —  pt     q  =  q,     r  —  r,     s'  =  ,v. 

These  are  the  conditions  already  (§81)  stated  for  this  form. 
For  any  non-canonical  form,  the  condition  of  parallelism  is 

aa'  +  bb'  +  cc'  +  ff '  +  gg'  +  hh'  =  1, 
with  the  conditions 

a2  -I-  b2  +  c2  +  f 2  +  g2  +  h2  =  I  =  a'2  +  b'2  +  c'2  +  f /2  +  g'3  +  h'a. 
These  equations  require  the  relations 

a'=a,     b'  =  b,     c'  =  c,     f'-f,     g'  =  g,     h'  =  h; 
that  is,  for  one  of  the  usual  non-canonical  forms, 


sin  034  sm012       '         sin  034  sin  0,. 


sin  0M  sin  0i2        '          sin  034  sin0i; 

lain^  —  7Hj/4        limz  —  viiZj         Hak^  —  kaii^       n\k%  —  } 

SH10M  sin012  sin  034       ~~      sin0ia 

Hence 

:0: 


'i      >  w*i        ,  HI       ,  k\ 

I>2          ,  //i2  ,  "2          ,  kz 

and  therefore  the  parallel  to  any  direction  in  the  second  plane,  which  has 
£3,7713,713,^3,  and  £4|  m4,  n4l  A-4|  for  guiding  lines,  is  contained  also  in  the  first 
plane :  a  property  characteristic,  unique  and  complete,  of  the  parallelism. 

If  the  two  planes  meet  in  a  point  only,  there  is  no  direction  in  either 
plane  which  has  a  parallel  in  the  other.   When  such  directions  are  possible 
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where 


In  order  that  these  equations  may  coexist,  it  is  necessary  that  the  relation 

=  0 


I,       ?H4,       OT4, 

shall  be  satisfied .  and  the  relation  is  not  satisfied  when  the  two  planes  meet 
in  a  point  only.  In  that  circumstance,  neither  plane  contains  a  direction 
parallel  to  a  direction  in  the  other  plane. 

If  the  two  planes  do  not  meet  in  a  point  only,  but  meet  in  a  line  (which 
may  lie  at  infinity),  a  guiding  direction  common  to  the  two  planes  can  be 
selected,  being  the  direction  of  this  line ;  let  it  J>c  I,  m,  n,  k.  When  another 
guiding  direction  for  the  first  plane  is  lz,  m2,  ng,  k2,  and  another  guiding 
direction  for  the  second  plane  is  £4,  m4l  n4l  £4|  a  direction  in  the  first  plane 
din  be  parallel  to  the  second  plane,  if 

\l 


\m  +  pm*  =  <r 
\n  +  fjLiiz  =  <7  (an  H- 
X£  +^2  =<r(ak 
These  equations  can  be  satisfied,  if 


that  is,  if  all  parallel  directions  in  the  two  planes  are  parallel  to  /,  nit  n,  k  • 
that  is  effectively,  if  there  is  no  such  direction  which  is  not  parallel  to  the 
common  line.  Or  they  can  be  satisfied,  if 


k, 
k 


nz, 


=  0 


so  that,  now,  every  line  in  the  second  plane  finds  a  parallel  direction  in  the 
first  plane :  the  two  planes  are  coincident,  if  their  common  line  is  in  the 
finite  part  of  space :  they  are  parallel,  if  their  common  line  lies  at  infinity. 
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These  results  may  therefore  be  summarised  as  follows: 

(i)    if  two  planes  meet  in  a  point  only,  there  exists  no  direction  in  cither 

parallel  to  a  direction  in  the  other . 

(ii)   if  two  planes  meet  in  a  line,  every  direction  in  one  parallel  to  that 
line  is  parallel  to  every  direction  in  the  other  parallel  to  the  line  , 
and  such  directions  may  be  the  only  parallel  directions : 
(iii)  if  two  planes  meet  in  a  line  not  at  infinity,  they  may  be  coincident- 
(iv)  if  two  planes  meet  in  a  line  at  infinity,  they  may  be  parallel. 

The  relations  between  two  planes  at  right  angles. 

96.  The  condition,  that  two  planes  may  be  regarded  as  being  at  right 
angles,  is  that  the  quantity  0  shall  be  £TT  ;  and  therefore  we  have 

COS  013  COS  024  —  COS  023  COS  Ou  =  0 

,is  a  necessary  condition ;  with,  of  course,  the  equivalent  condition  T=  0,  whrn 
the  equations  of  the  plane  are  in  canonical  form. 

We  have  already  seen  (§  67)  that  there  are  two  kinds  of  relation  in 
which  planes  can  be  regarded  as  at  right  angles.  In  one  type  of  relation, 
every  line  in  either  plane  is  perpendicular  to  every  line  in  the  other  plane , 
in  the  other  type  of  rel.ition,  one  direction  certainly  (and  consequently  every 
parallel  direction)  is  perpendicular  to  every  direction  in  the  other  plane.  We 
may  note  a  third  type  of  relation :  because,  given  any  arbitrary  direction  m 
one  plane,  there  will  be  some  direction  perpendicular  to  it  in  the  other 
plane.  It  therefore  is  desirable  to  investigate  the  types  of  relation  in  which 
two  planes  must  stand  so  that  they  can  be  regarded  as  being  at  right  angles 

We  shall  take  a  common  point  of  the  planes  as  origin ;  and  we  represent 
the  two  planes  by  the  two  sets  of  equations 


y, 


=  o,   i 


n2, 


•*', 


"4, 


=  0. 


Typical  directions  in  the  first  plane  and  in  the  second  plane  are  given  by 

respectively. 

The  third  type  of  relation  requires  only  brief  consideration.  When  a 
direction  X,  fi,  vt  K,  is  arbitrarily  assumed  in  the  first  plane,  a  perpendicular 
direction  X',  //,  v ,  K,  can  be  obtained  in  the  second  plane.  The  necessary 
condition  is 

7  (a  cos  0i3  -i-  /3  cos  023)  +  S  (a  cos  014  +  /9  cos  024)  =  0 ; 

and  therefore,  as 

72  +  S2  + 278003  034=1, 
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we  have  values  of  7  and  S,  that  are  unique  (save  as  to  sign)  :  that  is,  we  have 
a  direction  X',  //,  i/,  K,  in  the  second  plane,  unique  (save  as  to  sense),  and 
perpendicular  to  X,  p,  v,  tc. 

Similarly,  if  a  direction  X',  //,  i/,  K,  is  arbitrarily  assumed  in  the  second 
plane,  we  can  find  a  direction  in  the  first  plane,  unique  (save  as  to  sense), 
and  perpendicular  to  X',  p,  v',  re'. 

Thus  there  is  nothing  distinctive,  arising  out  of  this  kind  of  relation: 
there  is  no  limitation  of  any  nature  upon  the  planes.  This  property  is  merely 
an  incident  common  to  any  pair  of  planes:  it  is  ignorable  as  regards  any 
relation  of  perpendicularity  for  the  whole  of  the  first  plane,  or  the  whole  of 
the  second  plane,  or  both,  because  it  is  concerned  only  with  single  lilies. 

There  remains  the  consideration  of  the  other  two  types  of  relation. 

Perpendicular  planes. 

97.  We  have  seen  (§§  33,  67)  that  a  line  can  be  perpendicular  to  every 
direction  in  a  plane,  and  yet  be  not  unique  in  the  possession  of  that 
property.  We  have  also  seen  (§  22)  that  the  locus  of  lines  through  a  point 
perpendicular  to  a  given  line  is  a  flat,  so  that  every  plane  in  the  fiat  is 
perpendicular  to  the  line  :  yet  no  plane  in  the  flat  is  unique  in  the  possession 
of  that  property.  We  therefore  proceed  to  enquire  in  what  circumstances 
a  line  or  lines  in  one  plane  can  be  perpendicular  to  every  direction  in  the 
other  plane. 

Consider  the  direction  X',  /L',  v',  K,  in  the  second  plane.  If  it  is  per- 
pendicular to  every  direction  in  the  first  plane,  the  relation 

X'  (all  +  plz)  +  p  (awi!  +  pmz)  +  v  (a«i  +  £nz)  +  *'  (aki  +  /3k2)  =  0 
must  be  satisfied  for  all  values  of  a  and  @,  subject  to 


Among  these  possible  values  are  a  =  1,  /9  =  0  ;  and  a  =  0,  /8  =  1  ,  which  lead 
to  the  respective  relations 


Conversely,  when  these  are  satisfied,  we  have 


for  all  values  of  <x  and  0  :  that  is,  the  two  relations  secure  the  property  that 
the  direction  X',  p,  i/,  *',  in  the  second  plane  is  perpendicular  to  every 
direction  in  the  first  plane. 

When  we  substitute  the  values  of  X',  //,  i/,  *',  the  relations  become 


7  cos  0i3  +  S  cos  014 

7  COS  0M  +  S  COS  024 


.01 

-or 
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while 

72  +  ^  +  278  cos  0M=1, 

an  equation  which  precludes  the  possibility 

7  =  0,     8  =  0. 
It  follows  that,  if  both  relations  exist,  we  must  have 

COS  0U  COS  024  —  COS  023  COS  0U  =  0  , 

and  when  this  relation  is  satisfied,  the  two  relations  are  equivalent  to  one 
only.  That  single  surviving  equation,  together  with  the  relation 

7*+  52+278003034=1, 

determines  values  of  7  and  8  that  are  unique  save  as  to  sign ;  and  con- 
sequently, under  the  assumptions  made,  there  is  a  single  direction  in  the 
second  plane  perpendicular  to  every  direction  in  the  first  plane.  And  the 
assumptions,  which  have  been  made,  are,  firstly, 

COS  013  COS  024  —  COS  023  COS  014  =  0  , 

and  secondly,  that  both  the  relations 

7  COS  0i3  +  8  COS  014  =0,        7  COS  023  +  8  COS  024  =  0, 

exist,  that  is,  arc  not  evanescent. 

Now  it  might  happen  that  one  of  these  two  relations  is  evanescent.  If  it 
were  the  first,  we  should  have 

cos  013  =  0,     cos  0,4  =  0  , 
and  if  it  were  the  second,  we  should  have 

COS  023  =  0,       COS  024  =  0, 

all  four  conditions  being  necessary  to  reduce  both  relations  to  evanescence. 
We  might  have  the  first  relation  evanescent,  and  then  the  direction 
Ji,  wii,  rij,  fcj,  is  perpendicular  to  the  second  plane:  that  is,  every  direction  in 
the  second  plane  is  perpendicular  to  the  particular  direction  lly  mi,  HI,  ki,  in 
the  first  plane.  In  order  that  the  particular  direction  X',  p\  i/,  *',  may  be 
perpendicular  to  the  direction  12,  wi2,  nz,  ^2,  (and  therefore,  now,  perpendicular 
to  the  first  plane),  we  must  have 

7  cos  023  +  5  cos  024  =  0  • 

a  non-evanescent  relation  which  serves  for  a  determination  of  7  and  8, 
unique  save  as  to  sign :  that  is,  there  is  a  single  line  \',  pt  i/,  K,  perpendicular 
to  the  first  plane. 

We  could  even  have  cither  cos  023  —  0,  and  then  8  =  0,  that  is,  the 
direction  13,  w3,  wa,  &3,  is  perpendicular  to  the  first  plane:  or  cos  024  =  0, 
and  then  7  =  0,  that  is,  the  direction  £4>  w4,  n4,  £4,  is  perpendicular  to  the 
first  plane.  In  each  set  of  conditions,  the  relation 

COS  0i3  COS  024  —  COS  0n3  COS  0M  =  0 
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is  satisfied,  and  the  two  relations 

7  COS  0i3  +  £  COS  0j4  =0,       7  COS  028  +  S  COS  024  =  0, 

do  not  simultaneously  become  evanescent:  and,  for  each  set  of  conditions, 
there  is  one  (and  there  is  only  one)  direction  in  the  second  plane  perpendicular 
to  the  first  plane. 

98.  But  now,  when  these  conditions  are  satisfied,  there  is  a  reciprocal 
inference:  there  is  one  (and  there  is  only  one)  direction  in  the  first  plane 
perpendicular  to  the  second  plane.  The  direction  X,  p,  v,  K,  in  the  first  plane 
is  perpendicular  to  the  direction  Z3,  w3j  ?i3,  Ic3,  in  the  second  plane  if 

2\Z3  =  a  cos  013  +  0  cos  028  =  0. 
But  owing  to  the  relation 

COS  013  COS  024  —  COS  023  COS  0J4  =  0, 

we  now  have 

a.  cos  0U  +  ft  cos  024  =  0. 

Hence  the  direction  X,  p.,  v,  K,  chosen  perpendicular  to  the  direction 
IT,  jn3t  n3,  k>j,  is  perpendicular  also  to  the  direction  £4)  m4,  v*4,  A;4:  that  is, 
it  is  perpendicular  to  the  second  plane.  Moreover,  the  relations 

a  cos  0H  +  /3  cos  023  =  0,    a2  +  £2  +  2a/3  cos  0I8  =  1, 

determine  values  of  a  and  /3,  which  are  unique  save  as  to  sign;  that  is,  undei 
the  set  of  conditions,  there  is  one  (and  there  is  only  one)  direction  in  the  first 
plane  perpendicular  to  the  second  plane. 

But,  in  order  that  these  results  may  follow,  it  is  necessary  that  not  both 
the  equations 

7  cos  0i3  +  8  cos  0i4  =  0,     7  cos  023  +  S  cos  024  =  0, 

shall  be  evanescent — one  may  be  evanescent,  but  not  both.  There  is  also 
a  necessity  that  not  both  the  equations 

a  cos  013  +  /3  cos  023  =  0,     a  cos  0M  +  0  cos  024  =  0, 
shall  be  evanescent — one  may  be  evanescent,  but  not  both. 


Orthogonal  planes. 
99.    If  both  equations  in  the  first  pair  are  evanescent,  then 

COS  0ia  =  0,       COS  0i4  =  0,       COS  023  =  0,       COS  024  =  0. 

Should  these  conditions  be  satisfied,  then  both  the  equations  in  the  second 
pair  are  evanescent.  The  conditions  are  necessary  and  sufficient  to  secure 
tbat  both  pairs  of  equations  are  evanescent ;  and,  of  course,  the  condition 

COS  0U  COS  024  —  COS  023  COS  014  =  0 
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is  satisfied.    We  now  have 

5\V  =  2  (aZi  +  ^a)  (7*3  +  ^4) 

=  ay  cos  013  +  Py  cos  0B  +  aS  cos  0M  +  £8  cos  0M 
=  0: 

or  every  direction  in  the  first  plane  is  perpendicular  to  every  direction  in  the 
second  plane. 

Thus  there  are  two  kinds  of  relation  of  perpendicularity  possible  between 
two  planes.  In  one  kind  of  relation,  each  plane  contains  one  (and  only  one) 
direction  perpendicular  to  every  direction  in  the  other  plane.  In  the  alter- 
native kind  of  relation,  every  direction  in  cither  plane  is  perpendicular  to 
every  direction  in  the  other  plane. 

Accordingly,  we  define  two  planes  as  orthogonal  to  one  another,  when 
every  direction  in  either  plane  is  at  right  angles  to  every  direction  in  the 
other  plane ;  and  we  define  two  planes  as  perpendicular  to  one  another  when 
each  plane  contains  one  (but  only  one)  direction  at  right  angles  to  every 
direction  in  the  other  plane.  Finally,  when  two  planes  arc  such  that  each 
contains  only  one  direction  at  right  angles  to  any  arbitrarily  assumed  direction 
in  the  other — a  selection  that  always  is  possible — we  do  not  regard  this 
incident  of  isolated  perpendicularity,  which  is  common  to  all  planes  in  pairs, 
as  constituting  a  relation  of  perpendicularity. 

The  conditions  for  orthogonality  arc 

COS  013  =  0,       COS  0M  =  0,       COS  023  =  0,       COS  024  =  0. 

If  the  four  quantities  cos  013,  cos  014)  cos  023,  cos  024,  do  not  necessarily  vanish 
individually,  yet  satisfy  the  equation 

COS  013  COS  024  —  COS  02S  COS  014  =  0, 

the  planes  are  perpendicular.  This  single  relation  is  the  condition  for 
perpendicularity. 

NOTE.  We  have  seen  that  it  is  possible  to  draw  a  line  in  one  plane 
parallel  to  a  line  in  another  plane,  only  if  they  lie  in  one  flat :  an  extreme 
case,  when  the  directions  arc  not  unique,  arises  when  the  two  planes  are 
parallel. 

On  the  other  hand,  it  is  always  possible  to  find  one  line  in  a  plane  and 
one  line  in  another  plane  such  that  the  two  lines  are  at  right  angles.  When 
the  planes  are  perpendicular,  any  line  can  be  taken  in  one  plane,  and  there  is 
one  line  in  the  other  at  right  angles  to  every  such  line.  When  the  planes  are 
orthogonal,  every  line  in  either  is  at  right  angles  to  every  line  in  the  other. 

If,  then,  x  denote  the  inclination  of  a  line  in  one  plane  to  a  line  in 
another  plane,  usually  cos2£  cannot  be  equal  to  unity:  a  condition  is  required 
if  cosax  can  be  equal  to  unity.  But  lines  can  always  be  chosen  so  that  cos*£ 
can  be  equal  to  zero.  It  is  therefore  to  be  expected  that,  when  two  planes  are 
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arbitrarily  chosen,  there  will  be  a  minimum  value  of  cos2^  different  from 
zero  ;  the  investigation  of  this  value  has  already  (§  93)  been  effected,  and  it 
shews  that  the  angle  %  is  not  equal  to  the  inclination  of  the  two  planes  when 
they  do  not  lie  in  one  and  the  same  flat. 


1     Show  that  the  plancn 


are  orthogonal,  provided 


) 


1+rr' 


Kx  2.   A  piano  is  drawn  through  a,  0,  7,  8,  orthogonal  to  the  plane  x  — 
obtain  its  equations  in  the  form 


Ex.  3.    If  two  planes  meet  in  a  line,  the  pianos  through  any  point  respectively  orthogonal 
to  them  also  meet  in  a  line. 

Ex  4.   If  two  planes  are  orthogonal,  a  plane  meeting  each  of  them  in  a  line  is  per- 
pendicular to  both 

Ex.  5.   Prove  that  all  planes,  through  a  direction  J3l  m,.-,,  n-i,  k^  and  perpendicular  at 
the  origin  to  the  plane 


lie  in  the  flat 


ma,     n.2) 


)  cos  fln  =  (^  x'  +  wiiy  +  w,  «  +  £j  v)  cos  ^23  . 


Ex.  6.   The  planes,  having  orientation-cosines  a,  b,  c,  f,  g,  h,  and  a',  V,  c',  f,  gf,  li', 
respectively,  are  orthogonal  to  one  another  ;  prove  that 

ft'--«-  =  f'-8'.- 
f      g~h~~a      b      c" 

Hence  (or  otherwise)  shew  that,  if  two  planes  are  perpendicular,  the  planes  respectively 
orthogonal  to  them  also  are  perpendicular  to  one  another. 


Ex.  7.   Shew  that  the  two  planes 


X       Z      .  V 

—     mn  a  — i  cos  a  =  0 
a      c  a 


•[  +  -  cos  a  -  -j  sin  a  =  0 
be  a 

constitute  the  intersection  of  the  region 


-  +  -  sin  ft  -  ^  cos  /3=0 
a      c  a 


by  the  flat 


and  that  they  themselves  meet  in  the  line 
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Prove  that  two  planes  of  the  first  family,  for  different  values  of  a,  meet  in  the  origin 
only;  and  likewise  two  planes  of  the  second  family,  for  different  values  of  ft. 

Prove  also  that  the  two  given  planes  are  perpendicular  to  one  another,  for  parametric 
values  of  a  and  ft  connected  by  the  relation 


)  sin  a  sin  ft  +  (b^d*  —  a'2c2)  cos  a  cos  ft. 
Ex.  S.   Prove  that  there  are  no  real  values  of  the  quantities  a,  ft,  y,  d,  for  which  the  region 

a*  ft+y  *~5  =  f 

can  contain  planes,  unless  f =0  .  and  that,  if  c=0,  and  if  the  region  contains  straight 
lines,  two  of  the  four  quantities  a,  j9,  y,  d,  are  positive  and  two  are  negative. 

Prove  also  that,  when  the  last  requirements  arc  satisfied,  two  (and  only  two)  contained 
lines  pass  through  every  point  of  the  region. 
Ex.  9.  Given  five  flats 

Lr x  +  MTy  +  NTz  +  Kv v  -  P, = 0, 

('/•  =  !,  2,  3,  4,  5),  no  four  of  which  intersect  in  a  line .  prove  that,  if  pr  be  the  perpendicular 
upon  the  flat  *S,LTx=  PF  from  the  intersection  of  the  remaining  four, 

n          r  \f          JIT          jf 

/  1 ,       /,j ,       Jf , ,       JVl ,       A  ! 


Kv 


P**       A,, 
A,       A, 


t,    Nt,    K, 


where  Zra  +  jyrz+-A^2  +  Jrra  =  l,  and  r,  «,  /,  M,  v,  are  1,  2,  3,  4,  5,  taken  cyclically. 
Shew  that  the  inclination  of  the  edge 

2Z3^- 7*3  =  0,     2Z4#-P4=0, 
of  the  pcntahcdroid  to  the  opposite  face 

is  given  by 
whore 


sin2  6  sin8  u  =  cos2  a  +  cos2  /3  -  2  cos  a  cos  ft  cos  a, 


A  cos  a  = 


and 


LI,     £31     -£41 


,     Acos/9  = 


2,       J/3, 


Orthogonal  planes :  orthogonal  frames  of  reference* 

100.  One  important  property  of  any  couple  of  orthogonal  planes  is  an 
inference  from  the  conditions,  first  as  regards  orthogonality,  and  next  as 
regards  the  modification  of  guiding  lines  in  a  plane  without  affecting  the 
orientation  of  the  plane. 

11—2 
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Let  the  two  planes,  as  before,  be 
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x      y 


z  , 


=  0, 


la, 


0. 


The  conditions  of  orthogonality  are 


cos  013  =  2Ma  =  0,   003014  =  2^4  =  0,   cos  023  =  2J2  ^3  =  0,   cos  0M  =  2^4  =  0  ; 

and  whatever  guiding  lines  be  substituted  for  those  specified  in  the  first 
pair  of  equations,  with  equally  free  substitution  of  guiding  lines  for  those 
specified  in  the  second  pair  of  equations,  the  condition  of  orthogorali"ty 

2  (01*!  +  ^)  (7*3+8^  =  0 
is  satisfied. 

We  can  substitute  for  the  two  directions  Zlf  mi,  HI,  kj,  and  lz,  w2,  nz,  &2, 
any  pair  of  perpendicular  lines  lying  in  the  first  plane.  The  choice  of  per- 
pendicular lines  can  be  made  in  an  unlimited  number  of  ways  :  thus  we  could 
keep  the  direction  li,  ?MI,  nlt  klt  unaltered,  and  could  substitute,  for 


12  —  li  cos  612 


2  —  nil  coa  012       nz  —  HI  cos  012 
'          sin  ^12        ' 


2  —  ki  cos  012 


a  direction  which  is  perpendicular  to  the  retained  direction  :  or  we  could 
retain  the  direction  12,  mz,  nz,  k2,  and  similarly,  for  h,  mi,  nit  kit  substitute 
the  perpendicular  direction 

/x  —  lz  cos  #i2       mi  —  mz  cos  01Z       tt^  —  nz  cos  012       ki  —  k%  cos  012 
sin  612      '  sin  #12         '  sin  6/12        '  sin  012 

Similar  changes  can  be  made  in  the  assignment  of  guiding  lines  for  the 
second  plane  without  affecting  the  orientation. 

Consequently  it  may  be  assumed,  without  any  loss  of  generality  or  effect 
upon  the  respective  orientations  of  the  two  planes,  that  the  two  guiding  lines 
for  each  plane  are  perpendicular  to  one  another.  Therefore,  assuming  that 
such  guiding  lines  have  been  selected,  we  have 

cos  BIZ  =  0,     cos  034  =  0. 
The  orthogonality  is  not  affected,  so  that  the  relations 

COS013  =  0,       COS  014  =  0,       COS  023  =  0,       COS024=0, 

still  hold.  Thus  there  are  four  directions  through  the  origin,  which  are 
perpendicular  to  one  another  in  all  the  six  pairs. 

We  therefore  infer  that  any  two  orthogonal  planes  belong  to  an  orthogonal 
frame  of  reference. 

Further,  as  It,  m^  n4,  fc4,  is  a  direction  perpendicular  to  the  other  three 
directions,  it  is  normal  to  the  fiat  through  the  origin  determined  by  those 
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three  directions.  Similarly  for  each  of  the  four  directions  in  turn.  Hence  the 
flats  of  reference,  in  any  orthogonal  frame  to  which  two  orthogonal  planes 
belong,  arc  the  flats  perpendicular  to  the  four  determining  directions ;  bhcir 
four  equations  are 

lrx  +  mry  +  nrz  -f-  krv  =  0, 

for  r  =  1,  2,  3,  4,  the  origin  being  at  the  intersection  of  the  planes. 


Amplitudes  generated  by  the  projecting  lines  in  the  process  of  projection. 

101.  Brief  notice  may  be  taken  of  the  amplitudes  which  can  be  constituted 
from  the  array  of  lines  projecting  a  given  line,  point  by  point,  upon  another 
amplitude. 

(A)    When  the  line 


is  projected  upon  ihcflat 


the  direction-cosines  of  any  projecting  line  are  L,  M,  N,  K.  When  a  point 
fi  *7>  f,  v,  on  the  given  line  is  taken,  so  that 

f  =  a  +  \p,     i)  =  /3  +  pp,     £  =  7  +  vp,     v  =  8  +  icp, 
the  equations  of  the  projecting  line  from  f  ,  ?;,  f,  v,  are 

ff-f  =  /,tf,     y-7,=MR,     z-S=NR,     v- 
and  therefoie  x,  y,  z,  v,  lies  upon  the  plane 

x  -a,     y-/3,    z-y,     v-8     =0, 

\       ,  JJ,      ,  V      ,  K. 

L    ,       M  ,      N  ,       K 

which  accordingly  is  thu  amplitude  generated  by  the  projecting  lines. 
Manifestly  it  is  the  plane  through  the  given  line  and  a  direction  through 
a,  /9,  7,  8,  normal  to  the  flat. 

(B)    When  the  line 


\  fj, 

is  projected  upon  the  plane 


?  —  c,     v  — d     =0 


ma  , 
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the  foot  of  the  perpendicular  upon  the  plane  from  any  point 
£,11,6  v,  =  a  +  X/E>,  p  +  pp,  y  +  vp,  S  +  icp, 
upon  the  line  has  X,  Y,  Z,  V,  for  coordinates,  where  (§  69) 

X  =  a  +ph  +  ql*,     Y=b  +  pml  +  qm2t     Z  =  c-\-pt^  +  qiiz,     V  =  d  +  pki  +  qk> 
and 
p  =  -=—  j-  [S^  (a  —  a)  —  {S/2  (a  —  a)}  cos  a>  +  p  (cos  7  —  cos  5  cos  eu)]  =  A  +  pC, 

q  =    .        [2J2(«  —  a)  -  {S/i  (a  —  a)]  cos  ai  +  p  (cos  8  -  cos  7  cos  to)]  =  B  +  pD, 

SHI   CO 


cos  7  =  2£i  X,     cos  8  =  2^2  \     cos  01  =  ^^/2. 
Now  along  the  line  of  projection,  any  point  is  given  by 

a-  f  .  -V  -  5  _  g~  f  _  v~v  =() 
X-£      Y-rj     Z-t      V-v      Vi 

so  that 


=  a(l  -  Q)  +  Q  {a  +  ft  A  +  «2fl)}  +Qg(liC  +  l,D)  +  \p(l-  Q), 
that  is, 

*  -  «  =  <2  KM  +  k-B)  -  («  -  o)l  +  Q/i  ft  C  +  ltD)  +  p-(l  -  Q)\, 
with  three  similar  equations  Hence 

SZiOc-  a)  =  Q  {(4  +  Ucosw)  -  S/!(a  -  a)} 

+  Qp  (C  +  D  cos  w)  +  p  (1  -  Q)  cos  7 
=  p  cos  7  ; 

and  similarly 

S/2  (#  —  a)  =  p  cos  S. 

Hence  the  array  of  projecting  lines  lies  in  the  flat 

(2I.X)  2d  (x  -  a)  =  (2/!\)  2l,(s  -  a). 
Again,  writing  the  four  equations  in  the  form 
x=QL  +QPL' 


v  =  QK+  QPK'  +  p  (1  -  Q)  *  +  8  (1  -  Q), 
we  have 
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N,     N',     V,     y 

K,    K',    «,    8 

x  ,     L' ,    X,     a 

z  ,    N',    v,    7 

v ,  K;  K,  & 

with  similar  expressions  for  A2,  A3,  A^.   Consequently 


L,    L',    \,    « 


The  former  can  be  changed  so  as  to  become  the  foregoing  equation  of  the 
containing  flat.  As  each  of  the  expressions  A,,  A2,  A3,  A4,  is  linear  in  x,  yt  z,  v, 
the  latter  is  a  quadratic  region. 

Hence  the  locus  of  the  projecting  lines  is  the  section  of  this  quadratic 
region  by  the  flat-  that  is,  ib  is  a  quadric  surface,  which  manifestly  must 
be  a  ruled  quadric  surface  in  a  space  of  three  dimensions. 

(C)   When  the  line 

x  —  a     y  —  ft     z  —  7     v  —  B 

\  fJ,  V  K. 

is  projected  upon  the  line 

I  m  n  k 

the  foot  of  the  perpendicular,  upon  the  second  line  from  any  point 
f •  *?!  f»  v>  =  a  +  ty>>  ft  +  ppi  7  •*•  vpt  8  +  icp,  on  the  first  line,  has  for  its  co- 
ordinates X,  K,  Z,  V,  where  (§  24) 

X-a_  Y-b_Z-c_  V-d_^  _  v/ 

I  771  11  lu 

and  cos  0  =  l\  +  nip,  +  nv  4-  kic.    Along  the  projecting  line,  we  have 


that  is, 
or 


with  three  similar  expressions. 
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Eliminating  p  (1  —  R),  R,  Rp,  we  have 


x-a,     X,     a-a  +  l  2J(a-a),     I 


z  —  7,     i/  ,     c  —  7  +  M  S£  (a  —  a),     ?i 


=  0. 


Thus  the  generating  lines  lie  in  a  flat,  which  manifestly  contains  also  both 
the  given  lines. 

Again,  writing  the  four  equations  in  the  form 


with  three  others,  and  resolving  for  1  —  P,  JJ,  p  (1  —  P),  pP,  we  have  relations 
of  the  form 


where  At,  Aa,  A3,  A4,  are  linear  in  #,  y,  s,  v,  and  ©  is  independent  of  x}  y,  z,  v. 
Consequently 


A2A3-  A!A4  =  0. 

The  former  can  be  changed  into  the  equation  of  the  containing  flat.   The 
latter  is  a  quadratic  region.  f 

Hence  the  locus  of  the  projecting  lines  ts  the  section  of  the  quadratic 
region  by  the  flat  :  that  is,  it  is  a  ruled  quadric  surface  in  a  space  of  three 
dimensions. 

NOTE.  The  identity  of  the  results  in  (B)  and  (C)  can  be  explained  by  the 
following  consideration. 

The  projection  of  n  line  upon  a  plane,  as  in  (B),  is  a  line  in  that  plane, 
and  if  a  point  P  on  the  line  is  projected  into  a  point  Q  in  the  plane,  PQ  is 
perpendicular  to  the  projected  line.  This  characteristic  is  exactly  the  same 
as  for  the  projection  in  (C)  Hence  the  configuration,  constituted  by  the 
original  line,  the  projected  line,  and  the  array  of  projecting  lines,  is  the  same 
for  the  two  problems. 

Moreover,  a  flat  can  be  drawn  through  any  two  lines  in  quadruple  space. 
Hence  the  whole  configuration  lies  in  a  flat  :  and  thus  both  problems,  in 
essence,  become  problems  in  three  dimensions. 


CHAPTER  VII. 
GLOBULAR  REPRESENTATION  :  PROJECTIONS  :  ROTATIONS. 

Globular  representation. 

102.  It  is  convenient  to  introduce  the  trigonometry  of  a  globular  con- 
figuration, in  connection  with  the  inclinations  of  various  amplitudes  to  one 
another,  whether  they  be  of  the  same  dimensions  or  of  different  dimensions. 

A  line,  by  itself,  provides  one  direction.  A  flat,  by  itself,  provides  three 
independent  directions,  which  initially  are  not  unique :  but  110  two  of  them 
may  coincide,  and  the  three  may  not  be  complanar:  and  the  flat  contains 
a  double  infinitude  of  directions,  linearly  congruent  with  the  three  guiding 
directions  A  plane,  by  itself,  provides  two  independent  directions,  which  also 
initially  are  not  unique,  but  they  may  not  coincide;  and  the  plane  contains 
a  single  infinitude  of  directions,  linearly  congruent  with  the  two  guiding 
directions.  When  two  planes  are  given,  they  either  intersect  in  a  line ;  and 
then  the  four  guiding  directions  can  be  reduced  to  three,  by  taking  the 
common  direction  as  one  of  the  two  guiding  lines  for  each  plane  or,  if  this 
arrangement  is  not  adopted,  the  four  guiding  lines  lie  in  one  flat :  or  the  two 
planes  intersect  in  a  point  only,  and  then  they  provide  four  guiding  lines 
which  do  not  simultaneously  lie  in  one  flat.  Further,  external  directions  con- 
nected with  the  trilinear  flat  are  most  conveniently  estimated  by  reference  to 
,i  normal  to  the  flat,  that  is,  by  reference  to  a  line  which  is  perpendicular  to 
rvery  direction  in  the  flat. 

It  thcrcfoie  appears  that  four  directions,  chosen  so  that  they  do  not 
simultaneously  he  in  one  flat,  will  provide  a  configuration  adequate  for  the 
consul eiation  of  the  inclination  between  a  line,  and  a  plane,  and  a  flat  (through 
its  normal),  and  of  each  such  homaloid  with  another  of  its  own  type.  Thus, 
in  all,  there  are  six  possible  cases :  but,  effectively,  they  reduce  in  number, 
because  of  the  relation  between  a  flat  and  its  normal  line. 

Let  the  four  directions  be  denoted,  temporarily,  by  1,  2,  3,  4.  Then  there 
are  six  planes,  determined  by  pairs  of  these  directions  taken  to  be  represented 
by  four  lines  concurrent  m  the  origin;  and  there  arc  four  flats,  determined 
by  triads  of  these  directions.  We  can  denote  the  flats  by  234,  341,  412,  123. 

The  six  planes  are  12,  13,  14,  23,  24,  34.  Of  these,  12  and  13  intersect 
in  the  line  1,  and  lie  in  the  flat  123,  which  also  contains  23  intersecting  12 
in  the  line  2  and  13  in  the  line  3;  similarly  23,  34,  42,  lie  in  the  flat  234; 
34,  41,  13,  in  the  flat  341 ,  and  41,  12,  24,  lie  in  the  flat  412.  But  the  planes 
12,  34,  intersect  in  the  origin  only  and  do  not  lie  in  one  flat :  likewise  the 
planes  23,  14;  and  likewise  the  planes  31,  24. 
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As  the  cosines  determining  any  direction  satisfy  an  equation 


we  take  a  triple  region  in  the  quadruple  space  :  this  region,  called  a  unit  globe, 
is  defined  by  the  equation 


the  centre  of  the  globe  being  the  concurrent  point  of  the  four  directions. 


Sections  of  a  globe. 

103.  (i)  The  section  of  the  globe  by  a  central  flat  is  a  surface,  which  is 
easily  seen  to  be  a  sphere  (that  is,  the  surface  of  a  sphere  in  the  three- 
dimensional  apace  of  the  flat).  For  any  central  flat  is  represented  by  an 
equation 

Lx  +  My  +  Nz  +  Kv  =  0, 

where  Z,  M,  N,  K,  arc  the  direction-cosines  of  its  normal  Take  an  orthogonal 
frame  of  four  lines,  perpendicular  to  one  another  in  pairs,  the  normal  to  the 
flat  being  one  of  these  lines  ,  and  let  the  lines  of  this  orthogonal  frame  be 
taken  as  axes  of  X,  Y,  Z,  V,  respectively.  Then  one  of  the  new  coordinates  — 
let  it  be  V  —  is 


In  the  new  frame,  the  globe  is 

X2 
Consequently,  the  section  of  the  globe  by  the  central  flat  V  =  0  is  the  sphere 


lying  in  the  flat  region  V=  0,  that  is,  in  an  ordinary  three-dimensional 
Euclidean  space  ;  and  the  radius  of  the  sphere  IN  unity,  being  the  radius  of 
the  globe. 

For  our  immediate  purpose,  the  section  of  the  globe  by  n  non-central  flat 
Lx  +  My  +  Nz  +  Kv  =  cos  a 

is  not  required  :  with  the  same  change  in  the  frame  of  reference  it  would  be 
a  sphere 


existing  in  the  flat  F=cosa:  but  we  are  not  concerned  with  non-central 
sections  of  the  globe  at  this  stage. 

(ii)  The  section  of  the  globe  by  a  centr.il  plane  is  a  curve,  which  is  easily 
seen  to  be  a  circle  (that  is,  the  circumference  of  a  circle  lying  in  the  plane). 
For  any  central  plane  is  represented  by  the  equations 
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and  therefore,  with  the  previous  change  of  frame  of  reference,  it  comes  to  be 
represented  by  the  equations 


7=0, 

(the  two  flats  in  the  equation  of  the  plane  are  not  supposed  to  be  necessarily 
perpendicular)  :  that  is,  by  the  equations 

F=0, 
As  before,  the  globe  is 


and  therefore  its  section  by  the  specified  central  plane  is  the  section  of  the 
sphere 


by  the  amplitude  \X  +  pY+  vZ  =  0,  both  lying  in  the  flat  F=0:  that  IH, 
the  section  is  a  great  circle  of  this  sphere.  We  may  regard  it  as  a  great  circle 
of  the  globe. 

Again,  the  section  of  the  globe  by  a  non-central  plane  ia  not  wanted  for 
our  immediate  purpose  :  it  would  be  a  plane  section  of  a  'small  sphere1 


and  it  might  be  either  a  great  circle  or  a  small  circle  on  that  sphere,  according 
to  the  position  of  the  plane  :  that  is,  we  could  regard  it  as  a  small  circle  on 
the  globu. 

(iii)  The  section  of  the  globe  by  any  central  line,  regarded  as  a  direction, 
is  a  point.  (Strictly,  it  would  be  two  points,  if  opposite  senses  were  allowed 
to  the  line.  But  we  regard  the  line  as  a  single  direction  in  one  sense, 
emanating  from  the  origin  ;  the  portion  of  the  complete  line,  in  the  other  sense, 
would  be  another  single  direction  in  the  same  diameter.  With  this  convention, 
j,  direction  meets  the  globe  in  only  one  point  ) 


The  globular  quadrilateral. 

104.  Accordingly,  we  have  a  configuration.  The  points  1,  2, 3,  4,  being  the 
ends  of  radii  of  the  globular  region,  represent  the  four  directions  llt  mif  n%,  klt 
for  i  =  l,  2,  3,  4.  The  arcs  12,  13,  14,  23,  24,  34,  being  arcs  of  circles  with 
their  common  centre  at  the  centre  of  the  region,  represent  the  six  planes, 
determined  by  the  directions,  taken  in  paiis.  Any  three  non-complanar 
directions  determine  a  flat ;  and  thus  the  surfaces  of  the  four  curvilinear  tri- 
angles 234,  341,  412,  123,  represent  the  four  flats,  determined  by  the  four 
directions,  taken  in  triads. 
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Moreover,  each  triangle  is  a  part  of  the  spherical  surface  which  is  the 
section  of  the  globe  by  its  flat:  thus 
there  are  four  such  spherical  sections. 
As  we  shall  be  dealing  with  the  inclina- 
tion of  the  planes  12  and  34  to  one 
another,  we  drop  arc-perpendiculars  on 
the  representative  arcs  :  on  12,  the  per- 
pendicular 37  in  the  spherical  surface 
123  and  the  perpendicular  48  in  the 
spherical  surface  124;  on  34,  the  per- 
pendicular 15  in  the  spherical  surface 
134  and  the  perpendicular  26  in  the 
spherical  surface  234.  Thus  the  arc  56 
represents  the  projection  of  the  plane 
12  on  the  plane  34,  and  the  arc  78  represents  the  projection  of  the  plane  34 
on  the  plane  12;  each  of  these  intercepted  arcs  will  be  connected  with  the 
measure  of  the  inclination  of  the  planes  12  and  34  to  one  another. 

The  polar  quadrilateral. 

105.  Further,  each  of  the  four  flats  has  a  unique  direction  normal  to  itself: 
the  radius  parallel  to  this  direction  will  betaken  to  represent  the  normal. 
Thus  we  shall  have  two  points  in  the  globular  region  corresponding  to  this 
normal.    That  one  of  the  two  points,  which  lies  on  the  same  side  of  a  flat 
through  three  directions  as  the  remaining  point-direction  lies,  will  be  called 
the  pole  of  the  flat.    Let  A,  B,  C,  D,  be  the  respective  poles  of  the  flats  234, 
341,  412,  123  ;  then  A  and  1  lie  in  the  same  vicinity,  likewise  B  and  2,  like- 
wise G  and  3,  and  likewise  D  find  4.   Also,  the  arc  IB  is  a  quadrant  of  a  circle 
because  B  is  the  pole  of  341,  the  arc  1C  is  a  quadrant  because  C  is  the  pole 
of  412,  and  the  arc  ID  is  a  quadrant  because  D  is  the  pole  of  123;  conse- 
quently, as  each  of  the  arcs  \B,  1C,  ID  is  a  quadrant,  the  point  1  is  the  pole 
of  the  flat  BCD.   Similarly,  the  point  2  is  the  pole  of  the  flat  CD  A,  the  point 
3  is  the  polo  of  the  flat  DAB,  and  the  point  4  is  the  pole  of  the  flat  ABC. 
Thus  the  polar  relation  of  the  two   quadrilaterals  1234  and  ABCD  is  re- 
ciprocal. 

Normals  to  the  fiats. 

106.  The  direction-cosines  of  the  normals  to  the  four  flats  —  being  the 
coordinates  of  the  four  poles  in  the  globular  region  —  have  been  given  already 
by  implication.   Let 


cation.   Let 

Al2  =  1  -  COS2  023  -  COS2  034  -  COS2  042  +  2  COS  023  COS  034  COS  042 
A22  =  1  -  COS2  034  -  COS2  04i  -  COS2  013  +  2  COS  034  COS  04J  COS  013 

i32  =  1  -  coa2  041  -  cos2  0]a  -  cos2  0M  +  2  cos  041  cos  0i2  cos  024 

^42  =  I  —  COS2  012  —  COS2  033  —  COS2  031  +  2  COS  012  COS  023  COS  031 


A 
A 
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and  let  the  coordinates  of  the  poles  be  Li,Mi,Ni,Ki,  for  A  ;  L2f  M2, 
for  B-  L3,  M3,  N3,  K3t  for  C\  and  /,4,  M*,  N€t  K*,  for  D.   Then 
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^2,^2, 


,    W«t  |        -1 


'»3, 


Jlf, 


La 


A/3 


!    k,    1H€| 


nil, 


Also,  the  inclination  of  the  normal  of  the  flat  234  to  the  direction  1  is  repre- 
sented by  the  arc  A\  :  therefore 

cos  A 1  =  LI  /i  +  MI  nil  +  JVi  HI  +  KI^I 

'      0* 


where,  as  in  §  82, 

®  =  1  -  COS2  012  -  COS2  023  -  COS2  03i  -  COS2  0M  —  COS2  024  -  COS2  0M 
+  COS2  012  COS2  034  +  COS2  023  COS2  014  +  COS2  03i  COS2  024 
+  2  COS  0i2  COS  023  COS  03i  +  2  COS  023  COS  034  COS  042 

+  2  cos  034  cos  04i  cos  013  +  2  cos  04{  cos  012  cos  024 

—  2  COS  0ia  COS  0i3  COS  024  COS  034  -  2  COS  02i  COS  023  COS  014  COS  034 

—  2  cos  0i3  cos  023  cos  0i4  cos  024 ; 

and  ®  is  nob  zero,  because  the  four  directions  1,  2,  3,  4,  do  not  lie  in  one  flat 
Similarly,  for  the  arcs  B'l,  C3,  D4.    We  thus  have 

A!  cos  -41  =  A2cos  B2  =  A3cos  C3  =  A4cos  D4  =  @*. 
It  is  easy  to  verify  that 
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where 

COS  012 ,  COS  023 ,  COS  024 

COS013,  1  ,  COS  034 

COS  0i4 ,  COS  034 ,  1 

1,  COS  0i2,  COS  024 

COS  023,  COS013l  COS  034 

COS  024,  COS  014,  1 

1  COS  023 ,  COS  0i2 

COS  023,  1  ,  COS  0H 

COS  024 ,  COS  034 ,  COS  014 

Similarly  for  the  direction-coordinates  of  the  other  poles. 

Again,  LI,  Mlt  Nlt  Klt  are  the  minors  of  llt  TI^,  wlf  kl9 

for  the  direction-coordinates  of  the  other  poles.   Hence 

A        A        /  T       1.T  Hf      T    \  tT\i.  /          I 
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and  so  for  other  second  minors  of  the  determinant 

L2,    M2,    N2,    K2 
Lt,    Jf4l    Nt,    ^4 


and  therefore 
that  is, 


Further,  we  have 

A!  A2  cos  .4  7?  = 


=  0  S  0»3 k*  - 
=  0  sinz034, 


3,    A;3 


COS  012 ,  COS  013 ,  COS  014 
COS  023,  1  ,  COS  034 
COS  024,  COS  034,  1 

Similarly  for  other  quantities  connected  with  the  arcs  of  the  polar  quadrilateral 
ABCD.  These  polar  arcs  measure  the  inclinations  of  the  flats :  thus  AB  is 
the  supplement  of  the  inclination  of  the  two  flats  which  intersect  in  the 
plane  34. 
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Inclination  of  two  planes  meeting  in  a  line. 

107.  The  inclinations  of  the  planes  which  in  pairs  intersect  in  a  line,  viz. 
the  planes  12,  13,  14,  all  of  which  pass  through  the  direction  1 ;  the  planes 
23,  21,  24,  all  of  which  pass  through  the  direc- 
tion 2;  the  planes  34,  31,  32,  all  of  which  pass 
through  the  direction  3;  and  the  planes  41,  42, 
43,  all  of  which  pass  through  the  direction  4:  are 
given  by  the  customary  relations  of  the  four 
triangles  234,  341,  412,  123,  on  the  spherical 
surfaces  in  the  respective  flats.  Thus  if  pt  q,  r,  be 
any  three  of  the  four  numbers  1,  2,  3,  4,  denoting 
directions,  the  inclination  qpr  of  the  planes  pq  and 
pr  is  given  by 

cos  qr  —  cos  pq  cos  pr 

cos  qpr  =    — -- ri        r    , 

ir  smpqampr 

si n  qpr  = (1  —  cos2  pa  —  cos2r/r  —  cos2rp  +  2  cos  wo  cos  qr  cos  ?-»)*. 

ir       smpqsinpr  ^  r*  2  r  r 

Further,  if  0  be  the  centre  of  the  globe,  and  if  pt  be  the  arc-perpendicular  in 
the  spherical  surface  from  p  upon  the  opposite  arc  qr,  so  that  Ot  is  the  pro- 
jection of  the  direction  Op  upon  the  plane  qr.  we  have,  as  usual, 

cospt  sin  qr  =  (cosPpq  +  cosPpr  —  2  cos  pq  cos  pr  cos  qrfi, 

sinpt  sm  qr  =  (1  -  cos*pq  —  cosPpr  —  cos*qr  +  2  cos  pq  cospr  cos  qr)^t 

cos  rt  sin  rt  cos  qt       _  sin  qt 

cos  pr  sin  </?•  ~~  cos  pq  —  cospr  cosgr     cospqsinqr     cos  pr  —  cos  pq  cos  qr 

1 

(cos2j0<7  +  cosa/jr  —  2  cos  pq  cos  pr  cos  qr)l 

results  to  be  used  immediately,  in  connection  with  the  inclination  of  two 
planes  which  meet  in  a  point  only  (the  centre  of  the  globe)  and  not  in  a 
line,  that  is,  which  have  no  point  of  intersection  to  be  represented  on  the 
globular  quadrilateral. 


Inclination  of  two  planes  meeting  in  a  point  only. 

108.  The  planes  12  and  34  do  not  meet  except  at  the  centre  of  the  globe: 
they  have  no  line  common.  The  same  holds  of  the  planes  13  and  24,  and  of 
the  planes  23  and  14.  Thus  the  arcs  12  and  34  do  not  meet;  nor  the  arcs 
13  and  24;  nor  the  arcs  23  and  14. 

It  has  been  pointed  out  that  the  arc  56,  intercepted  on  the  arc  34,  repre- 
sents a  projection  of  the  plane  12  on  the  plane  34;  and  likewise  the  arc  78, 
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intercepted  on  the  arc  12,  represents  a  projection  of  the  plane  34  on  the 
plane  12.  Thus  each  intercepted  arc  is  a  measure,  in  some  form,  of  the 
inclination  of  the  two  planes :  the  actual  relations  of  these  arcs  to  the  angle 
0  prove  simple. 

Referring  to  the  figure  in  §  104,  we  have 

cos  45  sin  45  1  .  , 

=  — T  ,  cos  15  sin  34  =  12*, 


cos  L  4  sin  34      cos  13  —  cos  14  cos  34 

cos  46  sin  46  1  __   .    _. 

-=,  cos  26  sin  34  = 


_ 

cos  24  sin  34  ~  cos  23  -  cos  24  cos~34  "  r~i 
where 

T]  =  cos2  23  +  cos2  24  -  2  cos  23  cos  24  cos  34, 
rz=  cos213  +  cos2  14  -  2  cos  13  cos  14  coa  34. 
Hence 

sin  65  =  sin  (46  -45) 


(cos  14  cos  23  -  cos  13  cos  24). 

But  (§  93) 

sin  12  sin  34  cos  <£  =  cos  13  cos  24  -  cos  14  cos  23  , 

hence,  substituting  for  I\i  and  F2*  their  respective  values]  cos  26  sin  34  and 
cos  15  sin  34,  we  have  r 

.      cos  15  cos  26   T   _. 
cos  6  =  -  =-TJ  —  sin  56, 
r          sin  12 

the  relation  in  question  between  the  intercepted  arc  56  and  the  inclination 
of  the  planes. 

In  the  same  way,  we  have 

cos!8  sin  18  1  .0   .    10     _, 

~i  i  coa  48  sin  12  =  13», 


-  TT--  —  r^     -  zn  -  TH  -  rn 
cos  14  am  12     cos  24  -cos  14  cos  12 

cos  17  sin  17 


1  0*7   -    10     r«* 

'  °08  ^  m  IZ  =  l  *' 


cos  13  sin  12     cos  23  -  coa  13  cos  12 

where 

F3  =  cos2  14  +  cos2  24-2  cos  14  cos  24  cos  1  2, 

T4  =  cos2  13  +  cos2  23-2  cos  13  cos  23  cos  1  2  ; 
and  we  find 

.   cos  37  cos  48  .  ol_ 

COS  6  =  ----  :  -  rr-:  ---  SID  87, 

^    sin  34 

the  relation  in  question  between  the  intercepted  arc  78  and  the  inclination 
of  the  planes. 

There  is  a  simple  verification  in  the  fact  that,  if  the  planes  are  perpen- 
dicular so  that  <f>  =  £  TT,  the  points  5  and  6  coincide,  so  that  the  perpendicular 
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from  1  upon  34  drawn  in  the  triangle  134  meets  34  in  the  same  point  as  the 
perpendicular  from  2  upon  34  in  the  triangle  234;  and  similarly,  in  the  same 
event  of  the  planes  being  perpendicular,  the  points  7  and  8  coincide,  being 
the  feet  of  the  perpendiculars  from  3  and  from  4  in  their  respective  spherical 
.surfaces  that  intersect  in  the  arc  12. 

Ex  1.   Obtain  the  following  results,  in  addition  to  those  stated  for  the  arcs  45,  46,  17, 

18,  viz  . 

cos  35        __          sin  35  __  1_ 

cos  13  sin  34      cos  14  -  cos  13  cos  34      r2*  ' 

coa  36  _  _  am  36     ___  =    1 

cos  23  sin  34      cos  24  -  cos  23  cos  34      rti  ' 

COM  27        _  __  ain  27  _  _  _1_ 
cos  23  sin  1  2      co.s  13  -  cos  23  cos  12      l%i  ' 

cos  28        _  __    Bin_28  _  __  _!_ 
cos  24  sin  1  2      cos  14  -  cos  24  cos  12      r,  i 

Ex.  2     Prove  that  the  direction-cosines  of  03,  or  the  coordinates  of  5,  arc 


where 

ar2i  =  ,sm  14  cos  143,     /9rai=sm  13  cos  134  , 

that  the  coordinates  of  6  are 


where 

a'  TI  i  =  sin  24  cos  243,     #  Tv  I  =  sin  23  cos  234  , 

that  the  coordinates  of  7  ate 

^-  7*1+3*2  1       Ml7 

where 

yrti  =  sin  23  cos  123,     8r4fc=sm  13  cos  213  ; 

und  that  the  coordinates  of  H  are 


where 

y  r^i  =  mil  24  cos  124,     A'^^Bin  14  cos  412. 

Ex  3     Prove  that 

sin  78         _         sin  65 

T,  1  rzi  win  12      T3  i  T4i  sin  34  ' 

and  shew  that  the  quantities  a,  0,  a',  j9',  y,  d,  y',  fi',  in  the  preceding  example  arc  such  that 

r4*=cos  13  cos24-coa  14  cos  23. 


Least  arc-distance  between  two  planes  meeting  only  in  a  point. 

109.  In  §  92  an  estimate  was  obtained  for  the  least  angular  distance  (and 
therefore,  in  the  diagram  the  least  arc-distance)  between  two  planes  which  do 
not  meet  in  a  line.  When  these  planes  arc,  once  more,  the  planes  12  and  34, 
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and  this  least  arc-distance  passes  from  a  direction  I,  m,  n,  k,  (say  N)  in  12,  to 
a  direction  \,  /u,  v,  K,  (say  N1)  in  34,  where 


,  mt  n,     =  (pt  qllt  ra^  nit  k^\    a>  m^,  n2, 
X,  fit  v,  *  =  (r,  sJJ3,  rw3,  r?*,  fc3;  h,  w4l  n4f 
the  critical  equations  are 

r  cos  13  +  s  cos  14  =  (p  +  q  cos  12)  cos  0, 
r  cos  23+5  cos  24  =  (p  cos  12  +  q)  cos  0, 
p  cos  13  +  9  cos  23  =  (r  +  s  cos  34)  cos  0, 
p  cos  14  +  q  cos  24  =  (r  cos  34  +  s)  cos  0, 
where  0,  =  NN',  is  the  arc-distance  in  question. 

1 


Fig.  7. 

=  2M  —p  +  0cos  12 

cos  2N  =  2Z2  ^  =  p  cos  12  +  0 


Now 


=|i  cos  14  +  0  cos  24, 
r-  cos  13  +  s  cos  14' 
cos  2JV"  =  2«2  X  =  r  cos  23  +  s  cos  24 
cos3^'  =  2/3X  =  r  +  s  cos  34  '  ' 

cos  4N'  =  2/4X  =  r  cos  34  +  a 
and  therefore  the  critical  equations  are 

cos  1  N'  =  cos  IN  cos  2\W,     cos  2N'  =  cos  2^  cos  NN', 
cos  3tf  =  cos  W  cos  JJT'  J\T,     cos  42V  =  cos  4JV'  cos  N'N. 


Hence  in  the  flat  12V22V1,  the  arc  N'N  is  at  right  angles  to  12  ;  and,  in  the 
flat  3tf4-#'3,  the  arc  NN'  is  at  right  angles  to  34.  Thus  the  arc  NN',  of 
least  angular  distance  between  the  planes,  is  at  right  angles  to  the  non- 
concurrent  arcs  12  and  34,  which  represent  the  two  planes  12  and  34  meeting 
in  no  point  in  the  globular  representation  but  only  at  the  centre  of  the  globe. 
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Projection  of  a  line  on  a  fiat. 

110.  The  projection  of  a  line  on  a  flat  is  determinate  when  we  know  the 
direction -cosines  of  the  projection,  the  line  of  course  not  being  contained  in 
the  flat.  In  the  globular  diagram,  the  flat  is  represented  by  a  spherical 
surface ;  the  given  line  is  represented  by  a  point  which  does  not  lie  in  that 
surface.  The  projection  of  the  line,  being  a  line  in  space,  will  be  represented 
by  a  point;  as  the  projection  lies  in  the  flat,  it  is  represented  by  a  point  in 
the  spherical  surface. 

The  line  and  the  flat  are  referred  to  their  point  of  meeting,  as  the  centre 
of  the  globe.  The  line  is  taken  to  be 
04:  the  flat  to  have  01,  02,  03,  for  its 
guiding  lines :  that  is,  in  the  globular 
diagram,  the  flat  is  the  spherical  surface 
123,  and  the  line  is  the  point  4.  Let  D 
be  the  pole  of  the  flat  123.  After  the 
analysis  of  §§  60-64,  we  obtain  the  pro- 
jection of  the  line  by  drawing  the  plane 
through  the  normal  OD  to  the  flat  and 

the  line  04,  and  in  this  plane  by  then  Flgp  8> 

drawing  the  line  04'  perpendicular  to  OD.  The  line  04'  is  the  projection : 
the  point  4'  in  the  diagram  represents  the  projection  of  the  line  04,  repre- 
sented by  the  point  4,  and  4'D  is  a  right  angle  in  arc,  because  D  is  the 
pole  of  the  flat. 

In  the  globular  diagram  4'4  is  at  right  angles  to  14',  to  24',  and  to  34' ; 
and  the  arc  4'4  is  0,  the  inclination  of  the  line  to  the  flat.  But  4'4  is  the 
complement  of  D4 ;  thus 

sin  0  =  cos  D4 

=  ®j 

with  the  preceding  significance  (§  106)  for  ®  and  A4,  and  therefore 


Then  we  have 

cos  14'  cos  4'4  =  cos  14,     cos  24'  cos  4'4  =  cos  24,     cos  34' cos  4'4  =  cos  34, 
that  is, 

c^  4/  =  C2?_rl'  _  cos  34'  _  _  1     _        A4 
cos  14      cos  24      cos  34      cos  0  ~  ( A42  -  ®)* ' 

12—2 
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Now  if  X',  fit,  v,  K,  be  the  direction-cosines  of  04',  that  is,  be  the  globular 
coordinates  of  4',  we  have  (§  44) 


so  that 

cos  14'  =  S^X'  =  p  +  a-  cos  12  +  T  cos  13, 

cos  24'  =  2JaX'  =  p  cos  12  +  <r  +  T  cos  23, 
cos  34'  =  SJ3  A/  =  p  cos  13  +  a  cos  23  +  T. 
Thus  the  values  of  />,  <r,  T,  are  known,  being 


cos  14, 
cos  24, 
cos  34, 

1  , 
cos  12, 
cos  13, 

1  , 
cos  12, 
cos  1  3, 

cos  12, 
1  , 
cos  23, 

cos  14, 
cos  24, 
cos  34, 

co*12, 
1  , 
cos  23, 

cos  13 
cos  23 
1 

cos  13 

cos  23 

1 

cos  14 
cos  24 
cos  34 

Globular  diagram. 

111.  The  accompanying  figure  (p.  181)  gives  a  globular  representation 
connected  with  the  parallelepiped  in  quadruple  space  shewn  in  the  figure 
on  p.  7. 

The  points  0,  A,  B,  C,  D;  a,  0,  7,  8;  and  P;  arc  the  same  in  the  two 
figures.  To  secure  unit  radius  for  the  globe  we  take  a  =  l  =  OA,  b  =  m=  OB, 
c  =  n=OC,  d  =  k  =  UD.  The  points  a,  £,  7,  8,  are  the  feet  of  the  perpen- 
diculars from  P  on  the  respective  flats  x  =  0,  y  =  0,  z  =  Q,  v  =  Q. 

There  arc  four  spherical  surfaces  in  the  diagram  : 

the  surface  YaZAVa,  with  equations  x  =  0,  yz  +  z2  +  vz  =  l  —  I2; 


In  the  planes  of  reference,  the  sections  of  these  spherical  surfaces  arc  quad- 
ran  tal  arcs,  each  joining  points  on  adjacent  axes. 


112] 


DIAGRAM 


181 


In  the  right-angled  spherical  triangle  YaZaVa,  there  are  three  arcs 
through  the  point  a,  being  F.aa2,  Z.aa3l  Vaao4;  and  these  arcs  are  the 
sections  of  the  spherical  surface  by  planes,  through  the  point  a  and  the 
respective  axes  OF.,  OZa,  OK..  Similarly  for  the  arcs  in  the  other  three 
spherical  triangles,  concurrent  in  £,  7,  8,  respectively. 

The  line  Oor48i  in  the  plane  0  YZ  is  the  diagonal  of  the  rectangle  BOG  in 
that  plane  :  it  meets  the  arc  ZA  Ya  at  the  point  of  intersection  or4  with  the  arc 
Yaa,  and  it  meets  the  arc  Z&Y&  at  the  point  of  intersection  Si  with  the  arc 
XSS.  Similarly  for  the  line  0/3482  in  the  plane  UZX,  for  the  line  07483  in  the 
plane  OXY,  for  the  line  0£372  in  the  plane  OVXt  for  the  line  071  or3  in  the 
plane  OVY,  and  for  the  line  Ocr2/3i  in  the  plane  OVZ. 

z 


Fig.  9. 


The  sections  of  the  globe  by  the  planes  of  reference  are  not  drawn  in  the 
diagram:  when  unit  lengths  OX,  OY,  OK,  0V,  Are  taken,  the  quadrantal 
arcs  are  YZ,  ZX,  XY,  VX,  VY,  VZ. 

Conventions  as  to  orientation  coordinates  of  a  plane. 

112.  Within  the  globular  representation,  we  assign  conventions  as  regards 
the  senses  of  positive  and  negative  directions,  for  rotations  and  for  measure- 
ments of  angles  where  mere  magnitude  is  not  the  sole  need. 
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Direction  along  a  line  is  made  precise,  by  assuming  a  centre  of  reference 
and  defining  direction  along  the  segment  of  a  line  as  the  sense  in  which 
movement  is  made  away  from  the  centre  of  reference  along  the  segment. 
Along  one  segment,  direction  is  called  positive  :  along  the  other,  it  is  called 
negative.  Thus  for  a  line  ACB,  the  direction  CB  from  C  towards  B  is  taken 
to  be  positive  (that  is,  with  C  as  the  centre  of  reference),  and  the  direction 
from  C  towards  A  is  taken  to  be  negative  (again  with  C  as  the  centre  of 
reference).  The  direction  from  A  to  C  is  positive  (even  with  A  as  the  centre 
of  reference)  ;  and  the  direction  from  B  to  C  is  negative  (even  with  B  as  the 
centre  of  reference). 

The  convention,  as  regards  rotations,  is  less  simple  and  less  obvious  :  and 
its  significance  is  of  most  importance  in  the  application  to  the  orientation  - 
cosines  of  a  plane.  In  the  six  planes  of  reference,  the  positive  directions  of 
rotation  are  selected  by  adopting,  first  of  all,  the  convention  that  is  customary 
in  the  geometry  of  three  dimensions,  and  by  superposing  a  convention  for 
positive  rotation  from  each  of  the  three-dimensional  axes  to  the  remaining 
axis  in  four  dimensions.  Within  this  assumption,  there  is  always  a  choice  as 
to  which  axis  shall  be  left  as  the  fourth  ,  wu  assume,  as  the  fourth  axis, 
the  line  which  is  associated  with  the  dimension  that,  as  the  fourth,  is 
imposed  on  the  customary  three  dimensions.  Accordingly,  within  the  three 
planes  of  reference  YOZ,  ZOXt  XOYt  in  the  figure  on  p.  7,  the  positive 
direction  of  rotation  in  the  plane  YOZ  is  from  OY  to  OZ,  in  the  plane  ZOX  it 
is  from  OZ  to  OX,  and  in  the  plane  XO  Y  it  is  from  OX  to  OY  —  the  customary 
three-dimensional  convention.  In  the  plane  XOV,  the  positive  direction  of 
rotation  is  taken  to  be  from  OX  to  OV\  in  the  plane  YOV,  it  is  taken  to  be 
from  OY  to  07;  and  in  the  plane  ZOV,  it  is  taken  to  be  from  OZ  to  0V. 

The  orientation-cosines  of  the  planes  parallel  to 

x,     y   ,     z       v 
h,     w*i,     «i, 
I*,     in*,     "2, 

have  been  taken,  by  anticipation,  in  accordance  with  this  convention.   They 
are  given  by 


,  —  ^^ 

b=  -  :  -  ,          c= 


sin  o>  sin  CD  sin  o> 


= 

° 


sn  QI      '        °  sno)  sino>       ' 

where  01  denotes  the  angle  between  the  two  guiding  directions  of  the  plane  : 
they  are  subject  to  the  two  universal  relations 

af  +  bg  +  ch  =  0,     aa  +  ba  +  c2  +  f  2  +  ga  +  h2  =  1  . 
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Interchange  of  the  guiding  lines,  estimated  analytically,  is  equivalent  to  a 
reversal  of  rotational  direction  within  the  plane  and  that  reversal  is  met  by 
the  accordant  change  of  sign  in  each  of  the  six  orientation-cosines.  For  cal- 
culations concerned  with  external  relations  of  the  plane,  we  have  to  deal  with 
the  ratios  of  the  orientation-cosines  when  these  occur ;  so  that  a  hypothetical 
internal  interchange  of  guiding  lines  leaves  the  calculations  unaffected. 
Moreover,  these  conventions  give  the  following  tableau  of  orientation-cosines 
characteristic  of  the  six  planes  of  reference : 


a 

b 

c 

f 

S 

h 

YOZ 

1 

• 

ZOX 

• 

1 

• 

• 

XOY 

1 

XOV 

1 

• 

YOV 

• 

1 

• 

ZOV 

- 

• 

- 

• 

1 

(The  arrow,  above  the  lettered  title  of  the  plane,  denotes  the  conventionally 
positive  direction  of  rotation  within  the  plane.)  The  tableau  shews  that  the 
convention  accords  with  the  requirement  of  making  each  plane,  with  the 
assumed  positive  direction  of  rotation  within  the  plane,  coincide  in  sense 
with  itself. 

Orientation  coordinates  of  a  fiat. 

113.  Conventions  as  to  rotations  of  a  flat  have  been  adopted  implicitly, 
so  far  as  these  are  concerned  with  internal  rotations ;  for  the  customary  con- 
vention of  three-dimensional  space,  with  OX,  OF,  OZ,  as  axes  of  reference, 
has  been  adopted.  When  it  is  necessary  to  consider  simultaneous  movements 
of  the  whole  flat,  without  compression  or  distortion,  as  by  rotation  round  a 
normal  to  the  flat,  we  adopt,  as  a  convention,  the  assumption  that,  in  any 
displacement,  the  three  axes  of  reference  are  in  a  configuration  which  is  a 
continuous  displacement  of  their  original  configuration  so  that,  without  any 
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reversal  of  sense  on  the  part  of  any  one  axis  alone,  the  original  configuration 
can  be  restored. 

As  regards  orientation  coordinates  of  a  flat,  determined  by  three  guiding 
lines  implied  in  the  equation 

#      y       z       v      =  0, 

I  ,     m  ,     n  ,     k 

I',     m'.     ri,     k' 

I",     m",     n",     k" 

we  have  taken,  as  magnitudes  sufficient  for  purposes  of  direction,  the  direc- 
tion-cosines of  a  normal  to  the  flat,  which  are  proportional  to  the  four 
determinants 


m  ,     n  ,     k 
m',     w',     k' 
m",     n",     k" 

' 

u  ,     k  ,     I 
n'  ,     k  ,     V 
n",     k",     I" 

' 

k  ,     /  ,     m 
k',     V,     m' 
k",    I",     m" 

> 

1  ,     til  ,     n 
l't     m',     n' 
I",     m",     n" 

The  four  sets  of  direction-cosines  for  the  four  axes  arc 

1,  0,  0,  0,  for  OX, 
0,  1,  0,  0,  ...  OF, 
0,  0,  1,  0,  .*.OZ, 
0,  0,  0,  1,  .  .  OF. 

When  these  are  arranged  in  a  determinant  of  four  rows  and  columns,  the 
same  convention  gives  the  direction-cosines  of  the  normal  to  a  flat  containing 
three  of  the  directions  as  proportional  to  the  minors  representing  the  fourth 
direction.  Thus  for  the  flat  OFZF,  the  direction-cosines  of  the  normal  are 
proportional  to 

0,     1,     0,     0 

0,     0,     1,     0 
0,     0,     0,     1 

that  is,  they  are  I,  0,  0,  0 :  for  the  flat  OZVX,  they  are  proportional  to 

0,     0,     1,     0 

0,  0,     0,     1 

1,  0,     0,     0 

that  is,  they  are  0,  1,  0,  0  :  for  the  flat  OVXY,  they  are  proportional  to 

0,  0,     0,     1 

1,  0,     0,     0 
0,     1,     0,     0 
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that  is,  they  are  0,  0,  1,  0 :  and  for  the  flat  0 X  YZ,  they  are  proportional  to 

1,     0,     0,    0 

0,     1,     0,     0 

0,     0,     1,     0 
that  is,  they  are  0,  0,  0,  1.    All  these  results  accord  with  the  convention. 


Projection  of  volumes. 

114.  The  most  frequent  use  of  conventions,  as  regards  directions,  occurs 
in  connection  with  line-distances  ;  projections  are  a  conspicuous  example. 
But  the  conventions  are  used  in  connection  with  magnitudes  of  different 
orders,  such  as  areas  and  volumes,  when  a  sense-direction  has  significance  . 
tigain,  the  projection  of  an  area  is  a  conspicuous  example. 

Thus  as  regards  the  projection  of  an  area,  consider  a  triangle  of  which 
the  angular  points  are  :  first,  the  origin  ;  second,  a  point  distant  i\  from  the 
origin  along  a  direction  Il9  nil,  HI,  X^;  third,  a  point  distant  rz  from  the 
origin  along  a  direction  I2t  m2,  rt2t  k2.  The  area  of  the  triangle  is  ^  7*^2  sin  o>, 
with  the  former  significance  of  o>.  The  orientation-cosines  of  the  plane,  in 
which  the  triangle  lies,  are  a,  b,  c,  f,  g,  h.  The  area  of  projection  of  the 
triangle,  upon  the  plane  XOY,  is 


c. 


that  is, 

£1-^2(^2-  Wz)- 

But,  in  that  piano  XOY,  the  projected  triangle  has  r 
0,  0  ;  for  its  angular  points,  so  that  its  area  is 


;  7-2/2,  r2m2]  and 


i  -ri«h. 

The  two  results  agree.    So  for  the  other  planes:  the  requirements  arc  met  by 
the  convention. 

Similarly,  as  regards  the  projections  of  volumes  :  a  volume  can  be  projected 
fiom  one  flat  into  another  flat:  the  ratio  of  the  projection  to  the  original 
volume  can  be  taken  as  the  cosine  of  the  inclination  of  the  two  flats,  that  is, 
as  the  cosine  of  the  inclination  of  their  respective  normals.  Thus  consider 
a  parallelepiped  of  which  three  adjacent  sides  are:  first,  a  distance  1\  from 
the  origin  along  the  direction  li,  in\t  nlf  k^  ;  second,  a  distance  r2  from  the 
origin  along  the  direction  12,  m2t  n2,  k2\  and  third,  a  distance  7-3  from  the 
origin  along  the  direction  Z3,  m3>  n3l  A"3.  This  parallelepiped  lies  in  the  flat 

V  ,      f,      v    I  =  0, 


h, 


n3, 
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and  the  direction-cosines  of  the  normal  to  this  flat  are  L,  M,  N,  K,  where 

mi,    ni,     ki 

n2,  k2t  12 

w3 ,  A?B  ,  £3 

l\  i  m>i ,  n\ 

12,  m2,  n2 


and 


ra3,  Ji3,     Ac 

*i,  t.  wi     ,     rif  =  - 

A;a,  /2,  ra2 

^3,  ^3 1  ^3 


T2  =  1  -  cos2  0ia  -  cos2  023  -  cos2  0i3  +  2  cos  0M  cos  0as  cos  013. 

The  area  of  the  face  of  the  parallelepiped  through  the  first  and  the  second 
of  the  sides  is 


The  perpendicular  from  the  extremity  of  the  third  side  upon  this  face  is 
ra  sin  0,  where  0  is  the  inclination  of  that  side  to  the  face,  that  is,  the 
inclination  of  the  direction  £3,  m*,  7?3,  k3,  to  the  plane  with  li,  mi,  ni,  kit 
and  12,  mz,  nz,  kz,  as  guiding  lines  :  thus  (§  69)  0  is  given  by 

sin  0  sin  012  =  F. 
Hence  the  volume  of  the  parallelepiped  is 


that  is,  it  is 


Let  this  parallelepiped  be  projected  from  the  flab,  in  which  it  lies,  into  the 
flat  v  =  0  ;  as  the  inclination  of  the  flats  is  the  supplement  of  the  inclination  of 
the  normals  to  the  flats,  the  volume  of  the  projection  of  the  parallelepiped  is 


that  is,  it  is 


But  in  the  projection,  the  origin  remains  unaltered  ;  the  projection  of  the 
side  TI  is  the  line  joining  the  origin  to  the  point  r^,  rimi,  r^n^\  the  pro- 
jection of  the  side  ra  is  the  line  joining  the  origin  to  the  point  rzl2,  rarM2v  r2n2] 
and  the  projection  of  the  side  r3  is  the  line  joining  the  origin  to  the  point 
r3£3,  r37W3,  r3n3.  Thus  the  volume  of  the  projection  is 


agreeing  with  the  former  result.    Similarly  for   projections  into   the  other 
three  principal  flats  of  reference. 
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The  agreement  of  the  two  results  can  also  be  interpreted  as  giving  the 
orientation  coordinates  —  Z,  —  M ,  —  Nt  —  Kt  of  the  flat. 

Also,  the  sides  rlf  ra,  r3,  with  their  assigned  directions  can  be  projected 
into  another  flat 

x,      y  ,      z  ,      u 


,     W,     «•',     * 
after  the  results  of  §§  64,  110.   The  consequent  derivation  of  the  expression 

cos-1  (LLr  +  M  M1  +  NN1  +  KK') 
as  the  inclination  of  the  flats  is  left  as  an  exercise. 


Rotations  in  quadruple  space. 

115.  As  with  spherical  representation  in  triple  space,  so  with  globular 
representation  in  quadruple  space,  the  representation  of  the  displacement  of 
an  orthogonal  frame  is  facilitated. 

Let  the  orthogonal  frame  of  axes  in  either  of  the  figures  (§§9,  111) 
be  displaced  to  positions  OX',  OF',  OZ\  OF',  so  that  the  new  coordinates 
of  a  point  x',  y',  z't  v',  are  connected  with  the  old  coordinates  xt  y,  zt  v,  by 
relations 


nlf 


fl,  y,  z,  v), 


the  frame  being  rigid  in  the  displacement.  Then  the  sets  of  direction-cosines 
are  subject  to  the  ten  independent  relations 

SV-l,  for      r=lf2,3f4, 
2U  =  0,  for  r,  a, -1,2,  3,4, 

the  summation  being  taken  over  /,  m,  n,  kt  in  each  instance.  Thus  there  are 
six  parameters  effectively  in  any  transformation.  These  six  parameters  can 
be  associated  with  six  rotations,  as  explained  later  (§§  116,  117). 

In  quadruple  space,  there  are  three  significant  types  of  rotation. 

A  rotation  can  leave  a  point  unaltered  while,  around  it,  there  is  a  general 
displacement  without  deformation:  it  may  be  described  as  rotation  round 
a  point.  Thus  a  rigid  globe,  with  centre  0,  can  be  rotated  round  its  centre. 

A  rotation  can  leave  a  line  unaltered  while,  around  it,  there  is  a  general 
displacement  without  deformation;  it  may  be  called  rotation  round  a  line  or 
an  axial  rotation.  The  general  displacement  under  rotation  round  a  line  is 
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more  restricted  than  the  general  displacement  under  rotation  round  a  point ; 
it  is  of  the  same  character  as  the  general  three-dimensional  displacement 
round  a  point.  Thus  in  the  rigid  globe,  we  could  have  a  rotation  round  the 
axis  0 V,  the  line  whose  equations  are  a?  =  0,  y  =  0,  z  =  Q;  and  in  the  diagram 
of  §  111,  the  most  general  displacement,  under  rotation  round  the  axis  0V, 
is  the  most  general  displacement  in  the  flat  v  =  0,  a  triple  space.  In  the 
displacement,  the  movement  of  every  point  is  perpendicular  to  the  axis 
of  rotation :  for  the  instance  adduced,  every  point  is  displaced  within  the 
flat  v  =  0. 

A  rotation  can  leave  a  plane  unaltered  while,  around  it,  that  is,  in  every 
orthogonal  plane,  there  is  a  general  displacement  without  deformation:  it 
may  be  called  rotation  round  a  plane,  or  a  planar  rotation.  The  general 
displacement  under  rotation  round  a  plane  is  still  more  restricted  than  the 
general  displacements  in  the  preceding  instances :  it  is  of  the  same  character 
as  the  orthogonal  displacement  of  the  axes  in  a  plane — such  plane  being,  in 
this  instance,  orthogonal  to  the  plane  round  which  the  rotation  is  effected. 
Thus  we  can  have  a  rotation  round  the  plane  ZQV\  it  is  a  rotation  of  the 
axes  within  the  plane  XOY.  Similarly  we  can  have  a  rotation  round  the 
plane  XOY\  it  is  a  rotation  of  the  axes  within  the  plane  ZO  V.  Manifestly, 
these  two  rotations  are  independent  of  one  another-  and,  generally,  when  there 
is  a  rotation  round  a  plane  P,  yielding  displacement  in  an  orthogonal  plane  Q, 
there  can  be  completely  independent  rotations  round  the  plane  Q,  yielding 
displacements  in  the  plane  P. 

There  are  no  rotations,  in  quadruple  space,  which  leave  a  region  (in 
particular,  a  flat)  unaltered.  A  displacement  in  quadruple  space,  leaving 
•A  flat  unaltered,  is  merely  a  translation  along  a  normal  to  the  flat :  it  is  not 
:i  rotation. 


Displacement  of  an  orthogonal  frame  by  planar  rotations. 

116.  It  is  a  well-known  theorem  in  the  geometry  of  triple  space  that 
an  orthogonal  frame  of  three  axes,  the  origin  being  fixed,  can  be  changed 
from  one  position  to  another  by  a  suitable  rotation  round  a  duly  chosen  axis. 
The  corresponding  theorem  in  the  geometry  of  quadruple  space  is  that  an 
orthogonal  frame  of  four  axes,  the  origin  being  fixed,  can  be  changed  from  any 
position  to  any  other  position  by  two  suitable  rotations  round  two  orthogonal 
planes,  the  rotation  round  either  plane  being  independent  of  the  rotation  round 
the  other.  To  the  establishment  of  this  proposition  we  now  proceed. 

Rotations*  round  a  plane  lead  to  a  rotation  of  the  axes  of  reference  in  the 
orthogonal  plane.  Thus  simultaneous  independent  rotations  round  two  ortho- 

*  For  rotations  in  u-fold  space,  the  memoir  by  G.  Jordan  (quoted  §  124,  post)  should  be 
consulted. 
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gonal  planes  result  in  simultaneous  independent  rotation^  of  the  axes  of 
reference  in  the  two  planes:  and  consequently  it  is  convenient  to  consider 
simultaneously  these  independent  changes  in  the  positions  of  the  axes  in  two 
orthogonal  planes.  Accordingly,  as  regards  the  six:  coordinate  planes  of  reference 
when  these  are  taken  in  orthogonal  pairs,  there  are  three  distinct  operations, 
each  operation  consisting  of  a  rotation  round  one  plane  of  a  magnitude  that 
can  be  chosen  at  will  and  of  a  simultaneous  rotation  round  the  orthogonal 
plane  also  of  a  magnitude  that  can  be  chosen  at  will,  the  two  choices  being 
completely  independent  of  one  another.  These  three  opciations  are  as  follows : 

I.  A  rotation  round  the  plane  YOZ  through  an  angle  a'  and  a  simultaneous 
rotation  round  the  plane  XUV  through  an  angle  or,  where  a   and  a  are  in- 
dependent of  one  another.  A  point  xt  y,  zt  v,  in  the  undisturbed  configuration 
is  thus  displaced  so  as  to  have  coordinates  Xi,  YI,  Zi,  Vlt  where 

Xi  =     x  cos  a  +  v  sin  a  ' 

YI  =      i/  cos  a  +  z  sin  a 

.  J    .  \ (I). 

Zi  =  —  y  sm  a  +  z  cos  a 

Vi  =  —  x  sin  a'  +  v  cos  a' 

II.  A   rotation   round   the    plane    ZOX    through    an    angle    0'    and    a 
simultaneous  rotation  round  the  plane  YOV  through  an  angle  0,  where  0' 
and  0  aie  independent  of  one  another.   A  point  x,  ?/,  z,  v,  in  the  undisturbed 
configuration  is  thus  displaced  so  as  to  have  coordinates  X2t  F2,  Z2,   V2, 
where 

X2  =     x  cos  0  —  z  sin  0 

Y2  =  y  cos  0'  +  v  sin  0' 
Z2  =  x  sin  0  +  z  cos  0 
V2  =  —  y  sm  0'  +  v  cos  0' 


.(ii). 


III.  A  rotation  round  the  plane  XOY  through  an  angle  y  and  .1 
simultaneous  rotation  round  the  plane  ZOV  through  an  angle  7  where  y 
and  7  are  independent  of  one  another.  A  point  x,  yt  z,  v,  in  the  undisturbed 
configuration  is  thus  displaced  so  as  to  have  coordinates  X3,  Y3f  Z3t  F3,  where 

^3  =      x  cos  7  +  y  sin  7   | 

y«  =  —  of  sin  7  +  y  cos  7   ' 

7      J        '    -         (III). 


j. 
Z3  =     z  cos  y  +  v  sin  y    \ 

V3  =  —  z  sin  y  -I-  v  cos  y    ' 


117.  Let  these  operations  (or  substitutions)  be  denoted  by  Olf  Oa,  03, 
respectively.  Then  we  proceed  to  shew  that,  if  x,  y ',  g ',  v',  represent  an 
assigned  displaced  position  of  x,  y,  z,  v,  owing  to  a  displacement  of  the 
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quadruple  orthogonal  system!  given  by 


x  = 
y  = 
z'  = 
to'  =  l^x  +  m^y  +  11*2  +  k 

it  is  always  possible  to  determine  rotations  a  and  a,  round  a  selected  pair  of 
orthogonal  planes,  the  selection  being  made  by  operations  II  and  III,  and  the 
effect  of  the  rotations  a'  and  a  being  such  that 

(a,',  y',  z',  v)  =  (O^O^O^O&x,  y,  z,  v). 


The  effect  of  the  operations,  03  and  then  02,  is  to  select  two  suitable 
orthogonal  planes  ;  round  these  two  orthogonal  planes,  the  rotations  a  and  a 
are  effected,  independently  of  one  another,  after  the  rotations  have  been 
effected,  the  effect  of  the  operations  Oa"1  and  Oa"1  is  to  bring  back  the 
displaced  configuration  to  the  original  frame  of  reference,  so  as  to  express 
x>  r  y  >  z  >  v'  >  m  terms  of  x,  yt  zt  v.  The  sixteen  constants,  in  the  relations 
connecting  the  original  and  the  final  positions,  are  connected  by  the  ten 
permanent  relations  already  stated,  so  that  they  imply  six  independent 
constants.  In  the  sequence  of  operations  indicated,  six  constants  occur  that 
can  be  selected  at  will  independently  of  one  another,  being  a',  a;  fi,  ft\  7',  7. 
The  theorem  will  be  established  by  shewing,  that  these  six  constants  suffice 
for  the  construction  of  the  sixteen  related  constants  ;  and  conversely,  it  will  be 
shewn  that  the  six  constants  can  be  expressed  explicitly  in  terms  of  the 
sixteen  related  constants. 

It  is  convenient  to  denote  the  various  stages  in  the  transition  from 
x,  yt  z,  v,  to  x1,  y  ,  z,  vt  by  means  of  coordinate  symbols  at  each  stage. 
Accordingly,  we  write 

(fc  1,  £  ") 

(X',r,F,  v) 

(X",  Y",  Z",  F") 


We  have 

X'  •• 
Z'  - 

X": 
V": 


(x',y,z',v) 


fcos/3     -fsinfl    ,  F' 

fsin/9      +?cos£    ,  V 

X'cosa   +  F'sina',  Y" 

X'  sin  a'  +  V  cos  a',  Z" 


rjcosff     +vsinff 

-  rj  sin  ff     +ucos/3' 
F'cosa    +  Z'  sin  a 

-  Y'  sin  a    +  Z'  cos  a 
F"cos/3'-  r'sin/3'l 
F"  sin  ff  +  V"  cos  ff  j 
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When  these  successive  substitutions  leading  from  f,  17,  f,  u,  to  £',  i/f  f ',  i/, 
are  effected,  the  results  are 


where 

Xi  =     cos  OL  cos8  0  +  cos  a  sin2  ft 

MI  =  —  sin  a'  cos  ft  sin  ft'  —  sin  a  sin  ft  cos  ff 
NI  =  —  cos  a'  sin  /9  cos  ft  +  cos  a  sin  ft  cos  /9 
Jfi  =  sin  a'  cos  £  cos  ft'  —  sin  a  sin  ft  sin  £' 

—  MI  =  Lz  =     sin  a'  cos  ft  sin  £'  +  sin  a  sin  /3  cos  /S' 

Mz  =     cos  a' sin2 /Q'          +coaacos2/3' 
N2  =  —  sin  a'  sm  £  sin  £'  +  sin  a  cos  ft  cos  ft' 
KZ  =  —  cos  a'  sm  ft'  cos  £'  +  cos  a  sin  £'  cos  ft' 
NI  =  L3  =  —  cos  a'  sin  £  cos  ft    +  cos  a  sin  0  cos  ft    } 

—  NZ=M3=     sin  a  sin  £  sin  ft'   —  sin  a  cos  ft  cos  /9' 

JVa  =     cos  a.'  sin2  ft  +  cos  a  cos2  £ 

/fg  =  —  sin  a'  sm  £  cos  ft'  —  sin  a  cos  ft  sin  /S' 

—  ATi  =  Z,4  =  —  sin  a'  cos  £  cos  £'  +  sin  a  sin  £  sin  ft1 
Kz  =  MI  =  —  cos  a'  sm  £'  cos  ft'  +  cos  a  sin  ft'  cos  £' 

—  7^3  =  Ni=     sin  a'  sin  ft  cos  £'  +  sin  a  cos  ft  sin  0' 

KI  =     cos  a'  cos2  ft '  +  cos  a  sin2  ft' 

We  have,  as  the  first  stage  in  the  whole  transition, 

f  =     a;  cos  7  +  y  sin  7,     f  =      s  cos  7'  +  v  sin  7' ) 
?/  =  —  x  sin  7  -I-  y  cos  7,     u  =  —  z  sin  7'  +  v  cos  7'  J 

and,  as  the  last  stage  in  the  whole  transition, 

x'  =  f '  cos  7  —  17'  sin  7,     2'  =  f  cos  7'  —  i/  sin  7'  j 
i/'  =  f '  sm  7  +  17'  cos  7,     v'  =  £'  sin  7'  +  v  cos  7' , 

In  the  last  stage,  substitute  the  values  of  f ',  77',  f ',  i/,  obtained  in  terms  of 
?,  ^i  £  u  j  and  then  substitute  the  values  of  ff  17,  f,  i;,  in  terms  of  x,  y,  zt  v,  as 
given  in  the  first  stage.  We  find  the  values 

x  =  l±x  +  m^y  +  n-iz  +  k^v  " 
/  =  J3a;  +  m3y  +  7132  +  k^v 
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where  the  respective  coefficients  I,  m,  nt  k,  are 
LI    =  LI  cos2  7  +  J/j  sin2  7, 
i  =  (Li  —  Mz)  sin  7  cos  7  +  MI, 

i  =  NI  cos  7'  cos  7  —  K\  sin  y  cos  7  —  Nz  cos  7'  sin  7  +  /Tz  sin  7'  sin  7, 
!  =  NI  sin  7'  cos  7  +  KI  cos  7'  cos  y  —  Nz  sin  7'  sin  7  —  Kz  cos  7'  sin  7  , 


sin2  7  +  Mz  cos2  7, 

I  cos  7'  sin  y  —  KI  sin  7'  sin  7  +  N2  cos  7'  cos  y  —  Kz  sin  7'  cos  7, 
1  sin  7'  sin  7  +  KI  cos  y  sin  7  +  Ara  sin  7'  cos  7  +  Kz  cos  7'  cos  7; 
I  cos  7'  cos  7  +  KI  sin  y  cos  7  +  ^2  cos  7'  sin  7  +  Kz  sin  7'  sin  7, 
I  cos  7'  sin  7  +  /d  sin  y  sin  y  —  Nz  cos  7'  cos  y  —  Kz  sin  7'  cos  7, 


A3  =  (N*  -  ^4)  sin  y  cos  y  +  7iTa  ; 

/4  =  Ni  sin  y  cos  y  —  K±  cos  7'  cos  y  +  N2  sin  7'  sin  7  —  7f2  cos  7'  sin  7, 
w4  =  N!  sin  7'  sin  7  —  KI  cos  7'  sin  7  —  Nz  sin  7'  cos  7  +  Kz  cos  y  cos  7, 
ri4  =  (N3  -  KI)  sin  y  cos  7'  -  7f3, 


118.  Thus  the  sixteen  constants,  being  direction-cosines  in  the  displaced 
position,  arise  in  the  final  result.  They  are  expressed  in  terms  of  the  six 
constants  a',  a  ;  $'  ,  /Q  ;  7',  7.  It  is  easy  to  verify  that  the  relations 

I*  +mr2     +'/i,r2    +/c,2    =1, 
lrlt  +  ?yirw«  +  nrnt  4-  ArrAr£  =  0, 

for  7",  t,  =  1,  2,  3,  4,  are  satisfied,  being  the  necessary  ten  relations  affecting 
the  sixteen  constants.  Thus  the  combined  operations  lead  to  a  general 
displacement  in  the  quadruple  space  with  a  conservation  of  on  gin. 

Conversely,  given  a  general  displacement  the  sixteen  constants  of  which 
satisfy  the  ten  relations,  we  can  obtain  the  two  quantities  a7  and  a,  and  the 
four  quantities  ff,  $,  yt  y,  which  specify  the  independent  rotations  round  the 
two  orthogonal  planes.  The  quantities  a  and  a  measure  the  actual  rotations  ; 
the  two  orthogonal  planes  are  Y'OZ'  and  X'OV  in  the  intermediate  stage, 
given  in  terms  of  £,  ft',  y,  y\  by  the  equations 

X'  =  tfcos/9  cos7  +  ycos/3  ainy-zBm@  cosy'-vam/3  sin/ 
Ff  =  -  x  cos  ff  sin  7  +  y  cos  ffcoay  —  z  sin  ff  sin  y  +  v  sin  ft  cos  y 
Z'  =  x  sin  £  cos  7  +  y  sin  0  sin  y  +  z  cos  ft  cos  7'  +  v  cos  £  sin  y 
V  =  x  sin  /3'  sin  7  —  y  sin  ft  cos  7  —  z  cos  ff  sin  7'  +  v  cos  £'  cos  7'  , 

where  the  equations  of  the  plane  y  'OZ'  arc  JT'  =  0,  V  =  0,  and  those  of  the 
plane  X'OV  are  Y'  =  Q,Z'  =  0. 
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119.  In  §  117,  the  four  sets  of  orthogonal  direction-cosines  arc  expressed 
in  terms  of  six  independent  quantities  a,  a',  0,  £',  7,  j  ;  and  the  ten  relations 
of  condition  are  satisfied  by  the  expressions  there  given.  We  now  proceed  to 
obtain  the  converse  expressions  for  the  six  quantities  in  terms  of  the  sixteen 
direction-cosines.  We  write 

cos  a  +  cos  a  =  2P,     sin  a'  +  sin  a  =  272  ]         0  +  /3r  =  B  )         7  +  7'  =  C  1 
cos  a  -  cos  a  =  2Q,     sin  of  -  sin  a  =  2£  I  '      0-j3'  =  E)        y-y=F) 

In  place  of  the  former  sixteen  equations,  which  express  the  four  sets  of  ortho- 
gonal direction-cosines,  we  take  the  following  sixteen  linearly  independent 
equations,  easily  verified  as  their  equivalent  : 

=  P     ...................................  (1); 

+  A;4)  =  Qsin  BsinE  ......................  (2); 

+  lz)  =  Q  cos  B  cos  E  sin  2y  | 
-mz)  =  QcosB  cos#cos2y  ) 


-  \  (fca  +  w4)  =  Q  cos  5  cos  #  sin  27'  ) 

^y'J     ......... 


-R  cos  /£  sin  (7      ....................  (5); 

(-  Z4  -  ?//3  +  /?a  +  ^j)  =  R  cos  #  cos  6f  j 


•(7) 


/cj)  =  Scos  5  cos  F 

i  (  J4  +  w*3  +  iiz  +  fe)  =  0  sin  B  cos  A'sin  C 
I  (  £3  —  w4  +  H!  —  fca)  =  Q  sin  B  cos  E  cos  (7 
i  (—  '4  +  m*  +  wa  —  A:i)  =  Q  cos  B  sin  A'  sin  F 
i  (  ^3  +  m4  +  HJ  +  A-2)  =  Q  cos  B  sin  ^  cos  F 

The  set  (5)  of  these  equations  determines  R,  E,  Ct  and  the  set  (6)  determines 
8,  B,  F,  in  each  instance  merely  by  polar  coordinates  in  three  dimensions. 
The  values  of  B  and  E  determine  /3  and  ft',  and  the  values  of  C  and  F 
determine  7  and  7'  :  that  is,  the  two  orthogonal  planes,  round  which  the 
rotations  arc  to  be  effected,  arc  determinate.  The  values  of  R  and  S  determine 
sin  a'  and  sin  a.  As  B  and  E  arc  now  determined,  the  equation  (2)  deter- 
mines Q;  also  the  equation  (1)  determines  P\  thus  cos  a'  and  cos  a  are 
determinate.  Consequently  the  rotations  a'  and  a  arc  determinate. 

It  therefore  follows  that  any  displacement  of  a  quadruple  orthogonal 
frame  can  be  obtained  by  two  single  independent  rotations,  taken  independently 
of  one  another  round  two  orthogonal  planes. 

F.G.  13 
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Further,  we  have 


so  that  5  and  ^,  C  and  ^  are  determinate:  thus,  within  the  frame,  the 
orientations  of  the  two  orthogonal  planes  for  rotations  are  obtained.  Then 
from  equations  (1),  (2),  (5),  (6),  we  have  values  of 

P,  RsinE,  SsinB,   Q  sin  B  sin  E: 
that  is,  values  of  Pt  Q,  Rt  S,  thus  determining  the  necessary  rotations. 

It  may  be  remarked  that  the  sixteen  equations,  which  give  the  values  of 
the  four  orthogonal  sets  of  direction-cosines,  contain  only  six  independent 
magnitudes  ;  and  therefore  they  must  satisfy  ten  relations.  These,  in  turn, 
whatever  form  they  take,  are  equivalent  to  the  ten  relations  of  condition 
which  must  be  satisfied  by  four  orthogonal  sets  of  direction-cosines  ;  and  it 
is  not  difficult  to  verify  that  these  ten  relations  are  actually  satisfied  by  the 
values  of  the  sixteen  quantities  I,  m,  nt  kt  as  obtained  in  §  117. 

Moreover,  as  will  now  be  shewn,  each  of  the  operations  in  §  116,  whether 
direct  or  inverse  in  action,  subslitutes  one  orthogonal  frame  for  another  ;  and 
therefore  the  gradually  cumulative  effect,  at  every  stage,  is  a  substitution  of 
that  character. 

Characteristic  property  of  rotation,  i  vu.nd  a  plane. 

120.  After  the  foregoing  statements,  it  is  not  difficult  to  infer  that,  so 
far  as  concerns  all  rotations  in  quadruple  space,  the  fundamental  element  can 
be  made  the  rotation  round  a  plane  which  compels  a  displacement  of  per- 
pendicular axes  in  the  orthogonal  plane. 

The  rotation  round  a  point,  taken  to  be  the  origin,  is  composite  ,  as  will 
be  proved  later,  the  most  general  rotation  of  that  kind  effected  without  dis- 
tortion of  the  space,  thus  leaving  any  orthogonal  frame  undeformcd,  can  be 
compounded  of  rotations  round  planes. 

When  rotation  round  a  line  is  effected,  that  line  is  unchanged  :  and  the 
result  of  the  rotation  is  to  have  the  most  completely  free  movement  in  the 
three-dimensional  flat  normal  to  the  line,  because  every  direction  in  the  flat  is 
perpendicular  to  the  line  but  otherwise  can  be  unrestricted,  Now  every  such 
three-dimensional  displacement,  leaving  the  origin  unchanged  and  conserving 
the  orthogonality  of  an  orthogonal  three-dimensional  frame,  can  be  exhibited 
as  a  rotation  round  one  axis.  In  such  a  rotation,  the  axis  is  fixed:  the 
normal  to  the  flat  is  fixed  :  and  thus  the  plane  in  four-dimensional  space, 
through  the  axis  of  the  component  rotation  and  the  normal  to  the  flat,  is 
fixed  during  the  rotation  which,  accordingly,  is  a  rotation  round  a  plane. 
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Thus,  in  quadruple  space,  every  rotation  round  an  axis  can  be  resolved  into 
rotations  round  planes. 

One  property  of  rotation  round  a  plane,  which  is  an  essential  in  the 
maintenance  of  the  rigidity  of  an  orthogonal  frame,  can  be  inferred  imme- 
diately from  the  globular  representation  of  a  displacement  with  a  fixed  origin. 
In  the  diagram  (Fig.  10),  OX,  OF,  OZ,  OF,  arc  a  set  of  lines  constituting  an 
orthogonal  frame.  Let  there  be  a  rotation  of  this  frame  round  the  plane  VOZ ; 
it  is  a  rotation  in  the  plane  XOY  upon  itself,  displacing  the  perpendicular 
axes  OX  and  OF  to  a  position  Ox  and  Oy,  the  angle  xOy  being  a  right 
angle.  Thus  the  arcs  Xx  and  Yy  are  equal,  each  of  them  being  a  measure 
of  the  rotation.  Now  Z  is  the  pole  of  the  great  circle  XxYy  on  the  spherical 
surface  XYZ  in  the  fiat  V=  0 ;  hence 

Zx  =    ir,     Z   =    7r. 


Fig.  10. 


Also,  Fis  the  pole  of  the  same  great  circle  XxYy  on  the  spherical  surface  XYV 
in  the  flat  Z  =  Q\  hence 


Also  xy  =  \TT,  ZV=\ir',  consequently  in  the  frame  xyZV,  we  have 
xy  =  xZ  =  x  V  =  yZ  =  y  V  =  Z  F=  i  TT  : 

that  is,  the  frame  xyZV  is  orthogonal,  and  it  is  the  position  of  the  frame 
XYZV  after  a  rotation  (measured  by  Xx  or  Yy)  round  the  plane  of  reference 

zov. 

Next,  take  a  displacement  of  the  frame  xyZV,  round  the  plane  xOy,  that 
is,  round  the  plane  XOY  which  is  orthogonal  to  ZOV  the  plane  of  the  former 

13—2 
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rotation :  and,  by  this  new  rotation,  let  the  axes  OZ  and  0  V  of  the  frame 
xyZVbc  displaced  to  the  positions  Oz  and  Ov,  the  angle  zOv  being  a  right 
angle.  The  arcs  Zz  and  Vv  are  equal,  each  of  them  being  a  measure  of  the 
new  rotation.  Then,  as  in  the  preceding  rotation,  y  is  the  pole  of  the  great 
circle  Zz  Vv  in  the  spherical  surface  yZ  V,  so  that 

yz  =  £*•,     2/w  =  |7T. 

Similarly  x  is  the  pole  of  the  same  great  circle  in  the  spherical  surface 
so  that 

XZ=\TTt       XV  =  \TTI 

Also  xy  =  %7r,  for  it  has  been  unaffected  by  the  rotation ;  and  zv=\ir.  Thus 
the  displaced  frame  xyzv  is  orthogonal. 

Hence  rotation  round  a  plane,  and  successive  rotations  round  any  number 
of  planes,  leave  the  orthogonality  of  a  frame  unaffected.  Further,  rotation 
round  a  plane,  and  another  rotation  (independent  of  the  first)  round  the 
orthogonal  plane,  can  be  combined  into  a  single  operation ;  and  for  such  an 
operation,  thus  composed  of  two  independent  rotations  round  two  orthogonal 
planes  respectively,  and  displacing  the  frame  from  the  position  X  YZV  to  the 
position  xyzv  without  disturbance  of  the  orthogonality  of  the  frame,  the  arc 
Xx  or  the  arc  Yy  measures  the  rotation  round  one  plane,  and  the  arc  Zz  or 
the  arc  Vv  measures  the  rotation  round  the  orthogonal  plane.  But,  .is  the 
rotations  arc  independent  of  one  another,  fche  measure  of  Xx  and  Yy  is 
unrelated  to  the  measure  of  Zz  and  Vv. 

Representation  of  rotations  causing  a  general  displacement  of  a  frame 

121.  The  various  rotations  which  in  pairs  constitute  the  different  operations 
are  represented  in  the  globular  illustration  (p.  197).  The  initial  configuration 
is  xyzv.  By  the  03  operation,  x  and  y  are  displaced  to  f  and  rj  along  xy,  while 
z  and  v  arc  displaced  to  f  and  v  along  zu :  the  result  is  the  configuration  fijfu. 
By  the  0%  operation,  f  and  f  arc  displaced  to  X'  and  Z'  along  ff,  while  rj 
and  v  are  displaced  to  Y'  and  V :  the  result  is  the  configuration  X'Y'Z'V, 
the  arcs  of  displacement  of  £,  17,  f,  v,  alone  being  shewn,  but  not  the  tires 
connecting  X',  Y1,  Z' ,  V,  in  pairs.  By  the  Oi  operation,  X'  and  V  arc 
displaced  to  X"  and  V"  along  X'V,  while  Y'  and  Z'  are  displaced  to  Y" 
and  Z"  along  Y'Z'\  the  result  is  the  configuration  X"Y"Z"V".  At  this 
stage  in  the  analysis,  the  coordinates  of  any  point  arc  referred  to  OX",  OY", 
OZ",  OV" ,  as  axes.  In  order  to  obtain  the  analytical  effect  upon  the  position 
of  a  point  due  to  the  rotation  in  the  Oi  operation,  we  reverse  the  operations 
which  brought  the  axes  to  the  configuration  X'Y'Z'V.  Accordingly,  to  the 
configuration  X"Y"Z"V"  we  apply,  firstly,  the  Oz~l  operation  (being  the 
inverse  of  Oa);  and,  secondly,  the  Oa"1  operation  (being  the  inverse  of  03). 
By  the  Or1  operation,  X"  and  Z"  are  displaced  to  f  and  f  along  X"Z" 
backwards  along  an  arc-distance  equal  to  %X'  and  ?£',  the  forward  arc- 
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distance  in  the  corresponding  rotation  in  the  Oz  operation ;  while  F"  and  V" 
are  displaced  to  V  and  v  along  Y"V"  backwards  along  an  arc-distance  equal 
to  jjY'  and  v V,  the  forward  arc-distance  in  the  other  corresponding  rotation 
in  the  02  operation:  the  result  is  the  configuration  fV£V.  Finally,  by  the 
Oa~*  operation,  f '  and  rj'  are  displaced  to  x  and  y  along  f  V  backwards  along 
an  arc-distance  equal  to  xl~  and  yrj,  the  forward  arc-distance  in  the  corre- 
sponding rotation  in  the  Oj  operation  ;  while  f '  and  v'  are  displaced  to  2'  and 
v'  along  JV  backwards  along  an  arc-disfcance  equal  to  z%  and  vu,  the  forward 


11- 


arc-distance  in  the  other  corresponding  rotation  in  the  03  operation.  The 
final  configuration  is  x'yzv,  where  the  arcs  are  shewn  joining  the  four  points 
in  pairs.  That  configuration  results  from  the  displacement  of  the  axes  Oxt  Oyt 
Oz,  Ou,  due  to  the  rotation  o'  round  the  plane  Y'OZ'  and  the  concomitant 
rotation  ct  round  the  orthogonal  plane  X'O  V. 

As  regards  the  various  tires  in  the  figure,  which  represent  the  respective 
rotations,  we  have 


vu    = 


=  vv 


M- 

y'J 


The  quantities  a'  arid  a  are  the  magnitudes  of  the  rotations;  if  the  dis- 
placement is  infinitesimal,  a'  and  a  arc  small;  otherwise  they  are  finite. 
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The  angles  ft  and  0  are  usually  finite,  even  for  the  general  infinitesimal  dis- 
placement ;  and,  similarly,  the  angles  7'  and  7  are  usually  finite,  even  for  the 
general  infinitesimal  displacement.  Thus  the  only  small  quantities  that  can 
occur  in  the  operations  are  a'  and  a  ;  and  they  are  small  only  for  an  infinitesimal 
displacement. 

Six  modes  of  generation  of  a  displacement. 

122.  As  regards  the  succession  of  rotations  in  any  one  operation,  their 
order  can  be  changed  without  affecting  the  result  :  consequently,  they  have 
been  taken  simultaneously  for  the  operation.  But  a  full  operation  is  not 
commutative  with  another  full  operation.  Thus  the  effect  of  Oz[0a(xyzv)} 
has  been  given  as  the  configuration  X'Y'Z'V.  The  effect  of  Oa[0z(xyzv)}, 
arising  from  the  alteration  of  the  succession  of  the  two  operations  02  and  03  , 
is  to  give 

X'=     as  cos  /8  cos  7  +  y  cos  ft  sin  7  —  z  sin  0  cos  7  +  v  sin  ft  sin  7  ' 
7'  =  —  x  cos  /Q  sin  7  +  y  cos  ft  cos  7  +  z  sin  /9  sin  7  +  v  sin  ft  cos  7 
Z'  =     x  sin  £  cos  7'  —  y  sin  ft  sin  7'  +  z  cos  Q  cos  7'  +  v  cos  ft  sin  7' 
V  =  —  x  sin  /Q  sin  7'  —  y  sin  £'  cos  7'  —  z  cos  £  sin  y  +  v  cos  £'  cos  7' 

which  manifestly  is  different  from  the  configuration  X'Y'Z'V'. 

Now  let  the  operation  Oi  be  applied  to  this  configuration,  so  that  we  have 
a  rotation  a'  round  the  plane  7'OZ'  and  a  simultaneous  rotation  a  round  the 
orthogonal  plane  X'OV  \  and  afterwards  apply,  firstly,  the  inverse  operation 
Oa"1  and,  secondly,  the  inverse  operation  Oi"1.  When  the  final  configuration  is 
taken  to  be  xy'z'v  ,  represented  analytically  as  before,  the  parametric  quan- 
tities ft  and  ft,  7  and  7',  a  and  a  ,  are  involved  in  the  sets  of  direction-cosines 
in  the  forms 


—     MI  cos  ft  cos  P-Ki  sin  ft  cos  ft  -  N\  cos  0'  sin  ft-K$  sin  £'  sin  /3, 


&i  =     J/!  sin  ft  cos  £  +  Jfi  cos  ft  cos  0-  #2  sin  ft  sin  0  +  J5f3cos/3'  sin  0; 

Z2  =     Jtfi  cos  ft  cos  £  +  KI  sin  0'  cos  0  +  Nz  cos  £'  sin  /3  -  K3  sin  0"  sin  /3, 
r/ia  =     3/2  cosa  ft  +  #4  sin2  ft, 

n2  =  —  MI  cos  ft  sin  @  —  Ki  sin  £'  sin  0  +  N2  cos  /37  cos  @-K3  sin  £'  cos  /Q, 
fcz  =     (  ^2  -  #*)  cos  ft  sin  / 


—  Jl/!  cos  £'  sin  0  -I-  If  x  sin  ft  sin  fi  —  Ni  cos  £'  cos  ft  —  K*s\nft  cos  £, 
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=     M!  sin  ff  cos  £  -  K^  cos  ff  cos  @  +  N2  sin  0'  sin  @  +  K3  cos  /S'  sin  0, 
4  =     (  Jtfj  2  —  K  $  cos  £'  si  n  /9'  —  Kz  , 
=  -  MI  sin  £'  sin  P+Ki  cos  £'  sin  £  +  Nz  sin  £'  cos  /3  +  K3  cos  £'  cos  0, 


where,  with  the  same  signification  for  P,  Q  ;  -R,  S  ',  B,  E\  G,  F,  as  before, 

Ml  =     Qsin2y 
K^  =      RcoaC  +  ScosF, 

L2=     MI  ,  M*=     P-Qcos27 

Nz=     RcoaC-ScosF,  Kz=     RsinC  +  SsmF, 


The  final  relations,  connecting  the  sixteen  direction-cosines  for  the  displaced 
configuration  with  the  six  parameters  (B,  E,  G,  Ft  and  the  two  parameters  a,  a', 
involved  in  P,  Q,  R,  S),  are  as  follows  : 

(1)'; 
....................  (2)'; 

Q  cos  C  cos  Fsm  2^  . 


2)  =  Q  cos  Ocos  Psin  2/3'  } 

............       ' 


1  (    ^3  -  ?«4  —  MI  +  ^2)  =  -R  sin  C 
i  (—  '4  —  ^3  +  "2  H-  ^'i)  =  R  cos  Ccos  E 
i  (-  lz  +  wij  -  y/4  -I-  Av,)  =  -R  cos  Csin  E 
i  (-  Zs  -  w*4  +  HI  +  ii)  =  ^  sin  F  \ 


•(5)'; 
.(6)'; 


J  (    12  —  mi  —  »4  +  £3)  =  S  cos  F  sin  B  ] 

J  (    J4  +  wa  +  "2  +  &i)  =  Q  sin  C  sin  F  sin  B 

J(    Z2  +  wii  —  /J4  —  £3)  =  QsinCcosFcos-B 

J  (—  £4  +  m3  +  7<2  —  ki)  =  Q  cos  C  sin  ^  sin  ^ 

i  (    lz  +  wii  +  w4  +  &3)  =  Q  cos  C  cos  -Fcos  E  t 

It  thus  appears  that,  given  a  displacement  of  the  orthogonal  frame,  there 

are  six  different  ways  in  which  it  can  be  composed  out  of  the  operations  which 

consist,  each  of  them,  of  simultaneous  rotations  round  two  orthogonal  planes : 

for  the  full  transformation  leading  to  the  result  can  be  expressed  in  the  form 

where  the  integers  p,  g,  r,  are  the  three  integers  1,  2, 3,  in  any  order,  associated 
with  the  three  operations  0  in  §§  116,  117. 
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Infinitesimal  displacement  of  a  frame. 

123.  Among  the  most  interesting  displacements  of  an  orthogonal  frame 
are  those  usually  called  '  small'  or  'infinitesimal.'  In  an  infinitesimal  displace- 
ment, the  two  effective  rotations  round  the  pair  of  orthogonal  planes  are  of 
small  magnitude;  and  they  remain  as  independent  of  one  another  as  for 
displacements  of  finite  magnitude 

Because  an  infinitesimal  displacement,  under  retention  of  a  fixed  origin, 
means  only  a  small  change  in  the  coordinates  expressing  a  position,  the 
small  ness  of  the  change  can  be  made  evident  in  the  equations  of  transforma- 
tion. Accordingly,  the  equations  of  general  transformation  will  be  appropriately 
modified  so  as  to  exhibit  the  smallness  of  the  change.  Thus,  in  a  transforma- 
tion which  is  to  be  infinitesimal,  and  initially  represented  by  the  equations 

x  =  hx  +  m^y  +  riiz  +  fav\ 
yf  =  l%x  +  m^y  +  n2z  +  fa  v 


v'  =  lix  +  nity  +  ntz  +  fav} 

these  equations  must  be  made  to  represent  each  of  the  magnitudes  x'  —  x, 
i/  —  y,  z1  -  zt  v'  —  v,  as  a  quantity  which  is  small  on  account  of  the  constant 
coefficients.  Thus  l\t  m2,  w3,  fa,  must,  each  of  tlem,  be  nearly  equal  to  unity, 
let  them  be  1  —  fi,  1  —  e2,  1  —  e3,  1  —  e4,  respectively,  where  e1;  €2,  e3,  e4l  are 
small  quantities.  The  twelve  remaining  constants  in  the  transformation 
must  be  small  quantities.  Now 


that  is, 

=  0. 


Thus  e!  is  a  small  quantity  of  order  higher  than  that  of  wii,  HI,  fa,  and  there- 
fore when  we  decide  to  include,  in  the  expression  of  a  small  displacement, 
small  quantities  of  no  order  higher  than  the  first,  we  can  take  ex  as  zero  in 
that  expression.  Similarly,  and  under  that  same  decision,  we  can  make 
ea  =  0,  €3  =  0,  e4  =  0  :  that  is,  for  our  small  orthogonal  displacement,  we  can 
take 

?,  =  !,     TH2=1,     r?3  =  l3     &4  =  1. 

Again,  among  the  conditions  of  the  orthogonality  which  is  to  be  maintained 
in  the  deformation,  there  is  a  condition 


Zi  h  +  7tiimz  +  n^iz  +  fafa  =  0. 

Now  Hina  and  fafa  are  of  the  second  order  of  small  quantities  ;  when  these  are 
neglected  in  comparison  with  surviving  terms  of  the  first  order,  this  equation 
gives 
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Similarly,  the  other  five  conditions  of  orthogonality,  which  arc 


for  the  general  transformation,  simplify  to  the  respective  five  conditions 


when  the  transformation  is  made  infinitesimal.  When  these  relations  are 
satisfied,  all  the  conditions  of  orthogonality  in  the  displaced  transformation 
are  met.  Let 

mi  =  —  12   =  (i,     «i  =  —  t   =  h,     /,*!  =  —  /4  =  g, 

?12    =  —  W3  =  6,        k2  =  —  M4=/,        &3=  —  >'4  =  C, 

so  that  a,  6,  c,  /,  g,  h,  are  small  quantities,  taken  to  be  of  the  first  order; 
and,  being  six  in  number,  they  are  sufficient  to  represent  a  general  trans- 
formation. Thus  the  most  general  infinitesimal  transformation  can  be 
represented  by  the  equations 

,r  =       x  +  ay  +  hz  +  gv\ 


z  =  —  hx  —  by  +    z  +  cv  [ 
c) 


where  the  conditions  of  orthogonality  arc  satisfied  to  the  first-order,  and  the 
six  small  constants  arc  independent  of  one  another. 


Jordan's  theorem  on  the  generation  of  a  small  displacement. 

124.  In  a  general  finite  displacement  of  an  orthogonal  frame,  the 
tiausition  from  the  one  position  to  the  other  can  be  effected  by  two  rotations 
round  a  couple  of  orthogonal  planes,  these  rotations  being  finite.  In  a  general 
small  displacement  of  an  orthogonal  frame,  the  transition  from  the  initial 
position  to  the  final  position  can  be  effected  also  by  two  rotations  round 
a  couple  of  orthogonal  planes ;  but,  now,  the  two  rotations  themselves  are 
small. 

The  analysis,  necessary  to  express  the  magnitude  of  the  small  rotations 

and  the  positions  of  the  two  orthogonal  planes  (which  are  not  approximately 

coincident  with  coordinate  planes  of  reference),  can  be  investigated  from  the 

beginning,  by  merely  making  the  magnitudes  a'  and  a,  that  define  the  t\vo 

rotations,  small  quantities  initially.   It  is,  however,  unnecessary  to  perform 

the  various  operations  in  detail ;  the  results  can  be  obtained  from  the  results 

already  given,  by  requiring  the  quantities  a'  and  a  to  be  small  in  those 

results,  and  still  leaving  them  otherwise  independent.   We  therefore  take 

cos  a'  =  ] 

sin  a  -- 


•  1  ]       cos  a  =  1 1 

'  I  '  i 

••  a. }       sin  a  =  a ) 
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Then  the  following  values  are  consequently  obtained,  for  the  respective 
intermediate  magnitudes  which  occur  in  the  investigation  of  the  general 
transition  : 


Q=0)'     2tf=a'- 
^  =     RsinE-SsmB,      tf1  =  0,       K*=  R  cos  E  +  Scos  B, 


with  the  relations 


The  final  quantities,  which  express  the  infinitesimal  displacement,  are  found 
to  be 


a, 


'4   =     ^2  cos  5  cos  (7  +  <Sy  cos  5  cos  ^  =  ^, 
wi3  =     ^  cos  EcoaC-S  co9  BcosF  =  b, 

=/, 
c, 


where  all  the  magnitudes  a,  6,  c,  /,  0r,  /t,  are  small,  of  the  same  order  as  the 
small  rotations  a  and  a.  Hence  there  is  obtained  a  general  small  transforma- 
tion, conforming  to  the  required  type. 

Conversely,  when  an  infinitesimal  transformation  is  assigned,  the  small 
rotations  and  the  two  orthogonal  planes  which  can  generate  the  transforma- 
tion are  derivable  from  these  relations.  We  have 


which  lead  to  the  values  ofB  and  E,  of  C  and  F,  determining  the  orthogonal 
planes  round  which  the  rotations  are  effected,  and  to  the  values  of  R  and 
of  S,  determining  the  magnitudes  of  the  (small)  rotations*. 

*  This  theorem,  as  regards  the  generation  of  a  small  displacement  of  a  quadruple  orthogonal 
frame,  waa  first  obtained  by  Camille  Jordan,  "Easai  aur  la  g£om4trie  a  n  dimensions, "  Hull.  Nor. 
Math,  de  France,  t.  hi  (1875),  pp.  103-174 ;  see,  in  particular,  pp.  152-171. 
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Successive  small  displacements  of  the  orthogonal  frame  of  a  skew  curve 

along  the  curve. 

125.  The  simplest  (and,  at  the  same  time,  the  most  immediate)  applica- 
tion of  this  result  occurs  when  /,  g,  h,  vanish  separately  :  there  then  remain 
three  infinitesimal  elements  in  the  expressions  that  define  the  displacement. 
As  will  appear  in  the  section  relating  to  skew  curves,  this  type  of  displace- 
ment arises  when  the  orthogonal  frame  of  the  curve  moves  along  the  curve 
to  a  consecutive  point  and  there  becomes  the  orthogonal  frame  at  that  point. 
The  Frenet  equations  (§  164)  characteristic  of  a  general  curve  can  be  written 

in  a  form 

x  =     x      +  yde 


z  =  —  ydrj  +  2       +  vdco  I 

v'  =  —  zdw  +  v 

The  quantities  x,  y,  z,  v,  now  represent  the  inclinations  ot  any  one  of  the  axes 
OX,  OF,  OZ,  0V,  to  the  principal  lines  of  the  frame  of  reference  of  the  curve 
at  the  point  (the  tangent,  the  principal  normal,  the  binormai,  and  the 
trinormul),  so  that 

a  =  r/c,     b  =  d7j,     c  =  dco,    f=g  =  h  =  0. 

The  quantity  de  is  the  angle  of  contingencc  of  the  curve  at  the  point,  drj  is 
the  .ingle  of  torsion,  and  do)  is  the  angle  of  tilt. 

Without  pursuing  the  application  of  this  particular  interpretation  at 
this  stage,  we  shall  deal  only  with  the  actual  form  of  the  preceding  infinitesimal 
transformation.  As  /,  gt  ht  vanish,  the  equations  for  the  determination  of  the 
small  rotations  a'  and  ct,  and  for  the  specification  of  the  two  orthogonal  planes 
round  which  these  small  rotations  are  effected,  become 


HcosEs\nC  =  0  [,     tfcos.ffsin^     0 

12  sin  E  =  \  (c  +  a)(  SsmB=     -J(c  —  < 

Thus  we  have  C  =  0,  F=  0  :  that  is, 

7  =  0,     7=0- 

Consetjuently,  the  operation  03  and  its  inverse  Oa"1  are  not  required. 
The  equations  now  become 


Hence 

tan  (£-£')  = 


tan  (£  +  £')  =  tan  tf  =  -        ; 
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and  therefore 


Thus  we  have  the  angle  £  settling  the  guiding  lines  in  the  plane  XOZ,  and 
the  angle  /9'  settling  the  guiding  lines  in  the  plane  YOV\  and  we  thus 
obtain  the  planes  round  which  the  rotations  are  effected. 

For  the  magnitudes  of  the  rotations,  we  have 

2  («'  +  a)  =  272  =  {62  +  (a  +  c)2]*, 

and  therefore 

4a'  =  {62  +  (a  +  c)2)*  +  l&2  +  (a  -  c)2)*| 

4a  =  (fc2  +  (a  +  c)2}*  -  |62  +  (a  -  c)2]* J  ' 

the  rotation  OL  being  effected  round  the  plane  given  by  axes  OY'  and  OZ', 
and  the  rotation  a  being  effected  round  the  orthogonal  plane  given  by  axes 
OX '  and  0V,  where 

Xf—     x cos /9  +  z sin  £,     F'=     y cos £'  +  « sin  ^ 

1^9  +  2:003)9,       V'  = 


NOTE.  The  following  expressions  for  an  orthogonal  transformation  are  due 
to  Cay  ley*  and  can  easily  be  verified:  —  • 

Let  constants  ar8t  for  r,  s,  =  1,  2,  3,  4,  be  such  that  ari  =  1,  ow=-«r, 
when  r  and  s  are  different,  let  A  denote  their  determinant;  and  let  a,,  denote 
the  minors  of  A,  according  to  the  formal  conventions 


Then   an   orthogonal   transformation    between    variables   xlt  ,r2l  x^  a-4,   and 

AI,   A  2,  ^3,  -3l4i  1S 


(2orM  -  A)  «-r>     Ar.  =  2^  a,,  ^,  +  (2«M  -  A)  Ar., 

s  r 

r  jj 

where  2£  denotes  summation  for  all  values  of  s  except  r,  and  X  denotes 

*  > 

summation  for  all  values  of  r  except  s. 

*  "Surquelques  proprtetds  des  determinants  gttuches,"  (1846),  Coll.  Math.  Papen,  vol.  i, 
pp.  332—336;  Bee  also  Salmon's  Modern  Higher  Algebra,  (1885),  p  43. 


CHAPTER  VIII. 

CURVES  .  PRINCIPAL  LINES. 

Skew  curves :  their  analytical  representation. 

126.  When  we  pass  from  the  amplitudes  in  quadruple  space  which  are 
iharacterised,  in  ultimate  resolution,  by  development  from  a  line,  itself  with 
,he  characteristic  of  uniformity  of  direction,  and  pass  to  amplitudes  of  corre- 
iponding  similar  dimensions  devoid  of  the  characteristic  which  may  be 
lescribed  vaguely  as  general  evenness,  the  equations,  by  which  the  various 
/ypes  of  amplitudes  are  represented,  will  no  longer  be  linear :  that  is  to  say, 
lot  all  the  equations  representing  an  amplitude  will  be  linear.  We  can,  of 
jourse,  have  a  two-dimensional  surface  which  is  not  a  plane  and  which  can, 
n  all  its  extent,  lie  in  a  flat ;  and  the  equations  of  such  a  surface  would  be 
:apable  of  transformation  to  a  shape 

</> (x,  y,  z,  v)  =  0,     ax  +  by  +  cz+dv  =  e, 

where  the  function  <£  is  not  linear  in  all  its  arguments.  We  have  had  an 
example  (§  103)  in  the  section  of  a  globe  by  a  flat.  Now  such  a  surface  would 
relatively  nut  be  of  the  most  general  type ;  for  by  a  transformation  of  (ortho- 
gonal) axes  of  reference  such  that  in  the  new  system 

ax  +  by  +  cz  +  dv  —  e  =  V, 
the  new  forms  of  the  equations  would  be 

®(x,  K,  #,  F)=O,    r=o. 

We  should  therefore  have  a  surface  4>  (X ,  Y,  Z,  0)  =  0  in  the  flat  three-dimen- 
sional space  F=0,  the  discussion  of  the  geometry  of  such  a  surface  is  that 
of  a  surface  in  a  customary  three-dimensional  space. 

We  shall  assume  generally  that,  where  more  than  one  equation  is  required 
for  the  analytical  expression  of  an  amplitude,  there  is  no  such  linear  equation 
either  existent  in,  or  derivable  from,  the  analytical  expression  of  the 
amplitude. 

An  amplitude  of  one  dimension  is  called  a  curve,  the  simplest  curve  being 
a  straight  line  or  (briefly)  a  line.  There  are  diverse  modes  of  representing  a 
curve  analytically.  Thus  we  might  have  three  independent  equations 

J>,  y,  *,  v)  =  0,     G(x,ytzt  v)  =  Q,     H  (x,  yy  z,  v)  =  0, 
not  all  of  which  may  be  linear;  but  there  is  the  disadvantage  that,  unlike  the 
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corresponding  representation  of  a  line,  the  three  equations  may  represent  two 
or  more  curves,  which  geometrically  are  discrete  though  analytically  they  are 
the  same.  Or  the  coordinates  of  a  point  in  quadruple  space  might  be  repre- 
sented in  terms  of  three  parameters,  say 

x  =  x(pt  q,  r\     y  =  y(p>q,r\     z  =  z(p,q,r\     v  =  v(p,q,r), 

in  effect,  determining  a  region  within  the  quadruple  space  :  and  then  two 
relations 


would  determine  a  curve,  lying  in  the  region.    Or  the  coordinates  of  a  point 
in  the  quadruple  space  might  be  represented  in  terms  of  two  parameters,  say 

x  =  x(p,q\     y  =  y(p,q),     z  =  z(p,q\     v  =  v(p,q), 

in  effect,  determining  a  surface,  within  the  quadruple  space  but  otherwise 
unrestricted  :  and  then  one  relation 

v(p,q)  =  0 
would  determine  a  curve,  lying  on  the  surface. 

The  analytical  implication  of  all  the  different  modes  of  expression  is  that, 
throughout  the  configuration,  there  subsists  only  a  single  independent  variable, 
whatever  be  the  geometrical  significance  of  that  variable.  As  ultimately 
there  subsists  one  independent  variable  in  the  analytical  expression  of  a  curve, 
that  variable  must  be  capable  of  transformation  into  some  other  equally 
independent  variable,  if  such  change  be  found  convenient.  Our  concern, 
except  for  the  measurement  of  circular  curvature,  will  seldom  be  occupied  by 
topographical  relations  to  surrounding  space  :  it  will  mainly  be  devoted  to 
intrinsic  relations  and  properties  which,  even  when  related  to  surrounding 
space,  remain  intrinsic  to  the  curve.  Accordingly,  there  is  an  almost  over- 
whelming advantage  in  using  one  special  intrinsic  variable  from  the  beginning 
of  the  investigations  :  we  select,  for  our  use,  the  length  of  the  arc  of  the  curve, 
measured  along  the  curve  from  some  point  of  reference.  It  is  a  comparatively 
rare  occurrence  that  this  initial  point  of  reference  has  any  importance,  so  far 
as  concerns  the  curve  itself:  circumstances  of  course  change  when  we  have 
to  deal  with  the  properties  of  a  curve,  upon  a  surface  or  within  a  region,  in 
connection  with  that  surface  or  that  region.  And,  also  in  the  comparatively 
rare  instances  where  the  length  of  the  arc  happens  not  to  be  the  appropriate 
variable,  a  new  variable  can  be  adopted  :  then  it  will  be  found  desirable,  and 
usually  necessary,  to  determine  the  arc  of  the  curve  in  terms  of  such  a 
variable. 

As  a  rule,  we  denote  the  length  of  the  arc  of  a  curve,  measured  along  the 
curve  from  a  fixed  point  on  the  curve,  by  s  ;  and  then  the  coordinates  of  a 
point  on  the  curve,  usually  denoted  by  x,  yt  z,  v,  are  taken  to  be  functions  of 
this  parametric  variable  s. 
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Selected  magnitudes  involving  arc-derivatives  of  the  point-coordinates. 

127.  In  the  analytical  geometry  of  the  curve,  we  shall  have  to  deal  with 
derivatives  of  x,  y,  z,  v,  with  respect  to  s,  of  various  orders ;  we  shall  have  to 
deal  also  with  certain  combinations,  either  pure  symmetric  or  skew  symmetric, 
of  these  derivatives  of  various  orders.  Accordingly,  there  is  a  convenience 
in  obtaining  initially  some  algebraical  results  as  affecting  these  combinations 
of  derivatives,  with  a  tacit  restriction  to  such  results  as  prove  useful  in  the 
analytical  developments  of  the  geometry. 

We  denote  the  successive  derivatives  of  x,  y,  zt  vt  with  respect  to  s,  by  the 
customary  notation,  and  write 

ds=X'     ds*=X  '     ds*=X   '     ds*=X*V' 

and  so  for  derivatives  of  y,  z,  v.  For  the  most  part,  derivatives  of  order 
higher  than  four  will  not  be  required  ;  if  we  were  dealing  with  a  curve  in 
a,  space  of  n  dimensions,  derivatives  of  order  higher  than  n  would  be  of 
infrequent  occurrence.  For  general  representation,  we  write 

dmi£  dilx     dmv  dnu     dmz  dnz     dmv  dnv 
g     =_  .  _|_ j      j  i j_ 

mn      dsin  dstl      dsm  dsn      ds"1  ds11      dsm  dsn 

_  v  dmx  dnx 

~"d*™  ds'1' 

for  positive  integer  values  of  in  and  n  \  and  the  summation  sign,  2,  will 
regularly  be  used,  without  specific  mention  at  each  occurrence,  to  denote  a 
symmetric  summation  over  all  the  four  variables  xt  y,  z,  vt  to  whatever  com- 
bination as  a  typical  term  that  sign  of  summation  may  be  prefixed.  Occa- 
sionally, other  symbols  are  used  for  smnt  in  connection  with  the  values 
m,  ?i,  ^  1  and  ^  4 ,  and  the  geometrical  significance  of  some  of  these  combina- 
tions is  stated,  dogmatically  at  this  stage,  from  their  occurrence  in  the 
geometry,  so  that  p,  cr,  R,  and  the  like,  temporarily  remain  mere  symbols. 

We  write  p  for  -,- ,  p"  for  ,-£ ,  and  similarly  for  the  arc-derivatives  of  other 
quantities.  There  is,  moreover,  the  fundamental  relation 


characteristic  of  homaloidal  quadruple  space  :  and  this  relation  is 


The  full  tale  of  these  useful  symbols  is  as  follows  : 

A  =  su  =  x'*  +  y*  +  z'  »  +  1/", 

H  =  sn  =  x'x"  +  y'y"  +  z'z"  +  v'v", 


'"  +  v'v'", 
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F=S23  =  x»x'"  +  y'y"  +  z"z'" 

G  =  533  =  a'"2  +  ?/"2  +  *'"2  +  V'"2, 

+  zz" 


N  =  534  =  *" 

D  =  ff44  =  a;lv2  +  ?/lva  +  slva  +  ylva. 

As  already  explained,  we  have 

4-1; 

consequently 

tf-i^-o. 

2  e/* 
We  write 


__. 


Because  //  =  0,  it  follows  that 

so  that 

(? 

Obviously 

Again, 

^ 

and  therefore 


In  connection  with  Gt  =533,  two  related  new  symbols  <r  and  72  are  introduced, 
each  with  a  subsequent  geometrical  significance;  we  write 

C  =  533  =  a"'2  +  y"'2  +  *"/2  +  v'"  2 

1 


where  R  and  <r  arc  connected  by  the  equation 


127] 

Again, 

and  therefore 


DERIVATIVES  OF  POINT-COORDINATES 


209 


Finally, 


ds 


dC 


P4    V    V 

One  combination,  which  frequently  recurs,  may  be  noted :  it  is  easy  to  shew 
that 

-I  =-    l 
P        '  p2  P2ff 

We  retain  D  as  the  symbol  for  544.    It  will  be  found  convenient,  later,  to 
have  a  value  for  the  determinant  fl  defined  by 

x   ,     y    ,     z  ,     v 
x"  i     2/i     ^" ,     v" 

v"       11'"       z"       i}'" 

*  i    y  i    *  >    v 

xty ,     i/IV ,     2IV ,     i;IV 
By  the  customary  rule  for  the  square  of  a  determinant,  we  have 


518»        522.       £23i        524 

^13  1       ^23  1       |^33  1       ^34 

1,0. 

V         '     Z 

0             X                      "'                 If 

°'              p*'                     ~p3              •        * 

_iz,    _?:,    J-.  +  i+el2,    jyr 

i,        M,                N         ,    D 

Y  Q. 


14 


210 


TANGENT  LINE  AND  NORMAL  FLAT 


[CH.  VIII 


Consequently 


1, 

o. 

i 

<°" 

o, 

i 

p' 
p* 

0, 

o, 

i 

A 

M, 

N 

i. 

0, 

0 

o, 

1 

0 

0, 

o. 

1 

L. 

M,     A 

'+pM+t 

n» 

D 

M2       L2 

"D 

M2       L2 

D 
L 

M 
p'          i 

7    "V2J 

D 


ajr 

£  if +  -i 

p  p* 


a  result  to  be  used  hereafter.  *  , 

Tangent  line:  normal  flat. 

128.  We  now  come  to  the  geometry  of  a  curve  and  to  the  determination 
of  the  measures  of  its  deviations,  from  a  straight  line  and  from  associated 
planes  and  flats  along  its  course. 

A  point  P  is  taken  on  the  curve,  with  coordinates  #,  y,  z,  v  :  a  contiguous 
point  P'  has  coordinates  x  +  dx,  y  +  dy,z  +  dzt  v  +  dv,  where  the  variations  of 
the  coordinates  of  P'  from  those  of  P  are  of  the  first  order  of  small  quantities. 
The  length  of  the  arc,  ds,  being  estimated  in  homaloidal  space,  is  given  by 


dy2  +  dz2  +  dv2; 
and,  consequently,  there  is  the  permanent  relation 


We  denote  the  space-coordinates  of  a  point,  current  in  an  amplitude,  by 
x,  y,  z,  v.   The  equations  of  the  line  PP'  are 


(x  +  dx)-x  ~~  (y  +  dy)  -  y  ~  (z  +  dz)  -z~  (v  +  dv)  -^  ' 

and  therefore  the  equations  of  the  tangent  to  the  curve  at  P,  being  the  limit 
of  the  line  PP  as  P'  approaches  to  coincidence  with  P,  are 

x  —  x  _y  —  y  _z  —  z  ^v  —  v 

~x     ='         ~~="?~- 


129] 
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As  3>'2  +  y/a  +  2<a  +  !/a=l,  manifestly  ac',  tf,  z't  v',  are  the  direction-cosines  of 
the  tangent.   In  the  accompanying  figure,  PT  is  the  tangent  at  P. 

The  Hat,  through  the  point  P  and  normal  to  the  tangent  at  P,  is  called 
the  normal  flat  of  the  curve.  It  is  unique,  as  there  is  only  one  flat  through 
a  point  to  which  a  given  direction  is  normal.  The  equation  of  the  normal 
flat  is 


C"     ff 


Fig.  12, 


Every  direction  a,  /3,  7,  8,  in  the  flat  is  perpendicular  to  the  normal  to  the 
flat,  so  that  the  equation 

**  +  #/'  +  7*  +  &u'  =  0 
must  be  satisfied.   In  the  figure,  the  normal  flat  is  PCBF, 


Osculating  plane,  and  an  orthogonal  plane. 

129.    A  plane,  drawn  through  the  tangeut  at  P  and  containing  any 
assigned  direction  \,  /*,  i/,  *,  is  given  by  the  equations 


a;  —  a?,      y  —  y,     £  — 
*'    ,        y'    ,        «' 

X      ,  /i      ,  V 


u  —  v 


=  0. 
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Among  such  planes,  let  that  plane  be  chosen  which,  already  passing  through 
the  consecutive  point  P'  on  the  tangent  at  P,  contains  the  direction  of  the 
tangent  at  that  point  P'.  The  direction-cosines  of  the  tangent  at  P',  distant 
ds  from  P,  are 

x  +  x"dst     y'  +  y"dst     z  +  z"ds,     v  +  v"dst 

to  the  first  order  of  small  quantities;  hence  when  these  arc  taken  as  the 
values  of  X,  p,  v,  K,  and  the  equations  are  slightly  modified,  the  limiting 
form  of  the  equations  is 

—  #i    y  —  y,   z  —  z,    v  —  v    =  o. 

x     ,        y     ,        z     ,       v 

*"  ,  y"  ,  z"  ,  v" 
This  plane,  containing  the  tangent  at  P,  contains  a  point  P'  on  that  tangent 
consecutive  to  P  ;  and,  containing  the  tangent  at  P',  contains  a  point  P"  on 
that  tangent  consecutive  to  P'.  Thus  the  plane  passes  through  three  points 
on  the  curve,  viz.  P,  and  two  successively  consecutive  points,  P'  and  P".  As 
the  greatest  number  of  arbitrarily  assigned  points  determining  a  plane  is 
three,  it  follows  that  the  selected  plane  passes  through  as  many  points  as 
can  be  assigned  or  arc  required  to  determine  any  plane  :  find  as  P'  and  P" 
are  consecutive  to  P,  this  plane  lies  as  close  to  the  curve  through  P  as  is 
possible  by  selection  of  points  It  is  therefore  failed  the  osculating  plane  of 
the  curve  at  P. 

The  equations  of  the  osculating  plane  can  be  obtained  by  making  the 
osculating  plane  the  limiting  position  of  a  plane  through  three  consecutive 
points  P,  P',  P",  on  the  curve.  If  the  arc  PP'  =  01,  and  PP"  =  o-a,  we  have 


xp.. 
and  so  for  the  other  coordinates.   The  equations  of  the  plane  are 


x  -x,  y  -i 
xp.  -  x,  yp.  - 1 
Xp,*  —  x,  yp>,  — ; 


z     —  z,     v     —  v 

Zp.    —  Zt       Dp.    —  V 
Zp..  —  2,       Vp.>  —  V 


=  0; 


the  form  of  these  equations,  when  we  pass  to  the  limit  as  <TI  and  <72  tend  to 
zero  independently,  is  again 

c-ar,     y-y,     z-z,     v-v     =  0. 
x    ,      y     ,      2'    ,      v 
x"  ,      y"  ,      *"  ,      v" 
In  the  accompanying  figure  (p.  211),  the  osculating  plane  at  P  is  the  limiting 
position  of  the  plane  TP'PG. 

Further,  the  equation  of  the  normal  flat  at  P  is 

5  (x  -  x)  x  =  (x  -  x)  x'  +  (y-  y)  y  +  (z  -  z)  z*  +  (v  -  v)  v  =  0. 
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The  equation  of  the  normal  flat  at  the  consecutive  point  P'  is 

S  (x  -  x  -  xds)  (x  +  x'ds)  =  0, 
that  is, 

2  (x  -  a-)  *'  +  [{2  (Si  -  x)  x"}  -  l]da=  0. 

By  the  property  of  any  two  flats,  the  two  normal  flats  at  P  and  P'  intersect 
in  a  plane  :  in  the  limit,  the  equations  of  this  plane  of  intersection  are 


Z(x-x)x'  =0j 
S  (x  -  x)  x"  =  1  j" 


S  (x  -  x)  x" 

In  the  first  place,  this  plane  is  orthogonal  (and  not  merely  perpendicular) 
to  the  osculating  plane  ;  for  every  direction  cr,  0,  7,  8,  lying  in  this  plane, 
satisfies  the  equations 

CLC'  +  0y   +  7*'  +  Sv  =  0, 


,ind  therefore 

a  (pa  +  r/z")  +  £  (py  +  77,")  +  7  (p/  +  j*")  +  8  (p/  +  flu")  =  0. 

But  px  +  (/.*;",  py  +  gy",  pj'  +  qg"9  pv'  +  qv",  are  direction-cosines  of  any 
direction  in  the  osculating  plane.  Thus  every  direction  in  the  new  plane  is 
perpendicular  to  any  direction  in  the  osculating  plane.  The  two  planes  are 
therefore  orthogonal. 

Principal  normal:  circular  (prime)  curvature. 

130.  In  the  next  place,  this  new  plane  does  not  pass  through  the  point  P; 
for  x,  yt  z,  \\  the  coordinates  of  P,  do  not  satisfy  the  second  of  its  equations. 
But  it  must  intersect  the  osculating  plane  in  a  point.  To  find  this  point  of 
intersection,  we  take  any  point 

x  —  x  +  px  +  </,r",     //  =  y  +  py  +  qy",     z  =  z  +  pz  +  qz",     v  =  v  +  pv  4-  qv", 

in  the  osculating  plane  :  in  order  that  it  may  lie  in  the  new  plane,  we  must 
have 

S  {(x  +  pa;'  +  qx")  -  x}  x    =  0, 

S  {(x  +  px'  +  qx")  -  x]  x"  =  1 
The  former  equation  is 


Now  S#'2=  1  and  therefore  SaV  =  0  ,  hence  we  have 

P  =  °- 
The  latter  equation  is 

pSaV'  +  gS*"1-!. 
We  write,  as  anticipated  in  §  127, 

Sa;"2  =  x"*  +  y"*  +  *"*  +  v1"*  =  -\  , 
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necessarily  a  positive  quantity  ;  and  now  the  latter  equation  is 

g  =  p'. 
Hence  the  two  planes  intersect  in  a  point,  C,  having  coordinates 

tf  +  pV,     y  +  pY> 
For  the  magnitude  of  PC,  we  have 


and  therefore  denoting  the  positive  square  root  of  p2  by  p,  we  take  p  as  the 
magnitude  of  PC.  Also  as 

x+p*x"-x=p.px",  y+p2y"-y=p.py",  z+p2z"-z=p.pz",  v+p2v"-v=p.pv", 

and  as  p  is  the  magnitude  of  PC,  it  follows  that  the  direction-cosines  of  PC, 
measured  from  P  towards  C,  are 

px",  py"t  pz"t  pv". 

The  point  C  lies  in  the  new  plane  (the  orthogonal  plane),  but  not  the  point  P  : 
the  line  PC  does  not  lie  in  that  plane.  The  point  C  lies  in  the  osculating 
plane,  and  so  does  the  point  P  :  the  line  PC  lies  in  the  osculating  plane,  passing 
through  P.  The  direction-cosines  of  the  tangent  PT  are  x\  y',  z'}  v,  those  of 
the  line  PC  are  px",  py",  pz",  pv"  ;  and 

px"  .  x  +  py"  .  y  +  pz"  .  z  +  pv"  .  v  =  0. 

Hence  PC  is  perpendicular  to  PT,  and  it  lies  in  the  osculating  plane  of  the 
curve;  -as  it  is  perpendicular  to  the  tangent,  it  is  a  normal  to  the  curve. 

Again,  in  the  osculating  plane,  take  the  line  P'C,  passing  through  the 
point  P',  which  is  x  +  afds,  y  +  y'ds,  z  +  z'dst  v  +  v'ds,  and  through  the  point  C, 
which  is  x  +  p2x",  y  +  p2y"t  z  +  pzz",  v  +  p2v"\  its  direction-cosines  are  propor- 
tional to 

P2x"-x'ds,     p2y"-y'ds,     P2z"-zds,    pzv"-v'ds. 

The  direction-cosines  of  the  tangent  at  P',  which  also  lies  in  the  osculating 
plane,  are  x'  +  x"dst  y'  +  y"dsf  z  +  z"dst  v  +  v"dst  up  to  the  first  order  of  small 
quantities;  and 

S  (p*x"  -  x'ds)  (x  +  x'ds)  =  0, 

that  is,  P'C  is  perpendicular  to  the  tangent  at  P'.  Thus  in  the  plane  PP'RC, 
being  the  osculating  plane  which  contains  three  consecutive  points  P,  P',  P", 
on  the  curve,  PC  is  perpendicular  to  the  chord  P'P,  and  P'C  is  perpendicular 
to  the  consecutive  chord  P'P";  and  in  the  plane,  a  circle  can  be  drawn 
through  the  three  points  P,  P',  P".  In  the  limiting  position,  as  P,  P',  P", 
approach  to  coincidence,  we  have  a  circle  in  the  plane  ,  PT  is  the  tangent  to 
the  circle;  PC  and  P'C  are  consecutive  perpendiculars  in  the  plane  to  con- 
secutive tangents  ;  thus  C  is  the  centre  of  the  circle. 
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This  circle  is  therefore  called  the  circle  of  prime  curvature,  sometimes  the 
circle  of  plane  curvature,  sometimes  merely  the  circle  of  curvature.  Its  centre 
C  is  called  the  centre  of  prime  curvature,  sometimes  the  centre  of  plane  cur- 
vature, sometimes  the  centre  of  circular  curvature ;  and  its  radius  p  is  called 
the  radius  of  prime  curvature,  or  the  radius  of  plane  curvature,  or  the  radius 
of  circular  curvature.  The  line  PC,  being  a  normal  to  the  curve  and  being 
the  direction  along  which  the  radius  of  prime  curvature  lies,  is  called  the 
principal  normal  of  the  curve. 

The  equations  of  the  principal  normal,  which  has  direction -cosines  px", 

£  —  #__//  —  y  _z  —  z  _v  —  v 

the  principal  normal  therefore  lies  in  the  osculating  plane 
x  —  x,     y  —  y,     2—2,     v  — 

*    ,      y'  ,      *  ,      v' 
*"  ,     y"  ,     •"  ,     v" 

It  also  lies  in  the  normal  flat :  thus  the  principal  normal  of  the  curve  is  the 
intersection  of  the  normal  Hat  by  the  osculating  plane. 

To  sum  up  as  regards  circular  (or  prune,  or  plane)  curvature,  the  direction - 
cosines  of  the  radius,  measured  from  the  curve  towards  the  centre,  are 

px",  py",  pz"t  pi"; 
the  coordinates  of  the  centre  arc 

f ,  =  x  +  p  V,     n  -  y  +  p*y",     6i  =  *  +  P*z" ,     "i  =  v  +  ffv"  \ 
and  the  magnitude,  p,  of  the  radius  is  the  positive  square  root  of  p2,  where 


Angle  of  contingence. 

131.  The  angle  of  contingence  at  any  point  P  is  the  angle  between  the 
tangent  at  P  and  the  tangent  at  the  consecutive  point  P',  this  second  tangent 
lying  in  the  osculating  plane  at  P :  it  is  the  angle  between  two  consecutive 
tangents.  Thus  it  is  the  angle  between  the  lines,  the  respective  direction- 
cosines  of  which  are  a,  y',  z,  v,  and  x'  +  x"dst  y  +  y"ds,  z'  +  z'ds,  v  +  v'ds. 
When  the  magnitude  of  the  angle  of  contingence  is  denoted  by  rfe,  we  have 

sina  de  =  2  [x  (yf  +  y'ds)  -  y  (x  +  x"ds)}* 
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and  therefore 

I_de 
p~~ds' 

a  result  that  can  be  inferred  immediately  from  the  geometry  of  the  circle  of 
curvature  in  the  osculating  plane. 

Two  consecutive  principal  normals  do  not  meet:  but  their  inclination 
may  be  noted.  If  di  be  the  inclination  of  two  consecutive  radii  of  plane 
curvature,  we  have 

sm2di=2(lm'-l'm)2, 
where 

I,  m,  n,  k  =  px",  py",  pz"t  pv", 

I',  m',  n,  k'=px"+%-s(px")ds,  py'^^py^ds,  p*"  +  ^(pz")ds,  pv"  +  ^(pv")d^ 

Thus 

lm'  -  I'm  =  p*  (x"y"'  -  2/'V")  dst 

and  so  for  the  other  terms  in  sin2  di  ;  consequently 

sin2  di  =  p*  [2  (x"y"  '  -  y"x"J\  ds*t 
and  therefore 


on  reduction. 

The  quantity  -^-  is  called  the  curvature  of  screw;  and  the  angle  di  is 

sometimes  called  the  angle  of  screw.  The  curvature  thus  named  has  no 
centre,  has  no  line  for  its  radius,  and  is  merely  a  magnitude  ;  as  will  be  seen 
later,  it  is  merely  a  combination  of  two  essential  curvatures  of  the  curve,  and 
has  no  independent  geometrical  significance  beyond  that  already  stated. 


Equations  of  the  circle  of  curvature. 
132.   The  equations  of  the  osculating  plane  are 

—  xt    y  —  y,    z—z,    v  —  v  |  =  0. 
*'  ,      y   ,     *  ,     V 
«!'  ,     y"  .     *"  ,     «" 

Any  direction  in  that  plane  is  given  by  direction-cosines 


133] 

provided 

hence 
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and  therefore  any  direction  in  the  osculating  plane  has  direction-cosines 

—  x  sin  0  +  px"  cos  0,     —  y  sin  6  +  py"  cos  0, 

—  z  sin  6  +  pz"  cos  0,     -  v'  sin  0  +  pv"  cos  6, 
where  6  is  a  parametric  quantity. 

Any  point  in  the  osculating  plane  has  coordinates 

x  +  tx  +  npx",     y  +  ty  +  npy",  P^  _ 

z  +  tz  +  w/w",     u  +  fa/  4-  npv"  , 

where  t  is  a  length  measured  from  P  along  the 
tangent  PT,  and  n  is  a  length  measured  from  P 
along  the  principal  normal  towards  C. 

When  such  a  point  W  lies  on  the  circle  of  plane 
curvature,  we  have 

£  [x  +  tx  +  npx"  -(x  +  pzx")}2  =  p\ 
and  therefore 


°' 


so  that  this  may  be  taken  as  an  equation  of  the 
circle  of  (plane)  curvature  in  the  osculating  plane. 
We  must  have 

O^n^  2p, 
while 

t  =  (2pn  -  )i2)*. 

In  the  accompanying  figure,  the  preceding  direction  is  that  of  WCt  where  0 
is  the  angle  PCW. 


Torsion:  angle  of  torsion. 

133.  We  require  the  small  angle  between  two  consecutive  osculating  planes, 
as  at  the  points  P  and  P'.  Because  these  two  planes  intersect  in  a  line  and 
not  in  a  point  only  (their  intersection  being  the  tangent  at  P'),  we  can,  by  §  89, 
adopt  the  method  of  three-dimensional  geometry  and  draw  lines  in  the 
respective  planes  perpendicular  to  the  common  intersection:  the  angle 
between  the  perpendicular  lines  thus  drawn  is  the  inclination  of  the  planes. 

The  common  line,  to  which  these  perpendiculars  in  the  respective 
osculating  planes  are  to  be  drawn,  is  the  tangent  P'T'  of  which  the  direction- 
cosines  are 

x'  +  x"ds,     y  +  y'ds,     z  +  z'ds,     v  +  v"ds, 
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up  to  the  first  order  of  small  quantities.   Any  direction  in  the  osculating 
plane  at  P  has  direction-cosines 

ax'+/3px",    *y+Ppy",     az'  +  @pz",    av+0pv", 

where  aa  +  /Q2  =  1.   If  this  direction,  lying  in  the  osculating  plane  at  Pt  is 
perpendicular  to  PT',  the  condition 

2  (x  +  x"ds)  (ax  +  0px")  =  0 
must  be  satisfied  :  that  is, 

«  +  ^<fc  =  0. 
P 

As  a2  +  £2  =  1,  and  as  we  are  retaining  only  the  lowest  power  of  ds,  these 
equations  give  /3  =  1  and  a  =  --  .   Consequently  the  line,  with  direction- 

cosines 

„        ,ds  a       ,  ds  ,,       ,  ds  ni  ds 

px    -X-,       py-y-,       pz-Z~,        py'-y---, 

is  the  perpendicular  in  the  osculating  plane  at  P  to  the  tangent  F'T'. 

The  perpendicular  in  the  osculating  plane  at  P'  to  the  tangent  PT'  is 
the  principal  normal  at  P',  and  it  has  direction-cosines 

px"  +  (px'"  +  p'x")  ds,     py"  +  (py"f  +  py")  ds, 
pz"  +  (pz"  +  p'z")  ds,     pv"  +  (pv"r  +  p'v")  ds. 

Now  the  angle  between  two  lines  with  direction-cosines  I,  m,  n,  k,  and 
I',  m,  ri,  k',  is  given  by  the  relation  (§  19) 


where  the  summation  is  taken  over  the  six  terms,  arising  from  the  six  com- 
binations of  cosines  in  pairs.    In  the  present  instance, 

I   =px"-x'ds,     I'   =px"  +  (px'"  +  p'x")ds, 

m  =  py"  -y'-^>     m  =  py"  +  (py"  +  p'y")  ds, 
and  therefore 

Ini  -  I'm  =  pz  (x"y'"  -  y"x"r)  ds  -  (xy"  -  y'x")  ds 

=  {*"  (P  v/f  +  y  )  -  y" 

Hence 

•JJ*  =  2  (x"  (p'y'"  +  y')  -  y"  (p  V"  +  x')}* 

"»)  {2  (fM"  +  aO'J  - 


;"'2  +  Zp^x'a,'"  +  1)  -  p* 


on  reduction,  and  using  the  symbols  of  §  127. 
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If,  then,  the  angle  between  two  consecutive  osculating  planes  be  denoted  by 
drj,  we  have 

&n  =  \ 
ds      <r' 

This  quantity  -  may  be  called  the  torsion  of  the  curve  at  the  point;   it 

represents  the  arc-rate  of  turning  of  the  osculating  plane  round  the  tangent. 
But  there  is  no  point  which  can  be  called  the  centre  of  torsion ;  and  there  is 
no  line,  the  direction  of  which  can  be  called  the  radius  of  torsion.  Often  <r  is 
called  the  radius  of  torsion :  but,  in  that  use,  it  is  only  a  magnitude  and  not 
a  vector. 

The  angle  drj  is  sometimes  called  the  angle  of  torsion. 


Orthogonal  plane :  binomial :  trinomial. 

134.    The  equations  of  the  osculating  plane,  taken  in  a  form  to  shew  that 
it  passes  through  the  centre  of  plane  curvature,  are 

!  A  ,  \(  ,  Z  V 

x"         ,  y"         ,  z"         ,  v"  V 

The  equations  of  the  plane,  orthogonal  to  the  osculating  plane  at  the  centre 
of  plane  curvature,  arc 

(x  _  x  -  pV')  x  +  (y  -  y  -  pzy" )  y'  +  (z  -  z  -  p2z")  z  +  (v  -  v  -  pzv")  v  =  0  j 
-(.'/- y-pzy")y"  +  (2-z-p2z")z"  +  (v-v-P2v")v"  =  OJ  " 


When  any  direction,  given  by  direction-cosines  X,  /i,  i/f  *,  lies  in  this 
plane,  the  relations 

'  +  vz    +  KV   =  0, 

"  +  vz"  +  KV"  =  0, 

must  be  satisfied.  When  two  distinct  sets  of  values  of  X,  ^,  v,  K,  are  obtained, 
the  equations  of  the  plane  can  be  exhibited  by  means  of  these  directions  as 
guiding  lines.  Two  distinct  sets  of  values,  satisfying  both  relations  and  per- 
pendicular to  one  another,  are  as  follows,  suggested  by  later  investigations 
connected  with  the  curve.  One  such  set  is  given  by 

X  =  ax  +  fipx" 


z'  +  fipz" 
v  +/3pv" 
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provided  or,  0,  7,  satisfy  the  relations 


[CH.  VIII 


'/  =0, 
'  V"  =  0. 


The  former  relation  gives 

a-7  =  0; 
the  latter  relation  gives 

0-7/°'  =  0; 

and  therefore,  dropping  the  factor  7  as  unnecessary  for  the  immediate 
purpose  though  its  value  will  be  necessary  later,  one  direction  in  the  plane 
through  C,  which  is  orthogonal  to  the  osculating  plane,  is  given  by  direction- 
cosines  proportional  to 

x  +  pp'x"  +  pV",     y  +  ppy"  +  pY",     z'  +  pp'z"  +  p2*  ",     v  +  pp  v"  +  pV". 

Next,  a  direction  Lt  M,  Nt  K,  lying  in  this  orthogonal  plane,  and  per- 
pendicular to  X,  p,  i/,  *,  in  the  plane  as  well  as  perpendicular  to  the  tangent 
and  the  radius  of  prime  curvature  that  lie  out  of  the  plane,  satisfies  the 
relations 

Lx1  +  My'  +  Nz   +  Kv  =  0, 

lx"  +  My"  +  Nz"  +  Kv"  =  0, 
L\  +MJJL  +Nv  +Ktc  =0. 

On  account  of  the  values  of  X,  /*,  v,  K,  and  having  regard  to  the  first  two 
equations,  we  can  substitute  an  equation 

Lx"'  +  My"  +  Nz"  +  Kv'"  =  0 
to  be  associated  with  the  first  two  equations,  in  place  of  the  third.   Let 
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,      Jy  =  ~ 

v    , 

x' 

y",    «"  , 

v" 

*", 

v"  , 

x" 

y",   z'". 

v'" 

z'", 

v", 

x" 

v'  ,   *•'  , 

y' 

,     •/>- 

x   , 

y  ' 

z' 

«/',     *", 

y" 

x", 

y", 

z" 

«/"            »/" 

V     i       &     > 

y"' 

x'", 

y". 

a!" 

then  we  can  take 

% 

where 


j,. 


the  value  of  0  being  unnecessary  for  the  moment.  Thus  another  direction  in 
the  plane  through  C  orthogonal  to  the  osculating  plane  is  given  by  direction- 
cosines  proportional  to 

Jx>    Jyt    J*,     Jv 

Consequently,  when  X,  p,  v,  K;  and  L,  M,  N,  K;  are  taken  as  guiding 


1  =  0. 
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directions,  the  equations  of  the  plane  through  the  centre  of  plane  curvature 
orthogonal  to  the  osculating  plane  arc 

_     ,/  -  2    "  ~~  2    " 

as  +  pp'x1  +  pzx"\    y  +  pp'y"  +  pzy"',    /  +  pp*"  +  p1*  ",    «'  +  ppV  +  pV" 

Jx  ,  Jy  ,  Jz  *  Jv 

The  direction  through  the  point  P  on  the  curve,  parallel  to  the  line  whose 
direction -cosines  are  \,  fit  v,  K,  determined  earlier,  is  called  the  binomial  to 
the  curve  at  the  point  P ;  it  is  the  line  PB  in  the  figure  on  p.  211.  A  direction 
through  P,  parallel  to  the  line  whose  direction-cosines  are  proportional  to 
Jx,  Jy,  Jz,  Jv,  is  called  the  trinomial  to  the  curve  at  the  point  P;  it  is  the 
line  PF  in  the  same  figure.  If  therefore  u,  plane  be  drawn  through  P,  con- 
taining the  binomial  at  P  and  the  trinonnal  at  P,  its  equations  are 

x-x       ,          y-y       .          *~~z       >          v-v 

r  '  r  '  T  T  H 

Jx  ,  Jy  ,  Jz  i  J*  ll 

This  plane  is  called  the  orthogonal  plane  at  P :  and  it  is  orthogonal  at  P  to 
the  osculating  plane  of  the  curve  at  P,  being  of  course  parallel  to  the  plane 
through  C  orthogonal  to  the  osculating  plane.  It  is  the  plane  BPF  in  the 
figure  on  p.  211. 

Orthogonal  frame  at  any  point. 

135.  It  is  to  be  noted  that,  with  the  point  P  as  vertex,  we  now  have  a 
quadruply  orthogonal  frame,  constituted  by  the  four  directions 

(i)    the  tangent,  PT, 

(ii)    the  radius  of  plane  curvature,  PC, 

(iii)   the  binomial,  PB, 

(iv)   the  trinormal,  PF, 

these  four  directions  being  perpendicular  in  pairs.  The  first  two  directions 
lie  in  the  osculating  plane;  the  last  two  directions  lie  in  the  orthogonal 
plane. 

Osculating  flat. 

136.  The  osculating  plane  has  been  defined  as  a  plane   through  two 
consecutive  tangents;  and  an  equivalent  property  is  that  it  is  the  limiting 
position  of  a  plane  through  three  consecutive  points. 

It  is  a  fundamental  property  of  a  flat  that  it  can  be  made  uniquely 
definite  by  the  assignment  of  three  guiding  directions  which  do  not,  all 
of  them,  lie  in  one  plane.  By  an  equivalent  property  it  can  be  made 


222  OSCULATING  [CH.  VIII 

uniquely  definite  through  the  assignment  of  four  points  which  do  not,  all 
of  them,  lie  in  one  plane  Again,  it  has  been  proved  that,  if  two  planes 
intersect  in  a  line,  they  lie  in  one  flat. 

Now  consider  the  osculating  plane  at  P;  it  contains  the  tangent  at  P, 
and  the  tangent  at  a  consecutive  point  Pt.  Consider  the  osculating  plane 
at  P'  ;  it  contains  the  tangent  at  P',  and  the  tangent  at  a  consecutive 
point  P".  Thus  the  osculating  plane  at  P  and  the  osculating  plane  at  P' 
intersect  in  the  tangent  at  P'  :  hence  there  is  one  flat  in  which  they  both 
lie.  As  this  flat  contains  the  osculating  plane  at  P,  it  contains  the  tangent 
at  P'  as  well  as  the  tangent  at  P  ;  and  as  it  contains  the  osculating  plane 
at  P',  it  contains  the  tangent  at  P"  as  well  as  the  tangent  at  P'.  Con- 
sequently the  flat  contains  the  tangent  at  P,  the  tangent  at  P',  the  tangent 
at  P",  three  directions  which  do  not,  all  of  them,  lie  in  one  plane  :  it  is 
determined  by  those  three  directions.  Further,  the  tangent  at  P  passes 
through  the  consecutive  point  P'  ;  the  tangent  at  P'  passes  through  the 
consecutive  point  P"  ;  the  tangent  at  P"  passes  through  the  consecutive 
point  P'"  :  that  is,  the  flat  passes  through  four  consecutive  points  P,  P', 
P",  P"',  on  the  curve,  while  these  four  points  do  not,  all  of  them,  lie  in  one 
plane  :  the  flat  is  determinate  by  those  four  consecutive  points  on  the  curve. 

Any  flat  through  the  point  x,  y,  z,  v,  is  represented  by  the  equation 


the  existence  of  a  direction  X,  /*,  v,  K,  in  the  flat  requires  that  the  condition 

A\  +  Bfj,  +  Cv  +  Die  =»  0 
shall  be  satisfied.   Now  the  tangent  at  P  is  given  by  the  direction 

*',     y'i     *',     "'; 
and  therefore  a  relation 

Ax  +  By  +  Cz'  +  Dv  =  0 

is  satisfied.   The  tangent  at  the  consecutive  point  P'  is  given  by  the  direction 
x  +  x"ds  +  ±x'"ds*  +  .  .  .  ,     y'  +  y'ds  +  Jy'" 
z  +  z'ds  +  \z"'ds*  +  .  .  .  ,     v  +  v'ds  +  $v" 
and  therefore  a  relation 

24  (x'  +  x"ds  +  \a!"A*  +  ...)-  0 

is  satisfied.   When  account  is  taken  of  the  former  relation,  we  can  modify 
this  equation  into 

2  Ax"  +  J  GAx")  ds  +  i  (SAa**)  dif+...  =  0. 

The  tangent  at  the  next  consecutive  point  P",  given  by  a  further  increment 
of  arc  dtr  along  the  curve,  is  given  by  the  direction 
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and  therefore  a  relation 

2A  {x'  +  of'  (ds  +  da)  +  \x"'  (ds  +  daf  +...]=  0 

is  satisfied.   When  account  is  taken  of  the  relation  first  established,  this 
equation  can  be  modified  to  the  form 

2  Ax"  +  i  (2  Ax")  (ds  +  d<r)  +  &Ax™  (ds  +  da)*  +  .  .  .  =  0  ; 


and  when  account   is  taken  of  the  second   relation,  this   equation  can  be 
modified  to 

(da  +  2ds)  +  A24av  (rfcra  +  3d*  ds  +  3cfo»)  +  .  .  .  =  0. 


But  a  fourth  consecutive  tangent  cannot  lie  in  the  flat,  and  therefore  no 
further  condition  is  to  be  imposed  upon  the  constants  in  the  equation  of  the  flat. 
We  now  pass  to  the  limit  by  making  the  arcs  ds  and  da  decrease  inde- 
pendently towards  the  length  zero.   The  first  condition 


is  unchanged ;  the  second  condition  becomes 

and  the  third  condition  becomes 

Ax1"  +  By'"  +  Cz"  +  Dv'"  =  0. 
Consequently  the  equation  of  the  flat  is 

x  —  x,    y  —  y,    z  —  z,    v  —  v  \  =  0. 

x  ,  y'  ,  z'  ,  v' 
x"  t  f  ,  z"  ,  v" 
x"  ,  y'"  ,  z"  ,  v'"  I 

As  the  flat  contains  three  consecutive  tangents,  the  greatest  possible  number 
of  non-complanar  directions  through  which  a  flat  can  pass,  it  has  the  closest 
possible  association  at  P  which  can  be  obtained  by  any  flat  through  P: 
accordingly,  it  is  called  the  osculating  flat  at  the  point  P  of  the  curve. 

137.   The  same  result  follows  by  requiring  the  flat 


which  already  passes  through  the  point  P,  to  pass  through  three  points 
consecutive  to  P.   For  any  point  on  the  curve  near  P,  the  coordinates  are 

x  =  x  +  xds  +  ±x" 


v  =  v  +  vds  +  \v"d?  +  W' 
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When  these  values  are  substituted,  the  requirement  as  to  passing  through 
three  consecutive  points  is  satisfied  by  making  the  coefficients  of  the  first 
three  powers  of  ds,  viz.  the  powers  ds,  ds2,  ds3,  vanish,  and  by  excluding  the 
necessary  evanescence  of  higher  powers  of  ds :  thus  we  have 

Ax    +  By    +  Cz     +Dv    =  0, 

Ax"  +By"  +  Cz"  +J}v"  =  0, 

Ax'"  +  By"1  +  Cz"  +  Dv"'  =  0, 


while 

does  not  vanish. 


+  Bylv  +  Czlv  +  Dvlv 


The  three  conditions  lead  to  the  same  equation  as  before  for  the  oSculating 
flat. 

The  exclusion  of  the  magnitude  %Axlv  from  evanescence  implies  that  the 
quantity  fl  (of  §  127)  does  not  vanish.  As  will  be  seen  later  (§  146),  the 
vanishing  of  H  at  the  point  P  would  mean  that  P  is  a  point  of  zero  tilt; 
the  vanishing  of  H  everywhere  on  the  curve  would  mean  that  the  curve  is 
a  three-dimensional  curve,  existing  (that  is  to  say)  wholly  in  one  flat. 

138.  Finally,  as  regards  the  construction  of  the  equation  of  the  flat,  the 
same  result  follows  from  determining  the  flat  in  which  the  osculating  plane 
at  P  arid  the  osculating  plane  at  the  consecutive  point  P'  lie.  The  equations 
of  the  osculating  plane  at  P,  which  of  course  Contains  the  consecutive  point 
P',  can  be  taken 

x  —  x  -  x'ds,     y  —  y  —  yds,     z  —  z  —  z'dst      v—v  —  v'ds 

x'        ,          y  z'  vf 

*"       ,          y"      ,          *"       , 

so  that  every  point  in  the  plane  is  given  by  expressions 
x  —  x  =  x'ds  +  \x'  +  fix''" 


z-z  =  z'ds 

v  —  v  =  v'ds  +  \v  + 

The  osculating  plane  at  P't  containing  the  tangents  at  P'  and  at  P",  has 
equations 


x-x-x'ds,       y-y-y'ds,      z-z-z'dst     v-v-v'ds 
x  +x"ds    ,       y'+y"ds    ,      z+z"ds,     v'+v"ds 
x"  +  x'"ds    ,      y"  +  y'"ds    ,     z"  +  z"ds  , 
so  that  every  point  in  this  plane  is  given  by  expressions 

x  -  x  =  x'ds  +  e  (x  +  x'ds)  + 17  (x"  +  x"  ds)* 
y-y  =  y'ds  +  e(y'+  y"ds)  +  rj  (y"  +  f  ds) 
z-z  =  z'ds  +  €(z'  +z"ds)  +  r,  (z"  +  z"1  ds) 
v-v  =  v'ds  +  e  (v'  +  v"ds)  + 17  («"  +  v'"  ds). 


=  0, 
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In  the  first  double  infinitude  of  points,  \  and  /A  are  parameters;  in  the 
second  double  infinitude  of  points,  e  and  77  are  parameters. 

Both  double  infinitudes  are  included  in  the  aggregate 

x  -  x  =  ax'  +  0m"  +  yx" 


z  -z  =  az  +  0 

v  -  v  =  av  +  @v"  +  yv"< 

where  a,  /3,  7,  are  parameters.    The  first  infinitude  arises  for  the  values 

a  =  X  +  ds,     0  =  n,     7  =  0; 
the  second  infinitude  arises  for  the  values 


Hence  all  points  in  both  the  planes,  that  is,  both  the  planes  themselves,  lie 
in  a  flat 

*-*,   y-y>   *-*,   v-v 

x  v'  z'  v' 

-"        i  y        i  "       i          " 

»      y    *       &    t      v 
which  accordingly  is  the  osculating  flat  at  the  point  P  of  the  curve. 


The  osculating  flat  contains  the  tangent,  the  principal  normal, 
and  the  binomial. 

139.  Moreover,  the  last  set  of  equations,  expressing  x,  y,  z,  v,  in  terms  of 
the  three  parameters  a,  /9,  7,  give  the  coordinates  of  any  point  within  the 
fiat. 

Further,  any  direction  I,  mt  nt  k,  lying  in  the  flat,  is  given  by  the 
equations 

I   =\x  +ILX"  +  vx" 


=  1,  these  parameters 


k  =\v' 

where  \,  p,  v,  are  parameters;  and  as 
are  subject  to  the  relation 


that  is, 


r.a. 
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When  the  equation  of  the  flat  is  taken  in  the  form 


[CH.  vm 


the  direction-cosines  of  the  normal  to  the  flat  are  proportional  to  L,  M,Nt  K\ 
or  they  actually  are  L,  M,  JV,  K,  when  the  relation 


holds.    As  in  §  134,  we  define 

Jx  = 

y  > 

z'  , 

v' 

y", 

*", 

v" 

y'"> 

z". 

v'" 

Jz  = 

v'  , 

IK    , 

y 

w", 

*", 

y" 

*'", 

*"', 

y'" 

=  - 

J  , 

v'  , 

x' 

a 

it 

*   , 

If 

X 

*'", 

v'ftt 

x" 

of', 

y"'. 

*f 

*"\ 

y'", 

z'" 

and  then,  if 

the  value  of  0  is  given  by 

1 


N=0JZ,    K=0JV, 


513 


We  may  take  the  positive  root  <rp2  as  the  value  of  0  ;  and  then  the  direction- 
cosines  of  the  normal  to  the  flat  are 


<rp*Jx, 
This  line  is  the  trmormal  (§§  134,  141). 

In  the  equation  of  the  flat  as  given,  three  guiding  lines  are  indicated. 
One  of  these  has  direction-cosines  x,  y,  /,  v  ;  it  is  the  tangent  PT  at  P  to 
the  curve.  The  second  has  direction-cosines  px",  py",  pz"t  pv"  ;  it  is  the 
principal  normal  PC  at  P  to  the  curve,  lying  in  its  osculating  plane.  The 
third  has  direction-cosines  proportional  to  x"'t  y"\  z'"t  v".  But  while  the  first 
two  directions  are  perpendicular  to  one  another,  the  third  direction  is  not 
perpendicular  to  either  of  the  first  two  ;  and  it  is  convenient,  sometimes  to 
substitute  for  this  third  direction,  and  usually  to  associate  with  the  first  two 
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directions,  a  new  third  direction  lying  in  the  Rat  and  perpendicular  to  the 
first  two.  Let  this  third  direction  be  given  by  the  direction-cosines  lt  mt  nt  k, 
as  on  p.  225.  We  are  to  have 

Ix   +  my'  +  nz'  +  M  =  0, 

fcc"  +  my"+n 
From  the  former,  we  have 

X-J-O; 
and  from  the  latter,  we  have 


Accordingly,  we  substitute  these  values  of  X  and  jj,  in  the  relation  connecting 
X,  p,  vt  expressing  the  property  that  &  +  ira2  +  na  +  ^  =  1  ;  and  we  find 

i/z  =  <rV- 

When  the  positive  square  root  is  taken  as  the  value  of  v,  the  direction-cosines 
of  the  new  direction  in  the  osculating  flat,  perpendicular  to  the  tangent  and 
the  principal  normal,  are 


P  - 

rr  <r 

—  \z-\-ppz    +  pz2    ),      —  (v  +  pp  i 

P  P 

If  it    is   desired    to  shew  this  direction   in  the   equation  of   the  flat,  the 
equation  is 

=  0; 

a"  ,  •/"  ,  *"  .  *" 


and,  now,  the  three  guiding  lines  of  the  Hat,  as  indicated  in  this  equation,  are 
perpendicular  to  one  another.  The  third  guiding  line  in  the  equation  is  the 
binormal,  as  already  (§  134)  defined. 

Normal  plane. 

140.    The  equation  of  the  normal  Hat  at  P,  that  is,  the  Hat  perpendicular 
to  the  tangent  at  P,  is 

(x  -  x)  x  +  (Ij  —  y)y'  +  (z-  z)  z  +  (v  —  v)  if  =  0. 
Any  point  in  the  osculating  fiat  at  P  is  given  by 

a-  -  x  =  ax  +  @ 


z  -z  =  <z 

v  -  v  =  av'  +  @u"  +  7i/". 

15—2 
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When  such  a  point  lies  in  the  normal  flat,  a,  ft,  y,  satisfy  the  relation 

ttZa'2  +  Q&x'x"  +  yZx'J"  =  0, 
that  is, 

.-7I-a 

Consequently  the  intersection,  of  the  normal  flat  at  P  and  the  osculating 
flat  at  P,  is  the  aggregate  of  points  given  by 

x  -  x  =  a  (x  +  pzx")  +  frf'  =  a  (x1  +  pp'x"  +  p  V")  +  (£  -  app)  x"t 


*  -  z  =  a  (*  +  />         +    s    =  a 

i)  -  v  =  a  (ve  +  pV")  +  0w"  =  a  (v'  +  pp'v"  +  pV")  +  (£  -  W'  )  v"  ; 

that  is,  the  specified  intersection  is  the  plane 

x-x          ,  y-y          ,  z-z          ,  v-v 

y"  ,  f          ,  ^" 


=0. 


This  plane  passes  through  the  line  whose  direction-cosines  arc  proportional  to 
x+pP'x"  +  pW.  y+pp'y"  +  p*y",  2  +pp*"  +  P*z'",  v'  +  PP'v"  +  P*v'"  ; 

and  this  lasb  line,  the  binormal,  is  perpendicular  to  evary  line  in  the  osculating 
plane.  The  plane,  passing  through  the  line,  therefore  either  is  perpendicular 
or  is  orthogonal  to  the  osculating  plane.  It  cannot  be  orthogonal  to  that  plane, 
because  both  planes  contain  the  line  PC,  the  radius  of  circular  curvature  ,  it 
therefore  is  perpendicular  to  the  osculating  plane  at  P.  We  call  it  the  normal 
plane  at  P. 

Again,  the  binormal  lies  in  the  orthogonal  plane  at  P,  so  that  the  ortho- 
gonal plane  at  P  and  the  normal  plane  at  P  intersect  in  this  line.  The 
binormal  thus  lies  in  the  normal  plane,  and  it  is  perpendicular  to  every 
direction  in  the  osculating  plane  :  but  it  is,  of  course,  only  one  of  the  infinitude 
of  directions  (all  lying  in  the  orthogonal  plane)  which  are  perpendicular  to 
every  direction  in  the  osculating  plane. 


The  trinormal:  it  is  perpendicular  to  the  osculating  fiat. 
141.   The  normal  to  the  osculating  flat  has 

<rp2Jx,     <rpzJy,     <rp2Jz,     <rpzJv, 

for  its  direction  -cosines.  It  lies  in  the  orthogonal  plane  at  P.  It  is  perpen- 
dicular to  the  tangent,  it  is  perpendicular  to  the  principal  normal,  and  it  is 
perpendicular  to  the  binormal  ;  accordingly,  it  is  called  the  trinormal,  as  well 
as  the  normal  to  the  osculating  flat. 
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In  the  figure  12  in  §  128,  the  tangent  at  P  is  PT  \  the  principal  normal 
at  P  is  PC ;  the  binormal  at  P  is  PB  \  and  the  trinormal  at  P  is  PF.  We 
have  seen  that  these  four  lines  PT,  PC,  PB,  PF,  constitute  a  quadruply 
orthogonal  frame  at  P.  The  plane  through  PT  and  PC  is  the  osculating 
plane  at  P ;  the  plane  through  PC  and  PB  is  the  normal  plane  at  P ;  and 
the  plane  through  PB  and  PF  is  the  orthogonal  plane  at  P.  The  flat 
PTCB  is  the  osculating  flat  at  P;  and  PF  is  the  normal  at  P  to  this 
flab,  being  the  trinormal. 

Centre  of  second  (spherical)  curvature,  within  the  osculating  fiat. 

142.  The  intersection  of  the  norm.il  flat  at  P  and  the  normal  flat  at  the 
consecutive  point  P'  is  a  plane  through  C,  the  centre  of  circular  curvature  : 
this  plane  is  orthogonal  to  the  osculating  plane.  Next,  the  intersection  of 
the  normal  flat  at  P'  and  the  normal  flat  at  the  consecutive  point  P"  is 
another  plane,  orthogonal  at  C'  to  the  osculating  plane  at  P',  where  C'  is  the 
centre  of  plane  curvature  at  P'.  The  two  planes,  orthogonal  to  the  two 
osculating  planes  at  P  and  P',  intersect  in  a  line ,  for  they  lie,  both  of  them, 
in  the  normal  flat  at  P',  the  middle  one  of  the  three  consecutive  points:  and 
manifestly  this  new  line  is  the  intersection  of  the  three  consecutive  normal 
flats. 

Now  the  equations  of  the  plane,  which  is  the  intersection  of  the  normal 
flat  at  P  and  the  normal  flat  at  P',  are  (§  129) 

S(J-a;)a;'  =  0,     S  (,!-#)  a"  =  1. 

The  equations  of  the  plane,  which  is  the  intersection  of  the  normal  flat  at  P ' 
and  the  normal  flat  at  the  next  consecutive  point  P",  the  arc  P'P"  being  d<r, 
are 

1  (t  -  x)  a-'  +  {£  (.f  -  x)  x"  -  Sa;'2    ]  da  =  0, 

2  (.r  -  x)  a"  +  (2  (x  -  ,r)  x'"  -  ^x'x"\  da  =  1  ; 

and  therefore  the  intersection  of  the  two  planes,  which  meet  in  a  line  because 
they  lie  in  one  flat — or,  what  is  the  same  thing,  the  intersection  of  the  three 
consecutive  normal  flats — is,  in  the  limit,  given  by  the  three  equations 

S(£-,T)o;'=0,     S  (7 -*)*"  =  !,     X  (x  -  x)  x'"  =  0. 

The  intersection  of  the  osculating  plane  (through  two  consecutive  tan- 
gents) by  the  plane,  which  itself  is  the  intersection  of  two  consecutive  normal 
flats,  gave  the  centre  of  circular  curvature  in  the  osculating  plane.  The 
intersection  of  the  osculating  flat  (through  three  consecutive  tangents)  by 
the  foregoing  line,  which  itself  is  the  intersection  of  three  consecutive  normal 
flats,  gives  a  centre  of  curvature  in  the  osculating  flat.  It  could  be  called  the 
centre  of  flat  curvature,  or  the  centre  of  second  curvature:  manifestly  it 
is  distinct  from  the  centre  of  plane  curvature  (or  prime  curvature).  Let  it  be 
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the  point  8 :  the  coordinates  of  5  are  determinable  as  the  intersection  of  the 
flat 


x-xt     y-y,     z-z,     v-i 
x'    ,       y     ,       z     ,       v' 


=  0 


by  the  line,  whose  equations  arc 


To  find  these  coordinates,  we  take  a  current  point  in  the  flat 

x  -  x  =  ax  +  fix"  +  73;"', 


and  make  the  parameters  a,  /9,  7,  of  these  coordinates  satisfy  the  three  equa- 
tions of  the  line.    Thus,  from  the  first  equation, 

a2a'2  +  £2a  V  +  72aV"  =  0, 
that  is, 


from  the  second  equation, 
that  is, 


V 


"/2  =  0, 


and  from  the  third  equation, 
that  is, 

Hence 


and  therefore  i/ie  coordinates  fz,  ^2,  ?z,  ^2,  o/<Sf,  </ie  ce/?tfre  of  second  curvature, 


2-  x'  +  (/>2  +  CT  V2)  *" 


^  =  y  +  *2    y'  +  (P2  +  t 


&  ^'  +  (p*  +  cr2p/2)  ^ 
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The  equations  of  the  line  which,  by  its  intersection  with  the  osculating 
flat,  determines  the  centre  of  second  curvature,  can  now  be  expressed  in  a 
clearer  form.  They  have  been  given  as 

2  (a-  30^  =  0,     2(x-x)x"  =  I,     2(z-a)fl'"  =  0. 
The  point  S,  being  £2,  1721  fa.  "2*  lies  on  this  line,  so  that 


and  therefore  the  equations  of  the  line  can  be  taken 


These  are  three  equations,  homogeneous  and  linear  m  the  four  quantities 
K  ~~  f»»  y  ~  ?Jz,  ^~  &•  ^  ~  uzi  when  they  are  resolved,  they  give 

5  -  f  •      y  Z>     *~&     ^T_U2 


_ 

i/x  »/y  ^z  »/o 

which  accordingly  can  be  taken  as  the  equations  of  the  line  which  is  the  limit 
of  the  intersection  of  three  consecutive  normal  fiats.  The  line  is  manifestly 
parallel  to  the  trinormal  at  P  (or  what  is  the  same  thing)  it  is  parallel  to  the 
normal  at  P  to  the  osculating  flat.  It  passes  through  the  point  S;  it  is  the 
line  jS'O,  parallel  to  the  line  PFt  in  the  figure  on  p.  211. 


Spherical  curvature  :  its  centre  and  radius. 
143.    The  coordinates  of  C,  the  centre  of  prime  curvature,  are 


consequently 


Hence  the  line  SC,  joining  the  centre  of  prime  curvature  to  the  centre  of 
second  curvature  and  measured  from  C  towards  S,  is  parallel  to  the  binonnal 
to  the  curve  at  P.  Also  we  have  seen  (§139)  that  the  four  quantities  of  the  type 

-(af+pp'x' 
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are  actually  direction-cosines  of  a  line  (of  the  binormal,  and  therefore  of  any 
parallel  direction);  hence  the  length  of  CS  is  <rp'.   Now 


for  CS  is  parallel  to  the  binormal ;  consequently, 

PS*  =  PC*  +  CS*  =  p*  +  <r*pf*  =  R*. 

Thus  the  quantity  denoted  by  R  is  the  radius  of  second  curvature ;  and  it  is 
given  by  the  relation 

;  (*•+«.•*". 


u  '~P 

where 

1 

-a  =  2*  '- 

Also,  it  will  bo  convenient  to  retain  the  relation 


and  it  is  easy  to  verify,  directly,  thai 


The  direction-cosines  of  the  radius  of  second  curvature  arc 

l?~5     ?-2Zl     &Tf     ^~v 
R    '       R    '       R    '       ]R    J 

directed  from  the  jxunt  P  of  the  curve  towards  the  centre  fi»  of  second  curva- 
ture ;  and  these  direction-cosines  are  proportional  to 

a*  —  at  +  12V  +  o*ppx" 
P  ^ 


P 

But  the  point  S  does  not  lie  in  the  osculating  plane  at  P  ;  it  is  at  A  perpen- 
dicular distance  crp  from  that  plane. 

The  significance  of  the  point  S  can  be  otherwise  established,  as  follows. 
The  point  Ct  the  centre  of  plane  curvature  at  P,  is  equidistant  from  three 
consecutive  points  P,  P',  P",  lying  in  the  osculating  plane  at  P;  and  there- 
fore any  point  in  any  line  through  C,  perpendicular  to  the  osculating  plane 
at  P,  is  equidistant  from  P,  P',  P"  :  that  is,  any  point,  in  any  line  through  0 
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lying  in  the  plane  which,  at  C,  is  orthogonal  to  the  osculating  plane  at  P,  is 
equidistant  from  P,  P',  P".  This  plane  is  the  intersection  of  the  normal  flat 
at  P  and  the  normal  flat  at  P'. 

Let  C'  be  the  centre  of  plane  curvature  at  P',  so  that  C"  is  the  intersection 
of  the  osculating  plane  at  P'  with  an  orthogonal  plane,  itself  the  intersection 
of  the  normal  flat  at  P'  and  the  normal  flat  at  P".  (It  may  be  noted,  in 
passing,  that  CC'  and  PP'  are  therefore  perpendicular  to  one  another.)  Thus 
C'  is  equidistant  from  three  consecutive  points  P',  P",  P'",  lying  in  the 
osculating  plane  at  P',  and  therefore  any  point  in  any  line  through  C',  per- 
pendicular to  the  osculating  plane  at  P',  is  equidistant  from  P',  P",  P"': 
that  is,  any  point,  in  any  line  through  C'  lying  in  the  plane  which,  at  C', 
is  orthogonal  to  the  osculating  plane  at  P',  is  equidistant  from  P',  P",  P'" . 
This  plane  is  the  intersection  of  the  normal  flat  at  P'  with  the  normal  flat  at  P". 

Now  there  is  a  line  common  to  the  three  normal  flats  at  P,  at  P',  at  P", 
respectively  ,  it  is  the  line  8G.  As  the  line  CW  lies  in  the  plane  which  is  the 
intersection  of  the  normal  flat  at  P  and  the  normal  flat  at  P' ',  the  line  CS  is 
perpendicular  to  every  line  in  the  osculating  plane  at  P,  and  the  point  S  is 
equidistant  from  the  three  points  P,  P',  P",  so  that  8P  =  8P'  =  8P".  As 
the  line  C'S  lies  in  the  pliinc  which  is  the  intersection  of  the  normal  flat  at 
P'  and  the  normal  flat  at  P",  the  line  C'S  is  perpendicular  to  every  line  in 
the  osculating  plane  .it  P',  and  the  point  8  is  equidistant  from  the  three 
points  P  ,  P",  P",  so  that  8P'  =  NP"  =  tfP'". 

Thus  SP  =  SP'  =  HP'=tiP'";  and  all  the  points  P,  P',  P  ',  P'",  S,  He  in 
the  osculating  flat  at  P.  All  the  fuur  points  P,  P',  P",  P'",  cannot  lie  in 
one  plane.  We  therefore  can  draw,  lying  in  the  osculating  flat  at  P,  a  three- 
dimensional  sphere,  with  centre  <S,  passing  through  the  four  consecutive  points 
P,  P',  P",P'",  lying  on  the  curve.  Also,  four  is  the  greatest  number  of 
points  through  which  a  three-dimensional  spherical  surface  can  be  drawn. 
The  foregoing  sphere  is  therefore  the  sphere  \\hich  has  the  closest  contact, 
possible  for  a  sphere,  with  the  curve  at  the  point  P.  We  therefore  call  the 
sphere,  thus  constructed  in  the  homaloida]  triple  space  constituted  by  tlic 
osculating  flat,  the  sphere  of  curvature  at  the  point  P:  the  point  S,  the 
centre  of  second  curvature,  is  alto  called  the  centre  of  spherical  curvature; 
and  the  magnitude  R,  the  radius  of  second  curvature,  is  also  called  the  radius 
of  spherical  curvature. 

The  equations  of  the  sphere  of  curvature  at  P,  passing  (that  is)  through 
four  consecutive  points  of  the  curve  at  P,  are 

ir-x,     y-y,    z-z,    v-v    =  0, 
a-'    ,       y     ,       *'    ,       r' 
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being  the  osculating  flat  in  which  the  sphere  lies,  and 

2  (*-!,)'  =  *'. 
or,  what  is  its  equivalent, 


representing  a  globular  region  of  which  the  section  by  the  osculating  flat  is 
the  surface  of  the  sphere  of  curvature  of  the  curve. 

The  line  SG,  which  is  the  intersection  of  the  plane,  orthogonal  at  C  to  the 
osculating  plane  at  P,  and  the  plane  orthogonal  at  C'  to  the  osculating 
plane  at  P',  is  normal  to  the  osculating  flat  at  P.  Now  this  normal  to  the 
flat  at  S  is  perpendicular  to  every  direction  in  the  flat,  and  therefore  is  per- 
pendicular to  SP,  to  SP',  to  SP",  to  SP"r.  It  follows  that,  because 


every  point  on  the  line  SG  is  equidistant  from  the  four  consecutive  points 

P  P'  P"  P'" 

*  *  •*•   i  •*     i  •* 


Equation  of  the  sphere  of  curvature  in  the  osculating  flat. 

144.  The  equation  of  the  sphere  of  curvature,  referred  to  suitable  axes 
in  the  osculating  flat,  can  be  obtained  simply  from  the  foregoing  form,  which 
represents  the  sphere  by  the  two  equations  respectively  representing  n.  flat 
and  a  globe. 

Any  point  in  the  osculating  flat  is  given  by  coordinates 
x  -  x  =  DLX  +  fix"  +  yx"', 


v  —  v  =  av'  4-  /3u 

ers.   If  this  poin 
y  the  equation 

2  (a  -0)z=  22  ((5  - 


v  —  v  =  av'  4-  /3u"  +  7t'"', 

where  a,  £,  7,  are  parameters.   If  this  point  lies  on  the  sphere  of  curvature, 
its  coordinates  must  satisfy  the  equation 


Now 

2  (x  -  x)2  =  S  (ax  +  0x" 


and 


2  {<•  -  X)  (f  2  -  •)}  -  S  [(«*'  +  fix"  +  yx'")  L*  £x'+  (p*  +  «rV2)  x"  +  ff  V*'" 
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on  reduction.    Hence  a,  /9,  7,  must  satisfy  the  relation 


In  order  to  clarify  the  significance  of  this  relation,  let  the  variable  point 
be  obtained  by  taking 

(i)   a  distance  t  along  the  tangent,  with  direction-cosines  xt  y,  z\  v  \ 

(ii)  a  distance  n  along  the  principal  normal,  with   direction-cosines 
px'\  py",  pz",  pv"  ,  and 

(iii)  iv  distance  6  along  the  binomial,  with  direction-cosines 
'-  (x  +  pp'x"  +  ,V"),     J  (y  +  ppy"  +  pY  "), 

"  (z'  +  ppz"  +  ?z"\      "  (v  +  pp'v"  +  pV"). 

p  p 

When  the  sphere  is  referred  to  these  three  lines,  as  perpendicular  axes  in  the 
(three-dimensional)  osculating  flat,  so  that  tt  n,  6,  are  the  projections  of  PQ 
upon  the  axes,  Q  being  the  current  point  on  the  spherical  surface,  the  co- 
ordinates of  Q  are 

7r  -  x  =  xt  +  px"n  +  -  (x  +  pp  V  +  p  V")  b, 

u-y  =  y't  +  py"n  •+  *  (y  +  ppy"  +  pV")  6, 

i  -  z  =  z't  +  pz'n  -h  -  (z  +  pp'z"  +  PVf)  6, 

u  —  v  =  v't  +  pu"?i  +  -  (v  +  pp'v"  +  pV")  6. 
Comparing  the  two  sets  of  expressions  for  the  coordinates  of  Q,  we^find 

«=*+-&, 
P 

0  =  pn  +  07/6, 


7 
Thus  the  relation  connecting  a,  /Q,  7,  becomes 


that  is, 

a'2  =  R*. 


In  this  form,  the  relation  is  simply  the  equation  of  the  sphere,  referred  to  the 
selected  axes  in  the  osculating  flat,  all  in  three-dimensional  (homaloidal) 
space  :  t,  n,  6,  arc  the  coordinates  of  a  current  point  on  the  sphere  ;  0,  p,  <rp', 
are  the  coordinates  of  its  centre  S,  because  S  lies  in  the  plane  t  =  0  in  that 
space,  while  PC=  p,  GS=<rp',  and  R  is  the  radius  of  the  sphere. 
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Angle  of  tilt  :  curvature  of  tilt. 

145.  Expressions  have  been  obtained  for  the  angles  between  some  con- 
secutive configurations:  in  §131,  for  the  angle  <fe  between  two  consecutive 
tangents,  and  for  the  angle  di  between  two  consecutive  principal  normals  : 
in  §  133,  for  the  angle  drj  between  two  consecutive  osculating  planes.  We 
now  proceed  to  obtain  an  expression  for  the  angle  dto  between  two  consecutive 
trinomials:  as  the  trinomial  is  the  direction  uniquely  normal  to  the  osculating 
flat,  do)  also  denotes  the  angle  between  two  consecutive  osculating  flats,  and 
it  will  be  called  the  angle  of  tilt  of  the  osculating  flat,  or,  simply,  the  angle 
of  tilt. 

The  direction-cosines  of  the  normal  to  the  osculating  flat  at  P  arc  I,  in,  11,  k, 
and  those  of  the  normal  to  the  osculating  flat  at  the  consecutive  point  P'  are 
I',  m't  n't  k',  where 

I    =  <rpzJx  ,     I'  =  <rp  2JX  +  %s  (<rp2Jx)  ds, 
in  =  <rpzJt,  ,     m  =  (rpzJy  +  -,  (<rpzJy)  ds, 


n  =  trpzJ2,     n    =  trp2Jz  + 


-, 
, 


s, 


k  =  a-ptJv  ,     k'  =  <rpsJv  +  j- 


j- 


,,)  ds. 


The  angle  of  tilt  dta  is  given  by 


where  the  summation  is  taken  for  the  six  combinations  of  the  direction-cosines 
in  pairs.   Now 

Im'  —  I'm  =  <rzp*  1 1/-  -  , '  —  </«    ,—  I  ds, 
\       as  as  / 

and  so  for  the  others :  hence 


dJ 


Now 


-J* 


z'        v-               dj*          '        ' 

, 

y  . 

ds  ~ 

y  ,   2  , 

V 

y". 

z"  ,     v" 

y",   *', 

v" 

y", 

z",    v" 

y",    *", 

«" 

f 

dJ 

«  , 

v'  ,     x' 

•  ~"rf,'  = 

•«  ,   «  , 

X 

*". 

v",     x" 

^",    «", 

o!' 

*'", 

v",    x'" 

Z",      tl", 

X™ 

145] 

and  therefore 
r  dJy       T  dJx 
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"y  ds 

y  ,    ^  ,  »' 

y",    z,  v" 

y",    z'",  v" 


z",    v",    x" 

-\1  ..IT  «1V 

Z     r        u    i       •*' 


z   , 

v   ,     x' 

y  ,    z  t    v1 

z   , 

V     ,       X 

y",    z"t    v 

z", 

v",     x'" 

y",    *\    * 

The  whole  coefficient  of  of  on  the  right-hand  side  is 

y   ,     z  ,     v 
y" ,     z"  ,     v" 

y'",    z'"t    v'" 


the  whole  coefficient  of  i/iv  is 


z'  ,    «' ,   x' 

z",     v",     x" 
z'",     a",     x'" 


the  whole  coefficient  of  21V  is 

y  ,    z  ,  v 

y",    z" ,  v" 

y",    z"  v" 


—  (vV  —  x'v") 
which  is  equal  to 


z    ,     v    ,     x       , 
*"  ,     v",     x" 


-  (zv"  -  v'z") 


and  the  whole  coefficient  of  wlv  is 

y  ,    z  .    v 
y",   z",   v" 
y'".   z",    v'" 

which  is  equal  to 

(z'v"-v'z") 

Hence* 


y  ,    x  ,    y 
i",   *"  *    y" 

»'",     x"\     y" 


z  -zy 


y  ,    z 
y"  ,    z" 


V     ,       X 

v ' ,     x" 
v",     x" 


*', 


where 


x,     y't     z,     v 


'  The  result  can  be  derived  at  ODOO  from  the  property  that  -Jz>  -Jy,  -j-z,  -^,  are  the 
minors  of  x'¥,  y",  x'",  y"',  in  n. 
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Similarly  for  the  other  terms  in  the  summation  £  (Ini  —  I'm)2. 
We  define  the  curvature  of  tilt  to  be  -  ,  according  to  the  relation 

da     1 


so  that  T  is  a  linear  magnitude.  There  -is  no  centre  of  tilt;  and  there  is  no 
line  whose  direction  can  be  regarded  as  a  radius  of  tilt,  though  the  expression 
radius  of  tilt  is  used  to  describe  the  magnitude  T.  With  this  definition, 
we  have 


and  therefore,  with  a  choice  of  the  angle  do*  as  positive  according  to  the 
convention  of  §  112,  and  an  assumption  of  a  sign  for  T,  we  have 


Significance  of  zero  curvature,  or  zero  torsion,  or  zero  tilt. 

146.  As  a  skew  curve  in  four-dimensional  space  usually  has  plane 
curvature,  usually  has  spherical  curvature  distinct  from  plane  curvature  so 
that  there  is  torsion,  and  usually  has  curvature  of  tilt,  the  quantities  p,  cr,  T, 
usually  are  not  infinite.  The  determinant  fl,  accordingly,  is  usually  different 
from  zero. 

For  such  curves  as  allow  this  determinant  ft  to  be  zero  everywhere, 
we  can  have  p,  or  a;  or  T,  or  any  two  of  them,  or  all  three  of  them,  infinite. 

When  p  is  infinite  everywhere,  so  that  there  is  no  plane  curvature  along 
the  curve,  the  curve  is  a  straight  line. 

When  <r  is  infinite  everywhere,  so  that  there  is  no  torsion,  the  osculating 
plane  of  curvature  is  one  and  the  same  all  along  the  curve,  the  curve  is 
a  plane  curve. 

When  T  is  infinite  everywhere,  so  that  there  is  no  tilt,  the  curve  is 
a  three-dimensional  curve ;  for  then  the  osculating  flat  is  one  and  the  same 
all  along  the  curve. 

An  analytical  proof  of  these  statements  is  simple 
I.    When  the  plane  curvature  is  zero,  we  have 


146]  SIGNIFICANCE  OF  ZERO  TORSION  239 

so  that  x"  =  0,  y"  =  0,  z"  =  0,  v"  =  Of  the  curve  being  real.   Then 
and  the  curve  is 

manifestly  a  straight  line. 

II.   When  the  plane  curvature  is  not  zero,  the  curve  is  not  a  straight 
line ;  and  then,  as 

-i  =  ?*(xy"  -y'x"^t 


2  =  I 


not  all  the  six  quantities  of  the  type  x'y"  —  y'x"  are  zero.    We  assume  that 
xy"  —  y'x"  does  not  vanish.    Now 


y    ,     z    ,     v 
y",     *'",     v" 


V"2 


1  . 


When  there  is  no  torsion,  -  is  zero ;  and  then 
o* 

•  y  i    *  i    v    1  =  0,    |  z  ,    v'  ,    x' 

y" ,     2"  ,     v"    i  i  z"  ,     v"  ,     x" 

i/",     z'"t     v"  !  i  z'",     v",     x" 


=  0, 


=  0, 


v  ,     x',     y'     ,  =  0,     !   x1  ,     y'  ,     / 

•,  >t  ,,        I  I          ,,  „  ,t 

v   ,     us  ,     y      ]  x    ,     y    t     z 

v",     x\     y"  |  I  x"t     y'"t     z" 

really  equivalent  to  two  relations.   Taking  the  third  and  the  fourth  as  the 
two  independent  relations,  we  have  quantities  a  and  /3,  7  and  8,  such  that 

v'    =x 


z    =ax 
z"  =  a^ 
Now,  from  -?'  =  ac'  +  /9y',  we  have 


v"  =  yx'"  +  8y"' 


that  is, 

a'o;'  +  0V  =  0  ; 

and  from  «"  =  oa?"  +  /9y",  we  have 


that  is, 

Hence  as  x'y"  —  y  V  is  not  zero,  we  have 


0, 
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that  is,  a  and  fr  are  constants  ;  and  now  z  —  ax'  +  fry  leads  to 

z  =  ax  +  fry  +/, 
where  f  is  a  constant. 

Similarlyf  we  prove  7  and  B  to  be  constants,  and  derive  the  equation 

v  =  yx  +  Si/  +  g, 
where  g  is  a  constant. 

Thus  the  coordinates  of  every  point  on  the  curve  satisfy  the  two  equations 
z  =  ax  +  fry  +f  I 
v  =  yx  +  By  +  g  )  ' 
where  a,  fr,  7,  £,/,  g,  are  constants.   The  curve  is  a  plane  curve. 

III.    When  the  plane  curvature  is  not  zero,  and  when  there  is  torsion,  so 
that  the  curve  is  not  a  plane  curve,  we  have 

x   ,     y   ,     z   ,     v 

x"  ,     y"  ,     s",     v" 

x\     }/"',     z",     v" 

*™,     2/lv,     A     *1V 

As  the  torsion  is  not  zero,  not  all  the  quantities  JXt  Jy,  J2,  /„,  vanish  : 
we  can  suppose  that  Jv  does  not  vanish,  that  is,  the  determinant 

*  ,   y'  ,   z 
*,    y",   *' 
*'",   y",   z" 

does  not  vanish. 

If  there  is  no  tilt,  the  four-rowed  determinant  is  zero;  and  thus  there  are 
quantities  a,  /9,  7,  such  that 

v'   =  *x    +  fry    +  yz'  , 
v"  =ax"  +fry" 


Differentiating  the  first  of  these,  and  using  the  second,  we  have 

0  =  aV  +  fr'y  +  y*  \ 
differentiating  the  second  and  using  the  third,  we  have 


and  differentiating  the  third  and  using  the  fourth,  we  have 

0  =  a 
Consequently 
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that  is,  a,  /S,  7,  are  constants  :  and  then  the  equation  v  =  ctz  +  fBy  +  yz  leads 
to  a  relation 

v  =  OLE  +  0y  +  yz  +  h, 

(where  h  is  a  constant),  which  is  satisfied  by  the  coordinates  of  every  point 
on  the  curve.  The  curve  therefore  lies  in  a  flat:  it  is  a  three-dimensional 
curve. 

Globular  (third)  curvature  •  its  centre  and  radius. 

147.  The  tangent,  the  osculating  plane,  and  the  osculating  flat,  of  one 
dimension,  two  dimensions,  and  three  dimensions,  respectively,  constitute 
the  aggregate  of  hornaloidal  amplitudes  which,  each  in  its  own  kind,  have 
the  closest  relations  of  contact  with  the  curve  ;  they  pass  through  two 
consecutive  points,  three  consecutive  points,  and  four  consecutive  points, 
respectively.  The  only  remaining  type  of  homaloidal  amplitude  is  the  full 
space  of  four  dimensions,  in  which  of  course  the  curve  exists. 

Now,  in  a  space  of  four  dimensions,  a  globe  (defined  as  a  region  each 
point  of  which  is  at  the  same  distance  from  a  centre  as  every  other  point)  can 
be  made  to  puss  through  five  points  which  du  not,  all  of  them,  he  in  one  flat 
A  globe  is  thus  made  determinate,  for  there  are  five  disposable  constants, 
the  radius  of  the  globe  and  the  four  coordinates  of  the  centre,  and  these  can 
be  determined  from  the  five  conditions  that  the  globe  passes  through  the 
five  points  But  as  there  arc  only  five  disposable  constants,  a  globe  cannot 
be  made  to  pass  through  six  arbitrarily  assigned  points.  We  therefore  take 
five  consecutive  points  on  the  curve  P,  P',  P",  P'",  P1V  :  they  do  not  all  lie 
in  one  flat,  for  a  flat  can  contain  only  four  arbitrarily  assigned  points,  and  we 
have  seen  that  the  flat  which  contains  the  tangents  PP'f  P'P",  P"P"',  that 
is,  contains  the  four  consecutive  points  P,  P',  P",  P'"  ,  does  not  contain 
a  fifth  consecutive  point  P1V.  Accordingly,  we  proceed  to  determine  the  globe 
which  passes  through  these  five  consecutive  points:  as  five  is  the  greatest 
number  of  arbitrarily  assigned  points  through  which  a  globe  can  be  made  to 
pass,  this  determinate  globe  will  have  closer  contact  with  the  curve  at  P 
than  any  other  globe  passing  through  P.  The  globe  is  called  the  globe  of 
curvature,  its  centre  is  called  the  centre  of  (third,  or)  globular  curvature, 
and  its  radius  is  called  the  radius  of  (third,  or)  globular  curvature. 

Let  fa,  773,  f3j  v3,  be  the  coordinates  of  the  centre  of  globular  curvature  G, 
and  let  F  be  the  radius  of  globular  curvature,  at  the  point  P  of  the  curve; 
then  the  equation  of  the  globe  is 


or,  with  the  usual  notation, 

SCe-fcF-r". 

The  quantities  fa,  i?a,  fa,  i>3,  T,  are  to  be  determined  from  the  conditions 
F.G.  16 
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that  the  globe  shall  pass  through  the  five  consecutive  points  P,  P',  P", 
P'",  Piv,  on  the  curve. 

In  order  that  the  globe  may  pass  through  P,  the  point  xt  yt  zt  v,  the  relation 


must  be  satisfied.   In  order  that  it  may  also  pass  through  P',  the  additional 
relation 


must   be   satisfied.     In   oider   that   ib   may  further   pass   through   P",  an 
additional  relation 


that  is,  the  additional  relation 

S  <«-&)«"  --  1 

must  be  satisfied.   In  order  that  it  may  now  pass  through  P'",  an  additional 
relation 

2  ((x  -ft)  a'"  +  ^"1=0, 

that  is,  the  additional  relation 

2(*-ftK"  =  0 

must  be  satisfied.   Finally,  in  order  that  ib  maytpass  through  P1V,  the  last  of 
the  five  consecutive  points,  one  additional  relation 


that  is,  the  additional  relation 


must  be  satisfied. 

Thus  there  are  five  relations  for  the  determination  of  the  five  quantities 
fti  ^a.  ?3.  "3  *  I1.  Of  these,  F  occurs  in  the  first  alone  and  will  be  determinablc 
when  the  other  four  are  known.  These  four  quantities,  the  coordinates  of  the 
centre  0  of  globular  curvature,  satisfy  the  four  linear  equations 


=    o  \ 

z"  +(v  —  v3)  v"  =  -  1 
(x  -  ft)  *'"  +  (y-7i*)  y'"  +  (z-  fi)  z'"  +  (v-  v3)  v"  =     0 


,      y^  *,yj  —  a 

The  determinant  of  the  coefficients  of  a;— ft,  ,7  —  173,  z  —  fa,  w  — 1/3,  on  the 
left-hand  sides  is  the  determinant  H  of  §  127,  which  helps  to  measure  the 
tilt  of  the  curve ;  and  this  determinant  fl  does  not  vanish  (§  146)  when  the 
curve  is  not  pent  within  a  homaloidal  space  of  fewer  than  four  dimensions. 
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Centre  of  globular  (third)  curvature  as  the  intersection  of  four  normal  flats. 

148.  One  important  property  arises  at  once  from  these  equations.  The 
coordinates  fa,  172,  £9,  vz>  °f  the  centre  S  of  spherical  curvature  satisfy  the 
equations  (§  142) 

2  (fa  -  x)  x  *=  Of     2  (fa  -  a?)  a"  -  1,     S  <&  -  *)  *  "  =  °- 

When  these  are  combined,  by  respective  addition,  with  the  first  three  of  the 
set  of  four  equations  determining  f3,  173,  ?3,  v3,  we  find 

(fa-fa)*'    +  073-i7a)z/'    +  (?i-«^    +(v*-v*)v     =  0, 
(fa  -  fa)  *'  +  (173  -  172)  y"  +  (fa  -  fa)  *"  +  <•*  -  "a)  v"  =  0, 
(fa  -  fa)  a!"  +  (173  -  172)  y'"  +  (ft  -  fa)  *  "  4  ("3  -  i*)  *'"  =  0 ; 
and  therefore 

f3—  fa  _  7J3  -  TJ2  =  f 3  ~  fa  __  "3  ~  "8 
Jx  Jy  **z  **v 

The  equations  of  the  line,  through  the  centre  S  of  spherical  curvature  normal 
to  the  osculating  flat,  are 

«  -  f  2  =  y-^a  =  ^  -  jTa  _  v  -  i;2  . 

«/x  «/y  'If  JV 

and  therefore  the  centre  G  of  globular  curvature  lies  on  the  normal  to  the 
osculating  flat  through  the  centre  S  of  spherical  curvature. 

But  we  have  seen  that  this  axial  line  is  the  intersection  of  the  three 
normal  flats  at  the  consecutive  points  P,  P't  P",  and  that  any  point  on  it  is 
equidistant  from  the  four  points  Pt  P',  P",  P'".  Now  take  the  osculating 
flat  at  P',  the  centre  S'  of  spherical  curvature  at  P',  and  the  axial  line 
through  S'  which  is  the  intersection  of  the  three  normal  flats  at  the  con- 
secutive points  P',  P",  P'"  \  any  point  on  this  line  through  S'  is  equidistant 
from  P't  P",  P'"t  Plv.  The  intersection  of  the  axial  line  through  S  with  the 
normal  flat  through  P'"  is  the  one  point  common  to  the  four  normal  flats 
through  P,  P't  P",  P'",  and  the  intersection  of  the  axial  line  through  S' 
with  the  normal  flat  through  P  is  that  same  single  point  common  to  those 
four  normal  flats.  Thus  the  axial  line  through  S,  the  centre  of  spherical 
curvature  at  P,  meets  the  axial  line  through  S't  the  centre  of  spherical 
curvature  at  the  consecutive  point  P'.  The  points  P,  P',  P",  P'",  arc  equi- 
distant from  this  point,  because  it  lies  on  the  axial  line  through  S]  the 
points  P',  P",  P'",  Plv,  are  equidistant  from  that  same  point,  because  it  lies 
on  the  axial  line  through  S'.  Thus  the  particular  point,  the  intersection  of 
the  axial  lines  through  S  and  S',  is  such  that  its  distances  from  the  five 
consecutive  points  P,  P',  P",  P'",  PIV,  are  equal  to  one  another.  The  point 
therefore  is  G,  the  centre  of  globular  curvature ;  and  therefore  the  centre  of 
globular  curvature  is  the  intersection  of  the  normal  flats  at  four  consecutive 
points  of  the  curve. 

16—2 
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This  result  can  be  established  by  an  apparently  more  analytical  process 
to  which,  however,  the  foregoing  argument  is  merely  equivalent.  The  normal 
flat  at  P  is 

2(^-^)^  =  0. 

The  plane,  which  is  the  intersection  of  this  normal  flat  by  the  normal  flat  at 
the  consecutive  point  P',  is  given  by  the  association,  with  this  equation,  of 
the  additional  equation 

2  {(£-*)*"  -*'•}  =  (), 

that  is,  of  the  additional  equation 

^(x-x)x"  =  \. 

The  line,  which  is  the  intersection  of  this  plane  by  the  normal  flat  at  the  next 
consecutive  point  P",  that  is,  which  is  the  line  of  intersection  of  the  normal 
flats  at  P,  P't  P",  is  given  by  the  association,  with  these  two  equations,  of 
the  additional  equation 

2{(x-x)x'"-xx"}=Q, 

that  is,  of  the  additional  equation 

£(a-aO*'"  =  0. 

The  point,  which  is  the  intersection  of  this  line  with  the  normal  flat  at,  the 
fourth  consecutive  point  P"',  that  is,  which  is  the  point  of  intersection  of  the 
normal  flats  at  Pt  P'  t  P",  P'",  is  given  by  the  tesocintion,  with  the  preceding 
three  equations,  of  the  additional  equation 


that  is,  of  the  additional  equation 


But  these  four  equations,  linear  in  x,  y,  z,  v,  are  precisely  the  four  linear 
equations  determining  f3,  173,  f3,  v3  ;  and  therefore  we  infer,  as  before,  that 
the  centre  G  of  globular  curvature  is  the  point  of  intersection  of  the  normal 
flats  at  the  four  consecutive  points  P,  P't  P"t  P'"t  of  the  curve. 

149.  In  order  to  resolve  the  equations  in  §  147,  which  give  the  co- 
ordinates of  the  centre  of  globular  curvature,  we  introduce  four  quantities 
a,  /ft,  7,  g,  defined  by  the  relations 

f  3  -  x  =  x'a  +  px'ft  +  -  (x  +  pp'x"  +  p'V)  7  +  apzJxg, 

*"  (y1  +  pp'y"  +  p* 

-(M+  pp'z"  +  p  V")  7 
3-v  =  v  a  +  pv"Q  +  -  (v'  +  pp'v"  +  p  V")  7 
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The  form  of  these  relations  is  dictated  by  the  consideration  of  passing  from  P 
to  0  along  a  course,  made  up  of  a  length  a  along  PT  (so  that  a  may  be  expected 
to  be  zero),  of  a  length  £  along  PC  to  C  (so  that  0  may  be  expected  to 
be  equal  to  p),  of  a  length  7  along  CS  to  #  (so  that  7  may  be  expected  to  be 
equal  to  <rp'\  and  of  a  length  g  along  SG  to  G  (so  that  the  value  of  g  will 
give  the  length  SG). 

The  determination  of  the  four  quantities  a,  /9,  7,  gt  is  effected  by  actual 
substitution  in  the  equations  to  be  resolved.    Substituting  in  the  equation 

5  (&-*)*'  =  <>, 
we  find 

«  =  0, 

.is  expected.    Substituting  in  the  equation 

2(fs-*K'  =  l. 
wu  find 

e-p, 

as  expected.    Substituting  in  the  equation 

S(ft-«)*"'-0, 
we  have 

0  =  -  a  *,  +  ftp  (-  £,)  +  7  °  (S*  V"  +  /*/>'  2*  V"  +  ^2#'"»)f 

which,  on  substitution  for  a  and  £,  and  after  reduction,  gives 

7  =  cr/a', 
:is  expected.    Substituting  in  the  remaining  equation 

2(6-.)^—^, 

we  have 

a2tfVv  +  ftpSaf'x™  +  7  -  (2aVv  +  pp'  2a'Vv  +  p22s"  Vv)  +  g<rpz2x*Jx  =  -~. 

We  insert  the  values  of  the  various  sums  2.*'VV,  2#'VV,  S^'V7,  from  the 
results  in  §  127  ,  also,  we  have 

2^v,--nf 

where  ft  is  the  determinant  of  §  127 ;  and  we  find 

g<rp*n,  =  \  +  P*M  +  *-*-  (L  +  PpM  +  p2^). 
Now 
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and  therefore 

g  <rp2  n  =  -  --   (p  +  a2p"  +  <rp  <r'). 
pa 

But 

R*  =  p*  +  <r*p'*t 
and  therefore 

RR  =  pp  +  p  ((T2p"  +  <rp'<r')  \ 
hence 


The  determinant  fi  is  connected  with  tho  curvature  of  tilt  by  the  relation 
(§  145) 

and  therefore  we  have 

g  =  ^Rf  =  R^. 

J      a-       dp  <rp 

Consequently,  the  values  of  the  quantities  a,  ft,  7,  g,  in  the  expressions  for 
fa,  *73,  ?a,  va,  are 


and  thus  the  coordinates  of  tfye  centre  of  globular  curvature  are  given  by  the 
equations 


v*-v  =  p*v"  +  cra  £-  (v  +  pp'v" 
The  radius  of  globular  curvature  T  is  given  by 

2(f,-*)»  =  r*. 

Now 


2/^  (X   +  /Dp'fl!"  +  p2^'")  =  0, 

because  the  three  directions  PC,  CS,  SG,  are  perpendicular  to  one  another  in 
pairs;  hence 

' 


r2  =  P*  2*"a  +       2  (*' 
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thus  determining  a  relation  between  the  globular  curvature  and  the  curvature 
of  tilt,  similar  bo  the  relation  between  the  spherical  curvature  and  the 
curvature  of  torsion. 

Alternative  expressions  for  the  coordinates  of  the  centre 
of  globular  curvature. 

160.   The  resolution  of  the  four  equations  for  fa,  iyaj  £3,  i/3f  may  be 
attained  in  another  (of  course,  an  equivalent)  form. 

Let  four  new  variables  0,  <£,  -*fr,  x>  be  introduced  with  the  definitions 
ft  -  x  =  6x'  +  $x"  +  VT  (a?  +  pp'x"  +  p*x") 


fa  -  z  =  6z  +  fa"  +  +(z  +  pp'z"  +  p* 
v3  -  v  =  0v  +  fa"  +  ifr  (i/  4-  ppV  +  p2  w"  )  +  xvlv  i 
iind  let  these  values  be  substituted  in  the  equations. 
From  the  equation  2  (f3  —  x)  x  =  0,  we  have 


using  the  symbols  of  §  127.    From  the  equation  2  (fs  —  #)  .z"  =  1,  we  have 

J+xJf-i. 

From  the  equation  S(f3  —  x)  x"  =  0,  we  havu 


which,  on  substitution  for  9  and  for  0,  leads  to  the  relation 


From  the  equation  S  (f  3  —  .z)  #lv  =  —    -  ,  we  have 

P 


-, 
which,  on  substitution  for  0  and  for  0,  leads  to  the  relation 


M  +  -    -          - 

Eliminating  -v/r  between  the  last  two  relations,  we  find 
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Now 


and  thus  the  coefficient  of  £  on  the  left-hand  side 


by  the  relation  obtained  in  §  127  ;  while  the  right-hand  aide 


•v 

Also  p3ff2rfl  =  —  1 ;  consequently 

which  gives  the  value  of  x 
We  now  have 


p      p         p 

from  the  third  relation  ;  and  thus  the  expression  for  fa  —  x  becomes 

i 
f  a  -  -e  =  p2*"  +  °*  - 


The  coefficient  of  ^  on  the  right-hand  side  can  be  changed  to  the  form 


and  thus  we  have 
f,  -  x  -  fx"  -  <r»  £'  (x1  +  pp'x"  +  p**'") 


There  are  corresponding  expressions  for  7/3  —  y,  £a  —  zt  v3  —  v;  and  thus  we 
have  an  alternative  set  of  expressions  for  the  coordinates  of  the  centre  of 
globular  curvature. 
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Equations  of  the  fourth  order  satisfied  by  the  coordinates  of  any 
point  on  the  curve. 

161.     A  comparison  of  the  two  sets  of  expressions,  which  have  been 
obtained  for  f  3  —  xt  773  —  y,  f3  —  z,  i/3  —  v,  yields  the  relations 


h     p  T        1  (af     p'\    ,     fl        R  dR\    „     /9p'      <A    „.  1 
x    =~JX—    a    --  -  )a?  —    -2+-2      i  -  }x   —  [2C-  +  —  la; 
T  p*\<r       pj          \p2      <rzp  dpj  \    p       <r) 


pj         \pa     a'p  ap/  \    p 

From  these  values,  by  squaring  both  sides  and  adding,  we  obtain  an 
expression  for  2a;lv2,  that  is,  for  D,  which  is  found  to  agree  with  the  former 
expression  (§  127)  by  using  the  relations  already  obtained. 

These  values  of  the  fourth  derivatives  can  also  be  used  in  another  con- 
nection. The  equations  of  the  orthogonal  plane  through  P9  being  the  plane 
BPF  which  is  orthogonal  to  the  osculating  plane 

x-x,     //-y,     z-z,     v-v  11=0, 

*    .      y   »     *'  .     "' 

are 

(x-x)x  +(y-y)y  +(z  -z)z  +(u-v)vr  =0) 

This  orthogonal  plane  will  contain  a  direction  with  direction-cosines 

\  =  ax'  - 


>e  =  av  +  /Spw"  +  ypzv"'  H-  Su1^ 
provided  the  four  quantities  a,  ft  7,  S,  are  chosen  to  satisfy  the  two  equations 

2X^  =  0,     i\,r"=0. 
From  the  former,  we  have 

a 
from  the  latter,  we  have 
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and  therefore 

X  =  7  (af  +  pp'x"  +  p*x")  +  S  (x»  -  x's^  -  p  Vsa4), 

*  =  7  (y  +  PRY  +  P  V)  +  s  (y-  -  At  -  P  V  '*•). 

pp'z"  +  pV")  +  S  (*lv  -  *'sl4  -  p  V'* 


But  the  orthogonal  plane  contains  the  two  lines  PR  and  PFt  which  can 
be  taken  as  guiding  lines  for  the  expression  of  its  equations  in  the  form 


x  —  x          ,  y  —  y          ,  z  —  z          ,  v  —  v 

x"  +  P*x"\  y'  +  ppy"  +  pzy",  z+pp'z"+p*z"\  v'  +  ppv"  +  Pzv" 


=0. 


Manifestly  one  direction  in  the  plane  is  provided  by  taking  7  =  0  and  8 
different  from  zero  ;  and  so  there  must  be  quantities  a  and  ft,  such  that 


*'JX  +  ff  (X  +  ppxf/  +  pzx'"), 

a'  J,  +  ^  (y  +  pp'y" 


+  pp'v" 
Multiplying  by  JX,JV,  Jz,  Jv,  and  adding,  we  have 


that  is, 

and  therefore 


When  we  multiply  by  xt  y',  zt  v,  and  add,  an  identity  ensues;  similarly,  when 
we  multiply  by  x"t  y",  z",  v",  and  add,  another  identity  ensues.  When  wo 
multiply  by  x",  y'"t  z",  v",  and  add,  then 


PZ 
that  is, 


Hence  the  first  equation  becomes 

oP-a/L-  fx'M  =  ^JX--  (2  p-  +  '')  (*'  +  pp'*"  +  PV")  -  , 

T  pO"  \       p          (T  /  p 

with  three  other  relations,  and  these  relations  have  already  been  established. 
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Consequentlyf  any  direction  in  the  orthogonal  plane  at  P  has  direction- 
cosines  fa  £  ^  gj   x'f      x'^      x'"^      x\v    \ 

y(    y\    y"'\    y" 

v',     v",     v",     v" 
with  appropriately  determined  values  of  a,  0,  7,  8. 

152.   The  magnitude  of  the  radius,  F,  of  globular  curvature  can  also  be 
derived  from  the  equations  of  §  150,  viz. 

c?3  ~~  x  =  ux  H-  (bx    -|-  ilr  (x  +  pp  x    "|-  p  37    )  ^  V^'1*'! 


"  +,fr(v+  pp'v"  +  pzv" 
with  the  help  of  the  equations 


in  their  original  form  (§147).  Multiply  the  four  equations  by  fa-z,  ^3—  y,  £3 
va  —  v,  respectively,  and  add  :  then 


- 


on  substituting  the  values  of  0  and  -fy.   Thus 


in  agreement  with  the  former  value  (§  149). 

153.   An  illustration  of  the  curvatures  is  provided  by  a  globular  loxodrome. 
Ex.   Consider  a  curve  in  a  globulur  region 


denned  by  the  property  that  it  is  to  bo  inclined  at  constant  angles  to  two  perpendicular 
diameters  of  the  globe.  (Such  a  curve  secma  the  natural  extension,  to  quadruple  space,  of 
the  three-dimensional  loxodrome  :  as  will  be  seen,  it  actually  is  that  type  of  loxodrome.) 

Let  the  two  perpendicular  diameters  lie  taken  as  the  axes  of  z  and  of  v  •  and,  on  tho 
definition  of  the  curve,  lot 

^  =  cos  a  sin  j9,    v'  =  cos  a  cos  j9. 
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Thus 


where  c  is  a  constant,  doterminable  from  the  values  of  any  point  on  the  curve  Thus  the 
curve  lies  in  a  flat,  usually  not  through  the  centre  of  the  globe;  hence  (§  145)  the  tilt  is 
zero.  Also  (g  103)  the  curve  lies  on  a  sphere. 

Let  the  axes  bo  changed  by  a  planar  rotation  through  an  angle  j3  round  the  plane  of 
x,  y  \  new  variables  arc 

2Cos/3-fsm  j9=  V,    zsinj3  +  vcos/3  —  Z. 
The  globe  becomes 


the  flat,  containing  the  curve,  becomes  V=ct  and  theiefore  the  curve  lies  in  the  three- 
dimensional  spherical  surface 


We  now  have 

-7-  =  0,      -7^ 
as  as 

and  therefore 


the  curve  being  a  (spherical)  loxodromc. 

We  take 

Z=  a  sin  0,     x  =  a  cos  6  cos  0,     y  =  a  cos  8  si  n  0 
Then 

.,     cos  a 
no  =  —  --  : 
cos  0 

and,  as 

a»( 
we  have 

tt^'  =  co^~0  (sin  '  °  "  bin*  6^' 
With  these  values,  we  have 

P'-O,    £"  =  0; 

and  so  the  circular  curvature  is  given  by 


_  1          sin*  a 
~a2  am1  a- 
on  substitution  and  reduction. 

Further,  as  the  curve  lies  entirely  on  a  sphere  of  raduus  </,  its  radius  of  split 
curvature  is  a  ;  thus 


and  thus 

<r=p  tan  a=a  (sin2  a—  sin2  0$  HOC  a. 

The  tilt  has  already  been  proved  to  be  zero.  Thus  the  three  curvatures  of  this  curve 
are  known. 

The  circular  curvature  and  the  torsion  can  be  expressed  in  the  foi  ms 

p  Bin  a  =  (r*  —  a1  cos2  o)^,     <r  cos  a=(ra  -  a2  cos2  a)i, 

where  /  is  the  distance  of  the  current  point  of  the  curve  from  the  plane  of  Z  \\  that  is, 
from  the  plane  of  the  two  diameters  with  which  the  curve  makes  constant  angles. 

As  the  tilt  is  zero,  and  R  is  constant,  the  formal  expression  for  the  globular  curvature 
ceases  to  have  a  determinate  value.  Though  each  of  the  loxodromcs  (for  different  value*  of 
a  and  of  j9)  is  three-dimensional,  and  globular  curvature  thus  ceases  to  be  significant,  we  can 
take  F  =  l,  because  all  the  curves  lie  in  the  initial  unit  globe. 


CHAPTER  IX. 
ORGANIC  FRAMEWORK  OF  A  CURVE. 

The  moving  orthogonal  frame  of  a  curve. 

164.  At  this  stage,  it  is  convenient  to  summarise  the  conformation  of  the 
curve  in  relation  to  the  quadruply  orthogonal  frame  at  any  point,  as  illustrated 
by  the  diagram  of  §  128.  In  the  diagram,  this  frame  at  the  point  P  of  the 
curve  is  constituted  by  the  tangent  PT,  the  radius  of  plane  curvature  PC, 
the  binomial  PB,  and  the  trinorrnal  PF.  The  diagram  can  be  constructed, 
gradually,  as  follows. 

I.  The  points  P,  F,  P",  ...  arc  successive  points  on  the  curve.  The  lines 
PT,  FT',  P"T",  ...  are  the  tangents  at  these  points.  The  plane  T'FT  is  the 
pro-limit  position  of  CPT,  the  osculating  plane  of  the  curve  at  P  containing 
two  successive  tangents  PP'T  and  P'T'. 

The  normal  flat  at  P  and  the  normal  flat  at  P'  intersect  in  a  plane,  to 
every  direction  in  which  PF  is  perpendicular;  this  plane  is  orthogonal  to 
the  osculating  plane  TPC,  which  it  meets  in  the  single  point  C,  the  centre 
of  plane  curvature  at  P.  This  orthogonal  plane  is  SCf  in  the  diagram : 
the  line  OS  is  parallel  to  the  binormal  PB  at  P,  and  the  line  Cf  is  parallel  to 
the  trinomial  PF  at  P,  but  the  construction  of  these  lines  is  not  yet  given. 

The  plane  T"P"T  is  the  pre-hmit  position  of  C'P'T',  the  osculating 
plane  of  the  curve  at  P'  containing  two  successive  tangents  FF'T'  and 
F'T".  The  normal  Hat  at  P'  and  the  normal  flat  at  the  next  consecutive 
point  P"  intersect  in  a  plane :  this  plane  is  orthogonal  to  the  osculating 
plane  T'P'C',  which  it  meets  at.  the  single  point  C',  the  centre  of  plane  curva- 
ture at  P' :  and  this  orthogonal  plane  is  S'C'f,  where  C'S'  is  parallel  to 
the  binormal  P'B'  at  P'  and  C'f  is  parallel  to  the  trinomial  P  F'  at  F. 

Similarly  C"  is  the  centre  of  plane  curvature  at  P"  :  the  osculating  plane 
at  P"  is  C"P"T"  ;  and  the  orthogonal  plane  through  C"  is  S"C"f". 

II.  As  a  flat  and  a  plane  intersect  in  a  line,  the  normal  flat  at  P  intersects 
the  osculating  plane  at  P  in  a  line ;  the  direction  of  this  line  is  PC. 

The  osculating  flat  at  F  contains  three  consecutive  tangents  PT,  P'T't 
P"T"  :  that  is,  it  contains  the  osculating  plane  at  P  determined  by  the  tan- 
gents PT  and  P'T',  and  the  osculating  plane  at  P'  determined  by  the 
tangents  P'T'  and  P'T".  The  normal  flat  at  P  intersects  the  osculating 
flat  at  P  in  a  plane :  the  line  PT  is  perpendicular  to  that  plane,  because  it 
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is  perpendicular  to  every  direction  in  the  normal  flat:  the  line  PC  lies  in 
that  plane.  Within  that  plane,  draw  PB  perpendicular  to  PC:  and  it  is  per- 
pendicular to  PT.  We  thus  have  a  set  of  three  perpendicular  directions 
PT,  PC,  PB,  in  the  osculating  flat  at  P  ;  the  direction  PB  is  the  binormal 
at  P. 

Similarly,  there  are  the  three  perpendicular  directions  P  T' ,  P'C',  P'B1 ', 
in  the  osculating  flat  at  P';  the  line  P'C'  is  the  direction  of  the  radius  of 
plane  curvature  at  P' ;  and  the  line  P'B',  drawn  perpendicular  to  P'C'  in 
the  plane  which  is  the  intersection  of  the  normal  flat  at  P'  and  the  osculating 
flat  at  P',  is  the  binormal  at  P'.  The  three  lines  P'T,  P'C',  P'B',  are 
guiding  lines  for  the  osculating  flat  at  P'. 

Similarly  for  the  osculating  flat  at  P"  \  and  so  on,  for  successive  points. 

But  the  successive  directions  PC,  P'C',  P"C",  ...  do  not  meet:  thus  the 
locus  of  the  centre  of  plane  curvature  is  not  an  e volute  of  the  curve. 

III.  The  normal  flat  at  P  and  the  normal  flat  at  P'  intersect  in  a  plane 
CSf;  the  normal  flat  at  P'  and  the  normal  flat  at  P"  intersect  in  a  plane 
C'S'f  ;  and  these  two  planes  CSf  and  C'S'f,  both  lying  in  the  same  flat 
(viz  the  normal  flat  at  P')t  meet  in  a  line.   The  line  is  the  intersection  of  the 
normal  flats  at  the  three  successive  points  P,  P',  P".    Its  limiting  position 
is  a  line  through  St  the  point  where  thes^  three  normal  flats  meet  the  oscu- 
lating plane  at  P ;  and  it  is  the  line  in  thcMirection  SG,  which  is  normal  to 
the  osculating  flat  at  P.  The  point  S is  the  centre  of  spherical  curvature  at  P; 
the  line  GS,  in  the  plane  through  C  orthogonal  to  the  osculating  plane  TPG, 
is  perpendicular  to  PC. 

Similarly  for  S't  the  centre  of  spherical  curvature  at  P',  for  S",  the  centre 
of  spherical  curvature  at  P"  ;  and  for  successive  points  on  the  curve.  But  the 
lines  CS,  C'S't  C"S",  ...  do  not  meet. 

The  line  PF  ia  drawn  through  P  parallel  to  SG ,  it  is  the  trinormal  at  P. 

IV.  The  normal  flats  at  the  four  successive  points  P,  P',  P",  P'",  meet  in 
a  point  G ;  and  this  is  the  point  where  the  normal  flat  at  P"'  is  met  by  the 
line  SG,  which  is  the  line  of  intersection  of  the  normal  flats  at  P,  P',  P". 

The  point  G  is  the  centre  of  globular  curvature.  The  line  SG  is  perpen- 
dicular at  S,  to  the  osculating  flat  at  P ;  and  thus  SG  is  perpendicular  to  all 
directions  in  the  flat,  and  therefore  perpendicular  to  PT,  PC,  PB.  The 
trinormal  PF  is  perpendicular  to  the  same  three  lines,  for  it  is  parallel  to  SG. 
We  thus  have  the  quadruply  orthogonal  frame  at  P. 

Similarly  for  the  frame  at  P',  and  for  the  frames  at  successive  points. 

As  SG  is  the  intersection  of  the  three  normal  flats  at  P,  P',  P" t  and  as 
S'G'  is  the  intersection  of  the  three  normal  flats  at  P',  P",  P'",  both  SG  and 
S'G'  lie  in  the  plane  which  is  the  intersection  of  the  normal  flats  at  Pr  and  P". 
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Consequently  the  two  lines  SG  and  S'G',  lying  in  one  plane,  must  meet ;  the 
limiting  position  of  their  point  of  meeting  is  G,  the  centre  of  globular  curva- 
ture at  P. 

As  regards  these  centres  of  the  three  curvatures  C,  8,  G,  we  note  that  G 
is  the  intersection  of  four  consecutive  normal  flats  at  Pt  P',  P",  P'" ':  that  S 
is  the  intersection  of  three  consecutive  normal  flats  at  P,  P',  P",  and  the 
osculating  flat  at  P:  that  C  is  the  intersection  of  two  consecutive  normal 
flats  at  P,  P',  and  two  consecutive  osculating  flats  at  P,  P'.  The  point  P 
itself  can  be  regarded  as  the  intersection  of  the  normal  flat  at  P  and  three 
consecutive  osculating  flats  at  P,  P',  P":  it  can  also  be  regarded  as  the 
intersection  of  four  consecutive  osculating  flats  at  P,  P',  P",  P'". 

Finally,  the  osculating  flat  at  P  is  PTCB,  with  TP,  CP,  BP,  as  guiding 
lines ;  and  the  normal  flat  at  P  is  PCBF,  with  GP,  BP,  FP,  as  guiding  lines. 
The  osculating  flat  at  P'  is  P'T'C'B',  and  the  normal  flat  at  P'  is  P'C'B'F' ; 
and  so  for  successive  points  on  the  curve. 


Direction-cosines  of  a  consecutive  tangent,  relative  to  Hie  frame. 

155.  Later,  we  shall  require  the  direction-cosines  of  P'T'  with  respect 
tn  the  principal  lines  of  the  oithogonal  frame  at  P.  Because  P'T'  lies  in  the 
osculating  plane  at  P,  it  is  perpendicular  to  PB  and  to  PF.  Also,  P'T' 
makes  an  angle  rfe  with  PT  measured  positively  from  PT  to  PC;  it  therefore 
makes  an  angle  JTT  —  de  with  PC.  Hence,  if  Xlf  /ii,  v\t  K\,  denote  the 
direction-cosines  of  P'T'  with  respect  to  the  principal  lines  at  P,  we  have 

Xi  =  1, 

/i!  =  cos  (  \  TT  —  de)  =  rfe, 


These  results  can  :it  once  be  verified  analytically.    For   the  direction- 
cosines  of  P'T'  with  respect  to  the  general  axes  OX,  OY,  OZ,  0V,  are 

x  +  x'ds.     y  +  y"dst     z  +  z  'ds,     v  +  v"ds; 
consequently 

\l  =  Zx(x'  +  x"ds)  =  l, 

pi  =  2p#"  (x  +  x'ds)  =  -  ds  =  de, 
P 

„!  =  2  j-  (x'  +  pp  x"  +  p*x")\  (x  +  x'ds)  =  0, 
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Locus  of  the  centre  of  circular  curvature. 

156.  The  locus  of  (7,  the  centre  of  plane  curvature  of  the  given  curve, 
is  another  curve  ;  but  it  is  not  an  e  volute  of  the  given  curve,  because  the 
successive  radii  of  plane  curvature  PC,  P'C',  P"C"t  ...  do  not  meet  one 
another  in  succession. 

The  coordinates  of  C  are 


Hence 


and  therefore,  if  d*i  denote  the  arc  of  the  locus  of  C  corresponding  to  the  arc 
ds  (=  PP')  of  the  given  curve, 


Consequently  the  direction-cosines  of  CO',  being  —  ,  -jl,  ~,  -^ ,  are 
5  (x  +  Zpp'a,"  +  p  V"),     \  (y  +  2Pp'y"  +  P*y'"), 
(z  +  Zpp'z"  +  p>z'"),         (*•  +  2pp'K" 


Now 


so  that  CC'  is  perpendicular  to  PT;  and 


so  that  CC'  is  perpendicular  to  PF.    Consequently  CO'   is  perpendicular 
to  the  plane  TPF;  and  therefore  it  lies  in  the  plane  which  is  orthogonal  to 
the  plane  TPF,  that  is,  it  lies  in  the  normal  plane  GPB  through  the  principal 
normal  and  the  binormal. 
Further,  we  have 


157] 


CONSECUTIVE  PRINCIPAL  NORMAL 


for  ffdrj  =  ds  The  line  CP'  is  perpendicular  to  PP'  in 
plane  TPC,  and  the  line  C'P'  is  perpen- 
dicular to  the  same  line  in  the  osculating 
plane  T'P'C' ;  hence  the  angle  CP'C'  is 
equal  to  drj.  When  we  project  C'P'  on 
CP,  the  point  P'  projects  on  P ;  if  N  be 
the  projection  of  C ',  we  have 

C'  N  =  pdrj,  CN  =  dp, 
these  two  portions  giving  the  value 
P2dri2  +  dpz  for  CG'2.  Also,  if  0  denote 
the  inclination  of  CC'  to  PC,  and  there- 
fore JTT  —  0  its  inclination  to  PBt  we  have 
6W  dp  _  <rp_' 


257 
the   osculating 


-     -ZVC'        rfi| 
sin0  =  Vfyi,-=p-r-  = 


R' 


Fig   14. 


But  in  the  diagram,  SCP  is  a  right  angle;  SP  =  R,  PC  =  pt  CS  =  <rp;  and 
therefore  when,  in  the  normal  plane  CPJi,  a  circle  is  described  on  PS  as 
diameter,  the  tangent  at  C  to  the  locus  of  C  is  a  tangent  to  this  circle. 

Also  from  the  diagram,  we  have  SC'P'  =  ^TT  =  SCP'\  thus  a  circle  can 
bo  drawn  through  SC'CP'  :  the  angle  CSC'  =  the  angle  CP'C'  =  drj'J  and 
thus  we  verify  that 


so  that  C8  =  ap. 


Direction  -cost  ties  of  a  consecutive  principal  normal,  relative  to  the  frame. 

157.  We  shall  require  the  direction-cosines  of  C'P'  with  reference  to 
the  lines  of  the  orthogonal  frame  at  P.  The  arc  CC'  lies  in  the  normal 
plane  BPC:  and  the  whole  configuration  in  the  figure  on  p.  211  lies  in  the 
osculating  flat  at  P.  Also  C'P'  is  perpendicular  to  T'P't  while  de  is  the 
angle  TP'T  ;  and  in  the  pLine  SC'CP',  the  angle  between  P'C'  and  CS  is 
\TT  —  drj.  Hence  if\z,  pz,  vz,  *2»  be  the  direction-  cosines  of  P'C'  with  respect 
to  the  principal  lines  of  the  orthogonal  frame  at  P,  we  have  (up  to  the  first 
order  of  small  quantities) 

Xa=  cos  (|TT  +  rfe)  =  -  de, 


i'a  =  cos  (JTT  -  ( 


drj, 


17 
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These  results  can  easily  be  verified  analytically.   The  direction-cosines  of 
P'G'  with  reference  to  the  external  axes  OX,  OY,  OZ,  0V,  are 


hence 


px"  +  (p'x"  +  px'")  ds,     py"  +  (p'y"  +  py")  ds, 
pz"  +  (pz"  +  pz'")  ds,     pv"  +  (pv"  +  pv'")  ds  ; 


{px"  +  (p'x"  +  Px"')  ds}  =  -      =  -  d€, 

P 


i  =  ^px"  {px"  +  (p'x"  +  px'")  ds}  =  I, 
+  pp'x"  +  p2.'/")  [px"  +  (p'i 
(px"  +  (p'x"  +  px'")  ds}  =  0. 


i;a  =  2 -  (x  +  pp'x"  +  p*x")  [px"  +  (p'x"  +  px"') ds}=-=  drj, 
P  <r. 


Locus  of  the  centre  of  spherical  curvature. 
158.    The  centre  S  of  spherical  curvature  is  given  by  the  coordinates 

f  a  =  x  +  o-2  P~  x  +  R*x"  +  a*  pp'x'", 

V*  =  y  +  "2  p-  y  +  R2y" 
p 

fa  =  Z  +  <72  £.  Z    +  Iff9 

vz  =  v  +  a2  P~  v  +  R*v"  +  <T*pp'v". 
Hence 

<Vb  =  {i  +  * 

ds       (        ds 


On  substituting  the  value  of  #1V  as  obtained  (§  151)  in  terms  of  x,  x",  x" 
and  JX)  viz. 


the  coefficient  of  x  in  the  modified  expression  for  -^  JH 

j  /      -f\                i  /— '      «'\  DJ?' 

a  f  ^  p  \       j     '•*•  f  °^      /°  A  Jtit 

the  coefficient  of  a;"  is 
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and  the  coefficient  of  x"  is 

R*      — 

Thus 


and  similarly 

,-^v 


The  form  of  these  expressions  for   -^p-,  -—•  ,  •—  ,  —=^  ,  which  are  proportional 

to  the  direction-cosines  of  the  line  &$',  shews  that  they  lie  in  a  plane  with 
guiding  lines  whose  direction-cosines  arc  proportional  to 


p*y,    z  +pp'z  +  P*z'"t    v  +  PP'v"  +  P*v", 

and 

"XP       "  y  *       "  Zt       "ui 

respectively  .  that  is,  whose  guiding  lines  are  parallel  to  PB  and  PF.   Thus 
jSV?'  Zi'&s  in  a  plane  parallel  to  the  orthogonal  plane  BPF. 

This  result  also  follows  from  the  properties 


,  -, 

ds  as 

shewing  that  SS'  is  perpendicular  to  PT  and  to  PC,  that  is,  is  perpendicular 
to  the  osculating  plane  at  P,  and  therefore  lies  in  a  plane  parallel  to  the 
orthogonal  plane  at  P. 

Again,  let  dsz  denote  the  arc  <SW  ;  then 


17—2 
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In  the  configuration  of  the  normal  fiat  at  P,  viz.  the  fiat  in  the  diagram 
on  p.  211  with  PC,  PB,  PF,  as  guiding 
lines,   the  significance   of  this  arc  SS' 
appears.   The  arc  CC'  lies  in  the  normal 
plane  BPC\  the  arc  SS'  lies  in  a  plane 
parallel  to  the  orthogonal   plane  BPF. 
When  C',  S't  G\  are  the  centres  of  the 
three  curvatuies  at  the  consecutive  point 
P',  we  know  that  S'G'  and  SG  intersect; 
and  as  SG  and  S'G'  are  normal  to  the 
consecutive   osculating   flats,   the   angle 
SGS'  is  equal  to  d<o.   Thus,  if  S'M  is 
the  perpendicular  from  Sr  on  SGt  we  have   c 
S'M=GS'.d<o 
>dR 


^ 

<r 


-. 
dp 


da). 


Fig.  15. 


to  small  quantities  of  the  first  order  :  that  is, 


<rp 


This  value  can  also  be  obtained  otherwise)  from  the  figure  ;  for 


=  S'C'  -  (SC  -  C'N) 
=  (S'C'  -  SC)  +  C'N 


(d  f  p\,       RR' 

-ls<*')  +  J}*--^*' 


as  before. 

Again  SG,  perpendicular  to  the  plane  BPC,  is  perpendicular  to  C'S; 
and  S'G'  is  perpendicular  to  C'S' ;  hence  the  points  C'SS'G  lie  on  a  circle 
and  therefore  the  angle  SC'S'  is  equal  to  SGS',  that  is,  is  equal  to  dto. 
Consequently 


We  at  once  have 


crp'dco  =  —  ds. 


SM* 


.      df. 


in  agreement  with  the  former  result. 
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Direction-cosines  of  a  consecutive  binormal,  relative  to  the  frame. 

159.    We  shall  require  the  direction-cosines  of  the  binormal  P'B'  at  the 
consecutive  point  P',  this  consecutive  ?// 

binormal  being  parallel  to  C'S'.   In  _  /\B' 

the  normal  fiat,  take  a  spherical 
triangle  in  which  F,  C,  B,  C',  B't 
represent  the  directions  PF,  PC,  PB, 
P'C',  P'B',  respectively:  let  FC1 
and  BC  meet  in  n,  and  FB'  and  CB 
meet  in  m. 

Then 

Bm  =nC   =  drj, 

mB'  =  FF'  =  d*>, 

and  the  whole  of  this  configuration 
lies  in  the  normal  flat,  that  is,  every 
direction  in  the  configuration  is  per- 
pendicular to  PT. 

Let  X3,  fj,3,  i/3,  ic3,  be  the  direction-cosines  of  P'B'  with  respect  to  the 
principal  lines  of  the  orthogonal  frame  at  P.   Then 


Fig.  16. 


/i3  =  cos  CB'  =  cos  (  J  TT  +  dvj)  =  —  drj, 

Vy  =  COS  BB'  =  1, 

K3  =  COS  FB'  =  COS  (  J  7T  —  rfft))  =  C?CU. 

These  results  can  be  verified  analytically.   The  direction-cosine  of  PB 
with  reference  to  OX  is 

(T     .  ,     „  ,,, 

-  x  +  crp  x    +  crpx    ; 
and  therefore  the  direction-cosine  of  P'B'  with  reference  to  0-V  is 

-  x  +  trpx"  +  o-px" 
P 


In  this  expression,  substitute  for  x™  the  value  obtained  in  §  151  and 
quoted  above  (p.  258).  When  the  resulting  expression  is  reduced  so  as  to 
be  expressible  linearly  in  terms  of  a;',  x",  x"'t  and  JXt  we  find  that  the  expres- 
sion in  square  brackets  becomes 


262  CONSECUTIVE  BINORMAL  [CH. 

Similarly  for  the  inclinations  to  OY,  OZ,  0V.   Hence  the  direction-cosines 
P'B'  with  respect  to  the  external  frame  OX,  OY,  OZ,  0V,  are 


-  (x  +  pp'x"  +  pW)  +  (-  9-  a,"  +  ^  <rp*  Jx}  ds, 

-p  (y  +  pp'y"  +  PY")  +  (-  P~y"  +  \ 


")  +  (-  '-  s"  +  -  <rp*  Jz\  ds, 

\       <T  T  / 

-  (v  +  pp'v"  +  p*v'")  +  (-  f-  v"  +  -  <rp*J9]  ds. 
p  \     cr  T  /          . 

Consequently 

\3  =  2a-'  \-(x'  +  pp'a-"  +  pV')  +  (-  ^  af  +  1  crp2^  d4  =  0, 

(P  \       IT  T  /          J 

^3  =  2/oa/'  {-  (a;'  +  pp'o."  +  p*x'")  +  f-  ?  *"  +  - 

(P  \       (T  T 


- 

(7 


)  +  (-  p-  x"  +  !-  ap»  J.)  da\  =  -  rf*  =  do), 

\       O"  T  /          J  T 

thus  completing  the  verification  as  stateo* 

Locus  of  the  centre  of  globular  curvature. 
160.    The  coordinates  of  G,  the  centre  of  globular  curvature,  are 

'  "       T 


'     (y'+  pp'y" 

'  ?  (z  +  pp'z"  +  pV")  +  T  R  ^ 
p  o*      dp 

V3=v  +  pV  +  <rp'  -  (»/  +  ppV  +  pV")  +  ^R-dR 
Hence 


i  P    (/t      i  "    i        '2\      " 

+   "p-l(l+W      +  P2)* 

+  CT    2J    —    fT  JJ--^  +  IjZ^^ 

with  similar  expressions  for  -^ ,  —^ ,  -,—  . 
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We  proceed  bo  modify  the  expression  for      -  by  substituting,  for  EIV,  its 
value  (§  151) 


and  by  evaluating  the  quantity  -=-  (a-ptJI).  For  the  latter,  we  first  take 


_ 
ds  ~ds 


y  ,  *  ,  "' 
y" ,  *" ,  v" 
v"'.  /".  «'" 


y  ,  *' ,  •»' 
y",  *",  «" 
y",  J",  w" 


<r  \ 

y  ,   z  , 

V 

p 

y', 

/, 

v' 

<r) 

y"  ,   z"  , 

v" 

T 

y", 

z"  , 

v" 

</",     z'", 

v" 

./„. 

J:, 

J, 

Now  the  determinant  of  the  direction-cosines  of  the  four  lines  PT,  PC 
PBt  PFt  which  constitute  an  orthogonal  frame,  is  equal  to  1.  It  is  easy  t< 
verify,  immediately,  that 


x 

px" 


y 
py" 


z 
pz" 


v 
pv" 


and  therefore,  by  the  properties  of  the  rows  of  this  determinant  which  repre 
sent  orthogonal  directions  taken  in  pairs, 

<r     ,         ,  „       a  in^_    <rpzJyt  <rpzJz,  (rpzJv 

P                                           y     ,  z'    ,  v 

py"  t  pz"  ,  pv" 
Consequently 


•  ,i  j-  r     dJv    d*T,   dJ« 

with  corresponding  expressions  for  -7-*  ,   j    ,  -7^  - 

ds      CLS      (ts 


When  this  value  of  -~  and  the  value  of  x[v  are  inserted  in  the  expressioi 
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for  -^,  and  the  resulting  quantity  is  arranged  as  a  linear  combination  of 
x\  x",  x'"t  and  JXi  we  find  that  the  coefficient  of  a/  is 

,   .   df  oA  .     ,    ,(     If*      P\]      r  ndR       ,      1     a 


which  vanishes  :  that  the  coefficient  of  x"  is 


T    ~dR  ,         1        <7         , 

—  -K  -j-  -  0"P  •  -5  ---  PP  , 
a      dp      r      z         rr 


which  vanishes  :  that  the  coefficient  of  x"  is 

t+f*  L*pl)  +  w._  (2^+^-)  «v-  r  *rf-.*p'.  -,1  -  V. 

r      r  ds\      pj  r        \    p       <r/      rr       a-      dp       r     paorpr 

which  vanishes  :  and  that  the  coefficient  of  Jx  is 


which  is  equal  to 

{rfp^U^i   * 

IdsW      dp/  ^^T  J    r 
Consequently  we  have 


and,  similarly, 

dr,,_  (df-r     dR\     «rp'l       -r 

dF-(d"sU7e"^j+  7;  ''"'»• 

d?3         frf/T        dfl\        ffp'l 

-j     =4  ,-[-.«    .       +-f  crp  «/2  , 

rfs       [as  \<r      djo  /       T  }     r 
dv3      <d    T      dR\ 


We  therefore  infer,  without  further  calculation,  that  the  arc  ds3l  being  the 
distance  GG'  between  two  consecutive  centres  of  globular  curvature,  is  given  by 

—  =  -  (-R—  W  — 
ds      ds\<r      dp)       r 

We  also  infer  that  the  normal  to  the  osculating  flat,  drawn  through  the 
centre  of  spherical  curvature,  is  the  tangent  at  G  to  the  locus  of  the  centre  of 
globular  curvature :  that  is,  the  tangent  to  the  locus  of  G  is  parallel  to  the 
trinormal. 

These  results  can  also  be  inferred  from  the  geometry  of  the  configuration, 
as  depicted  in  the  figure  on  p.  211.   When  regard  is  paid  to  the  normal  S'G' 
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at  S'  to  the  consecutive  osculating  flat,  it  is  clear  that  GG'  is  in  the  line  SG 
which  thus,  in  the  limit,  is  the  tangent  at  G  to  the  locus  of  G.   Also 

GG'  =  S'G'  -  S'G  =  S'G'  -  (SG  -  SM) 

=  (S'G'-8G)  +  SM; 
but 


?'G'-SG=%-(SG)dS  =  ?-(TRa£)t     SM-' 
ds  ds  \<r      dp  / 


and  therefore 


in  accordance  with  the  foregoing  result. 

NOTE.   A  geometrical  construction,  connected  with  the  magnitude  SG, 
may  be  noted  in  passing    We  have 


- 

tr       dp 

RrR' 

=  H    -   ,  . 
<rp 

Now  in  the  normal  plane  PCS, 

CS  =  <rp,     SP=R; 
and  therefore 


^ 

Along  SO  from  St  measure  a  distance  SG  equal  to 

SGt  and  from  G  draw  the  perpendicular  GP  upon 

SP    Then  P,  Ct  G,  P,  lie  on  a  circle  in  the  normal  plane ;  and  therefore 

SP .  SP  =  SC.SG  =  SC.SG, 
that  is,  __ 


Fig  17. 


Direction-cosines  of  a  consecutive  trinomial,  relative  to  the  frame. 

161.  We  shall  require  the  direction-cosines  of  P'F't  the  trinomial  at  the 
consecutive  point  P',  this  line  being  parallel  to  S'G'. 

In  the  diagram  (p.  261)  connected  with  the  direction-cosines  of  the  con- 
secutive binormal,  the  point  Fr  represents  the  direction  P'F'.  Now  P'F'  is 
perpendicular  to  the  tangent  PT,  while  PT  itself  is  perpendicular  to  the  normal 
flat  at  P  containing  the  whole  configuration  in  that  diagram ;  also,  P'F'  is  per- 
pendicular to  the  principal  normal  PC,  for  the  line  S'G'  (to  which  P'F'  is 
parallel)  is  perpendicular  to  that  principal  normal.  The  inclination  of  P'F' 
to  PB  is  measured  by  the  arc  BF'  which  is  \ir  +  FF't  that  is,  %7r  +  da>;  and 
the  inclination  of  P  Fr  to  PF  is  measured  by  the  arc  FFr,  that  is,  daj. 
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Let  \4,  pi,  i/4,  *4,  denote  the  direction-cosines  of  P'F'  with  respect  to 
the  principal  lines  of  the  orthogonal  frame  at  P.   Then 


1/4  =  COS  (\TT  +  dot)  =  —  rffiJ, 


These  results  also  can  be  verified  analytically.   The  direction-cosine  oi 
PF  with  reference  to  OX  is 


and  therefore  the  direction-cosine  of  P'F'  with  reference  to  OX  is 

27    ^d  I 

<rpJx  +  -T-  ( 
r  ds^ 

Now  it  has  been  proved  that 


and  therefore 


Consequently,  the  direction-cosine  of  P'F'  with  respect  to  OX  is 

ap  V,  -  ~  -  (x  +  pp'x'  +  PV")  ds  • 
.md  similarly  its  direction-cosines  with  respect  to  OF,  OZ,  0V,  are 


Hence 


-  ( 


-  *  -  («'  +  ppV  +  pV")  ds. 


-  J  -  (*'  +  pp'a;"  +  pV")  dsl  =  0, 

X»  .  __"    I    .      9  T  *•    °"  /..'     ,././/.        Q     //'\     7     I  /\ 
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i;4  =  S  '  (x  +  ppx"  +  if*'")  Lp*Jx  -  J  "  (x  +  pp'af'  +  pV")  <fcj 

<Z*         , 
=  --  =  —  ato, 

KI  =  *£apzJx  \<rpzJx  —     a-(x'  +  pp'x"  +  p  V")  ds\  =  1, 

in  accordance  with  the  preceding  results. 

NOTE.  The  four  sets  of  direction-cosines  \rt  firt  vrt  tcf,  for  r  =  1,  2,  3,  4, 
have  been  obtained  directly  from  the  configuration,  account  being  taken  of 
small  quantities  up  to  the  first  order  only.  It  is  easy  to  verify  that  they 
satisfy  the  necessary  conditions  of  orthogonality  for  the  new  frame  which  their 
directions  constitute. 

Curvature  of  twist. 

162.  In  §  131,  the  angle  between  consecutive  principal  normals  was 
investigated  ;  it  led  to  a  nominal  curvature,  the  curvature  of  screw,  which  has 
neither  centre,  nor  any  line  for  radius,  in  the  diagram.  Similarly,  the  angle 
between  consecutive  binormals  can  be  investigated  ;  it  likewise  leads  to  a 
nominal  curvature,  which  may  be  called  the  curvature  of  twist,  and  which 
also  has  neither  centre,  nor  any  line  for  radius,  in  the  diagram. 

Let  d$  be  the  angle  between  consecutive  binomials,  that  is,  between  PB 
and  P'B'  ;  it  is  represented  by  the  arc  BB'  in  the  diagram  on  p.  261.  Thus 

dp  =  BB'2  =  Bm*  +  B'm*  =  drjz  +  d<*\ 
and  therefore 


<r       T 
the  measure  of  the  curvature  of  twist,  as  defined. 

This  result  can  be  verified  analytically.  As  /3,  /;i3,  Ji3l  &3,  are  the  direction- 
cosines  of  PB,  the  direction-cosines  of  P'B'  are  (§  159) 


S  +  f  -  (rp*Jv  -  -  y")  ds  = 
"3  +  (-  o-p'i/s  -  ~  *" )  ds  =  "a  +  ttn'rfs, 
-  <T/DZ./O  -  -  v"Jds  =  k3  +£8'<fc; 


and  then 

in  accordance  with  the  above  measure. 
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Equation  of  the  globe  of  curvature. 

163.  It  remains  to  find  the  equation  of  the  globe  of  curvature,  whether  in 
a  form  more  explicit  than 

<s  -  f.)2 + (y  -  I*? +<*-  W + (•  -  •*)' = r« 

or  in  a  form  connected  more  closely  with  the  principal  lines  of  the  orthogonal 
frame. 

By  taking  x  —  f3  =  x  —  x  —  (f3  —  x),  and  by  noting  the  relation 

the  former  equation  becomes 
2(*- 

We  substitute  on  the  right-hand  side  the  values  of  f 3  —  x,  ij3  —  y,  £3  =  z,  v3  —  v, 
as  given  in  §  149 ,  and  then  the  equation  of  the  globe  of  curvature  becomes 

2  (x  -  x)2  =  2/0  2  (x  -  x)  px"  +  2«rp'  2  (SB  -  x)  j-  (x1  +  ppx"  4  pzx'")l 

+  2-R^Z(lr->c)<Tp*Jx, 
<r      ap 

which  is  another  explicit  form. 

To  refer  the  globe  to  the  principal  lines  in  the  orthogonal  frame,  we  can 
represent  any  point  ac,  y,  J,  u,  in  the  quadruple  space  referred  to  those  lines 
as  axes,  by  taking 

(i)   a  distance  t  along  the  tangent, 

(ii)  a  distance  n  along  the  principal  normal, 

(iii)  a  distance  b  along  the  binormal, 
and  (iv)  a  distance  ~t  along  the  trinormal. 
In  these  coordinates,  any  point  in  space  is  given  by 

x  -  x  =  tx  +  npx"  +  b-(x  +  ppx"  -i-  /oV")  +T<rpzJx 


i? 
p 

a- . 


\  • 


z-z=tz>  +  npz"  +  6  -  -  (*  +  ppz"  +  p  V)  +  t<rp*Jz 

v  -  v  =  tv'  +  npi/'  +  6  -  (v  +  /op'v"  +  p V")  +  To-p2/,, 
and  the  coordinates  of  the  centre  of  the  globe,  referred  to  PT,  PC,  PB,  PF,  as 

Tf' 

axes,  are  0,  p,  <rp,  R  — -t . 
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Because  the  coefficients  of  tt  n,  6,  ~t,  in  the  expressions  for  x  —  x,  y  —  y, 
z  —  z,  v  —  v,  are  the  direction-cosines  of  the  four  orthogonal  principal  lines 
referred  to  OX,  OY,  OZ,  0V,  as  axes,  we  have 


Also 

S  (x  —  #)  pa;"  =  n, 

2  (3  -  x)  -  (x  +  pp  V  +  pV")  =  6, 
P 

S(2-a)*pV,  =  T; 

and  therefore  the  equation  becomes 

p/ 

*2  +  9l*  +  fc2  +  P  =  2Hp  +  2&c7p'  +  27fl-   ,, 

<rp 

that  is, 


t*  +  (n-  p)*  +  (6  -  <rp')«  +  (t-  R  — 
\  <rp  J 


op 

=  ra, 

the  equation  of  the  globe  of  curvature  at  P,  the  form  to  be  expected  when 
the  globe  is  referred  to  the  four  principal  lines  of  the  orthogonal  frame  at  P 
as  axes. 

From  this  form  of  the  equation  of  the  globe  of  curvature,  two  inferences 
can  be  drawn. 

In  the  first  place,  the  sphere  of  curvature  is  the  intersection  of  the  globe 
of  curvature  by  the  osculating  flat  ;  for  that  flat  is  given  by  the  equation 

1=0, 
and  the  intersection  of  the  globe  in  that  flat  is 

t*  +  (n  -  p)2  +  (6  -  crp')2  =  p2  +  a2p/2  =  E2, 
which  is  the  sphcru  of  curvature  in  the  osculating  flat, 

In  the  second  place,  the  circle  of  plane  curvature  is  the  section  of  the 
globe  of  curvature  by  the  osculating  plane  :  or,  otherwise  stated,  the  circle  of 
plane  curvature  is  the  section  of  the  sphere  of  curvature  by  the  osculating 
plane.  For  the  osculating  plane  is  given  by  the  equations 

6  =  0,    7=0; 

and  the  intersection  of  the  globe  by  that  plane,  being  the  intersection  of  the 
sphere  of  curvature  in  the  osculating  flat  made  by  the  osculating  plane  in 
that  flat,  is 


which  is  the  circle  of  plane  curvature  in  the  osculating  plane. 
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Frenet  formulas  in  quadruple  space. 

164.  In  the  preceding  discussion  of  the  curve,  most  of  the  investigations 
have  been  concerned  with  the  various  amplitudes  associated  with  the  curve 
at,  or  in  the  immediate  vicinity  of,  a  point  P.  Special  attention  has  been 
devoted  to  the  orthogonal  frame,  particularly  to  its  four  chief  lines  (the 
tangent,  the  principal  normal,  the.  binormal,  and  the  trinomial),  to  three  of 
its  chief  planes  (the  osculating  plane,  the  normal  plane,  and  the  orthogonal 
plane),  and  to  two  of  its  chief  flats  (the  osculating  flat  and  the  normal  flat). 
Throughout,  the  direction-cosines  of  the  chief  lines  have  been  of  significant 
importance.  We  now  proceed  to  exhibit  the  relation  of  these  direction-cosines 
of  successive  sets  of  chief  lines  by  means  of  equations,  which  are  a  manifest 
extension  of  the  Serret-Frenet  formulae  for  twisted  curves  in  triple  space. 

For  convenience  of  notation,  we  denote  the  direction-cosines  of  the  tangent 
by  li,  m^  nlt  klt  these  being  respectively  equal  to  x't  y,  z\  v  ;  the  direction- 
cosines  of  the  principal  normal  by  I2t  m2,  ?i2,  klt  these  being  respectively  equal 
to  px"t  py" ',  pz"t  pv"  \  the  direction-cosines  of  the  binormal  by  /3,  vi3,  ??3,  &3, 
these  being  respectively  equal  to 

?  (of  H-  ppW  +  p*x'"\     ?  (y*  +  pp'y"  +  p*y'"). 

?  (z  +  pp'z"  +  pV"),     ?  (f  +  pp'v"  +  P2v") ; 

and  the  direction-cosines  of  the  tri normal  by  £4,  ra4,  n4,  &4,  these  being  respec- 
tively equal  to  a-p2JXl  <rp2Jyt  <rp2Jz,  <rp2Jv.  Also,  it  will  be  found  convenient 
to  denote  any  one  of  a  set  of  direction-cosines  lt  m,  n,  k,  by  c ;  thus  GI,  c2,  c3,  c4, 
can  stand  indifferently  for  llt  Za,  13)  Z4;  or  for  mi,  ma,  w3,  ??i4;  or  for 

"li  H2i  ^Si  n*\    Or  ^°r  ^li  ^2«  ^3 •  ^4- 

The  direction-cosines  of  the  principal  lines  at  a  point  P  of  a  curve  are 
shewn  in  the  tableau 

(  l\t     ?"ii     ?iij     k 

2>       7H2l       7I2,       k 
3>       9^3  j       n3>       k 

When  the  principal  lines  at  a  point  P',  consecutive  to  P  on  the  curve, 
are  referred  to  the  principal  lines  at  Pt  they  have  direction-cosines 

^i>  /*ii  "!•  *ii  =     1  ,    de  ,      0,0,  for  the  tangent  (§  155), 

Xa,  p,tt  i>2,  «a,  =  —  de,     1    p    drj  ,    0  ,  for  the  principal  normal  (§157), 

^3,  /^3,  PS,  ^3,  =     0  ,  —  drj,      1   ,  do),  for  the  binormal  (§  159), 

^4i  /*4>  "4i  ^4»  =     0  ,     0   ,  —  c^oi,    1  ,  for  the  trinomial  (§  161). 
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Then  for  the  four  direction  -cosines  c^  +  dc^  ca  +  dc2,  c3  +  dc3l  c4  +  dc4,  for  the 
four  lines  at  Q,  corresponding  to  the  four  direction-cosines  cl5  c2,  c3,  c4,  for 
the  four  lines  at  P,  the  transformation-law  of  coordinates  gives 


!-(€!,  cz,  C3,c4$   1    ,    de   ,     0    ,    0)=     G!      +  cade, 

2  =  (GI,  cz,  c3f  c4J—  de,     1    ,     djj  ,   0  )  =  —  c 
C3  +  dc3  =  (clf  C2,  C3,  c4$    0    ,  —  d  T),     I     ,  rfcw)  = 
c4  +  dc4  =  (ci,  c2,  cj,  c4#    0   ,     0    ,  -  da),    1)= 

(The  four  points  x,  y,  zt  v,  in  the  diagram  on  p.  197  may  be  taken  to  represent 
the  principal  lines  at  P  ;  and  the  four  points  x  ',  y  ',  z',  v,  in  that  diagram  repre- 
sent the  principal  lines  at  P'  after  the  most  general  displacement  in  space. 
The  equations,  giving  the  relations  for  the  actual  displacement  of  the  frame 
of  the  curve  under  consideration,  are  the  sums  of  the  expressions  of  the  pro- 
jections of  the  coordinates  along  the  respective  principal  lines  at  P'  upon 
the  axes  OX,  OY,  OZ,  0V.)  Now 

de  _  1       drj  _  1        cZw  _  1 

ds  ~~  p  '     ds      <r'      ds  ~~  T  ' 

hence  the  foregoing  relations  become 

rfci  = 
ds 

dc^  =  _  GI 
ds  p 

dcs  _          _  Cg  C4 

ds  (7  T 

dc*  =  _  c  3 

ds  T 

which  arc  the  extension,  to  quadruple  space,  of  the  Serret-Frenet  formulae 
for  triple  space*. 

We  shall  call  these  relations  the  Frcnet  formulae. 

Centres,  and  radii,  of  circular  curvature,  spherical  curvature, 
globular  curvature. 

165.  The  Frenet  formulae  can  be  used,  in  connection  with  the  explana- 
tions already  given,  to  obtain  the  coordinates  of  the  various  centres,  and  the 
various  radii,  of  the  circular,  the  spherical,  and  the  globular  curvatures. 

The  various  centres  arise  in  connection  with  the  intersection  of  successive 
normal  flats  at  consecutive  points  on  the  curve. 

*  Serret,  Liouulle'a  Journal,  t.  xvi  (1851),  p.  193;  Frenet,  ib.,  t.  xvii  (1852),  p.  437. 
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The  normal  flat  ab  the  point  0  is  given  by  the  equation 

5  (x  —  x)  x  —  0, 
that  is,  by 

2  (x  -  x)  k  =  0. 

The  intersection  of  this  Hat  by  the  consecutive  normal  flat  is  the  plane, 
the  two  equations  of  which  can  be  taken 


The  latter  equation,  by  the  use  of  Frenet's  equations,  is 
Z(x-x)lt  =  pZx'l1  =  pS.lS  =  p; 
or  the  two  equations  of  the  plane  are,  together, 


The  intersection  of  this  plane  by  another  consecutive  normal  flat  —  that 
is,  the  intersection  of  three  consecutive  normal  flats  —  is  the  line,  the  three 
equations  of  which  arc  obtained  by  associating,  with  the  two  preceding 
equations,  the  further  equation 

Now 

and 

x)l2'  =  --2(x 
P 

and,  in  the  equations  of  the  line,  we  have  2  (x  —  x)  1L  =  0.    Hence  the  third 
equation  is 

S  (x  -  x)  1B  =  ap  ; 

and  therefore  the  three  equations  of  the  line,  that  is,  the  intersection  of  three 
consecutive  normal  flats,  are 


2  (x  -  x)  Zj  =  0,     S  (x  -  x)  I2  =  p,     S  (x  -x)l*  =  07,'. 

The  intersection  of  this  line  by  a  fourth  consecutive  normal  flat,  being 
the  centre  of  globular  curvature  arising  as  the  point  of  intersection  of  four 
consecutive  normal  flats,  is  given  by  associating,  with  the  three  equations  of 
the  line,  the  further  equation 

*(x-x)K-*x\  =  ~(<rp'). 

Now 

2^3  =  2*1/3=0; 
and 

S(£  -  x)  K  =  -  -  2(£  -x)  12  +  -  2  (x  -x)lt, 
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and,  for  these  intersections  of  consecutive  flats,  2  (x  —  #)  J»  =  p ',  hence  the 
fourth  equation  becomes 


But,  because  R*  =  p*  +  <r2p'2,  we  have 


,d 


and  therefore  the  point  of  intersection  of  four  consecutive  normal  flats  is 
given  by  the  four  equations 


,  , 

The  various  centres  of  curvature,  as  regards  their  position,  can  be 
described  as  follows. 

The  centre  of  circular  curvature  is  the  intersection  of  two  consecutive 
normal  flats  with  the  osculating  plane  of  the  curve,  which  is  given  by  the 
equations 

'      -«,     f/-y,     *-*,     v-v 
x     ,        /    ,        /    ,       v 

*"  ,      y"  ,      ^  ,     »" 

or  by  the  equivalent  equations 

'-x,     y-y,     z-z,     v-v 


/a    ,        mz   ,        wz  , 
Any  point  in  this  plane  is  given  by  equations 


with  three  like  equations,  where  A!  and  Aa  are  parameters  of  the  plane; 
and  the  particular  point,  which  is  the  centre  of  curvature,  is  obtained  by 
choosing  AI  and  A2  to  satisfy  the  equations  of  the  two  consecutive  normal 
flats 


Thus 
that  is, 


and  therefore  the  coordinates  of  the  centre  of  circular  curvature  are  given  by 


F.Q. 


18 
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The  radius  of  circular  curvature  is 

=  {S  <*-««»-*, 

as  is  to  be  expected, 

The  centre  of  spherical  curvature  is  the  point  where  the  line,  which  is 
the  intersection  of  three  consecutive  normal  flats,  meets  the  osculating  flat. 
The  equation  of  this  flat  is 


x  -  xt  y-y,  z-z,  v-v 

x     ,  y'    ,  z     ,       v' 

*     ,  y"   ,  z"  ,       v" 

x"  ,  y'"  ,  z'"  ,       v'" 


=  0  , 


or,  as 


with  like  expressions  for  ma,  n3,  k3,  the  equation  of  the  osculating  flat  can 
be  written 

x-x,     y-yt     z-zt     v-v     =  0. 


wa  , 


The  coordinates  of  any  point  in  this  flat  can  be  taken  in  the  form 
x  —  x  =  li  A!  +  12  A2  +  J3  A3l 

with  like  expressions  for  y  —  y,  z  —  zt  v  —  v  ;  and  the  centre  of  spherical 
curvature  is  the  point  among  this  aggregate  the  coordinates  of  which  satisfy 
the  three  equations 

2  (x  —  x)  /i  =  0,     2  (x  -  sc)  12  =  pt     2  (x  —  x)  /3  =  <rp. 
Hence  we  havo 


that  is, 

AI  =  0,     Aa  =  pt     A3  =  <rp, 

and  therefore  the  coordinates  of  the  centre  of  spherical  curvature  are  given  by 
x-x  =  pl2  +<rp'l3,      y-y  = 
v  -  v 
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Tho  radius  of  spherical  curvature,  Rt  is  such  that 


The  centre  of  globular  curvature  has  been  proved  to  be  the  point  of  inter- 
section of  four  consecutive  normal  flats 


2-*)J.-p,     2  (5  -«)*,-  IF/I', 

<rp 

Now  any  point  in  space,  referred  to  the  orthogonal  frame  of  the  curve,  can 
be  represented  by  expressions 

x  —  x  =  /!  AI  +  12  Aa  +  Ja  A3  +  J4  A4l 

with  like  expressions  for  y  —  yt  z  —  ztv  —  v.    Hence,  for  the  centre  of  globular 
curvature,  we  have 


2/2  (/i  A,.  +  1,  A,  +  /3  A3  +  J4A4)  =  pt 
2/3  (k  AI  +  /a  Aa  +  /3A3  +  /4A4)  =  crpf, 


2/4  (/!  A!  -I-  /aAa  -I-  /3  A3+  /4A4)  =R—,: 

<rp 

that  is, 

Ai  =  0,    Aa  =  p,    A3=o-p'f     AI=  R  —  -,. 

<rp 

Thus  the  coordinates  of  the  centre  of  globular  curvature  are  given  by 

rRf 

-  7  /if 

<rp 
with  like  expressions  for  y  —  y,z—z,v  —  v. 

The  radius  of  globular  curvature,  Tt  is  such  that 


in  accordance  with  the  result  already  (§  147)  obtained. 

18—2 
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Infinitesimal  displacement  of  the  orthogonal  frame. 

166.  The  preceding  equations  for  the  variations  of  sets  of  direction- 
cosines,  each  set  being  constituted  by  the  inclination-cosines  for  the  four 
principal  lines  of  the  curve  referred  to  one  and  the  same  external  axis  of 
reference  (to  OX  for  c  =  lt  to  OF  for  c  =  ra,  to  OZ  for  c  =  n,  and  to  OF  for 
c  =  k),  can  be  taken  in  the  form 


z'  =  —  ydrj  +  z       +vda> 

v'  =  —  zd<&  +  v 

Thus  an  infinitesimal  transformation  (§  123)  is  constituted.    We  know  (§  125) 
that  this  transformation  can  be  effected  by  a  small  rotation  a'  round  the  piano 

y  cos  £'  +  v  sin  f?  =  0 
—  x  sin  £  +  z  cos  ft  = 

and  an  independent  small  rotation  a  round  the  plane 

accos/3  +2  sin  ft  =  01 

-  y  sin  $'  +  v  cos  ft  =  0  J  ' 
where 


,  -,  „ 

do?  -  djj*  -  rfe2 

2a'  =  (de2  +  di?  +  drf  +  2dedo>)*  +  (de2  +  d^2  +  do*  -  2deda>)*  \ 
2a  =  (dtz  +  d^2  +  da?  +  Zdcdco)*  -  (rfe2  +  d^  +  dw2  -  Sdcdoj)*  J 

It  should  be  noted  that,  when  do>  =  0,  so  that  there  is  no  tilt  and  the 
curve  therefore  is  a  three-dimensional  curve  (§  146),  we  have 

tanj9  =  ^  =  -,    #  =  (),     a  =  0. 
ajf     p 

We  can  take  v  =  0  as  the  flat  in  which  the  curve  lies  :  and  then  the  infini- 

tesimal transformation  is  effected  in  that  flat  by  a  rotation  round  the  line  z  =  x  — 

P 
in  the  plane  y  =  0,  that  is,  is  effected  round  the  rectifying  line  of  the  skew 

three-dimensional  curve. 


Fourth-order  derivatives  of  point-coordinates. 

167.  It  is  to  be  noted  that,  as  the  values  of  XT,  pr,  vr,  *r,  (for  r  =  1,  2,  3,  4) 
were  obtained  directly  from  the  geometry  of  the  moving  orthogonal  frame, 
they  can  be  regarded  as  having  been  established  independently  of  the 
analysis;  and  thus  they  can  be  used  to  obtain  the  analytical  expressions 
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for  lf,  m,  ,  nr,  krt  (for  r  =  1,  2,  3,  4).   For  example,  take  c  to  denote  I  ;  then 

-    ci=l1  =  x'; 
hence 

,  dcv 

lz  =  cz  =  p  -     =  px  , 


Also,  we  have 

c4  = 

and  thus  the  fourth  equation  gives 


'  +  pp'x 


The  third  equation  gives 


leading  to  the  equation 


r  p\<r       p/  (/a        ff       p<rf>  p 

together  with  the  corresponding  expressions  for  yh,  jlv,  ylv. 

All  these  relations  are  in  accordance  with  results  already  (§  151)  established. 


Fifth-order  derivatives  of  point-coordinates. 

168.  The  last  expression,  giving  the  fourth  derivative  of  a  coordinate  in 
terms  of  the  first  three  derivatives  and  of  the  intrinsic  magnitudes  of  the 
curve  which  are  invariant! ve  for  all  axes  of  reference,  will  now  be  modified 
so  as  to  make  that  fourth  derivative  linearly  expressible  in  terms  of  the 
direction-cosines  of  the  chief  lines  at  the  point.  The  Frenet  formulae  can 
then  be  used  to  express  all  higher  derivatives  of  the  variables,  which  are  the 
point-coordinates  referred  to  the  initial  general  system  of  axes  in  quadruple 
space 

In  the  preceding  expression  for  a;IV,  we  use  the  relation 
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to  remove  the  term  in  x"  \  and  we  easily  find 


per 


p          p        p 


p<r       p 


p<r        p 


pa-        p       tr 

if2P-  +  <r 
p<T\    p       <r 


por 
and,  similarly, 

^---- 

J        par 

*1V=    - 
PUT 


par          p<r       p 
In  these  expressions,  the  value  of  M  is  given  by 


p* 
p* 


[CH.  IX 


it  can  also  be  expressed  in  the  subscquentfy»useiul  form 


When  obtaining  a  measure  of  the  closeness  of  contact  of  the  curve  with 
its  globe  of  curvature  at  any  point,  we  shall  require  values  of  #v,  y\  zv,  vv. 
These  can  be  derived  at  once  from  the  preceding  result  ;  and,  as  the  con- 
venient form  is  that  which  expresses  them  linearly  in  terms  of  the  direction- 
cosines  of  the  chief  lines,  the  Frenet  formulae  are  used  for  the  construction  of 
this  form.  We  have 


par  ds 


p<r        p 


p<T\     p       a)  ds 


. 
ds 


When  the  values  of  -v4,  -^ t  ~,  -p,  as  given  by  the  Frenet  equations  (on 
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taking  c  =  l)  are  substituted,  and  the  coefficients  of  li,  I*,  1%,  J4,  are  collected, 
we  have,  in  all, 

' 


Wm*  +  Vmz  +  Um^ 
+  Vn*  +  UnY 
+Vk2 


where 


A  =  - 


These  are  the  required  values  of  x",  y*t  zv,  ?/. 

The  derivatives  of  successive  orders  can  be  obtained  in  the  same  way, 
each  expressed  linearly  in  terms  of  the  direction-cosines  of  the  principal  lines. 


A  curve  is  determinate,  save  as  to  orientation  and  position, 
by  assigned  curvatures. 

169.  By  means  of  the  Frenet  formulae,  we  establish  the  theorem  that  a 
curve  in  quadruple  space  is  determinate,  save  as  to  orientation  and  position, 
by  the  assignment  of  its  circular  curvature,  its  curvature  of  torsion  (or  its 
spherical  curvature),  and  its  curvature  of  tilt  (or  its  globular  curvature). 

As  data,  the  spherical  curvature  is  equivalent  to  the  torsion  and  the 
globular  curvature  to  the  tilt,  through  the  relations 


a'P 


From  the  Frenet  equations,  we  have 


d  f     ,.\dli        d  (<r\  . 


Then  l\  satisfies  an  ordinary  linear  differential  equation  of  the  fourth  order 
with  variable  coefficients,  obtained  by  substituting  these  values  of  J4  and  13  in 
the  fourth  Frenet  equation 


280  ASSIGNED  CURVATURES  [CH.  IX 

The  primitive  of  this  linear  differential  equation,  of  order  four,  is  of  the  form 


where  a1(  a2,  a3l  a4l  are  arbitrary  constants.  The  values  of  these  constants 
arc  uniquely  determinable,  and  so  the  primitive  is  made  particular  to  Zlf  by 

the  assignment  of  values  of  lit  -7-  ,  -,  £,  -T-^,  for  any  initial  value  of  s  :  that  is, 

by  the  assignment  of  values  of  ljt  12,  Is,  Ii,  for  that  initial  value  of  s  and 
therefore  at  an  initial  point  0.  The  current  values  of  lz,  £3,  £4,  arc  then 
derived  from  this  current  value  of  li  by  means  of  the  Frenet  equations. 

The  same  linear  equation  of  the  fourth  order  is  satisfied  by  m1?  nir  k±. 
By  corresponding  assignments  of  initial  values  in  each  instance,  the  current 
values  of  mit  nit  ki,  are  determined,  and  the  values  of  the  quantities  ?>ir,  nr,  kr, 
for  r  =  2,  3,  4,  are  similarly  derived.  It  is,  of  course,  necessary  that  the  whole 
set  of  assigned  values  at  0  should  there  conform  to  the  conditions  of  ortho- 
gonality. 

We  must  prove  that  these  current  values  of  lr,  mr,  nrj  kr,  representing 
initially  an  orthogonal  system,  and  satisfying  the  Frenet  equations,  continue 
to  represent  an  orthogonal  system.  Let  a  and  /3  represent  any  two  of  the 
quantities  I,  mt  n,  k.  Then 

d        *  rffltl       rfflfa  -L«  da*  +  a  da*\    n 

+tt3  "  =  ' 


s  (?**•)• 


in  both  instances,  by  substitution  from  the  Frenet  equations.    Hcnco 
2cr,2  =  constant  =  1,     Sar/9r  =  constant  =  0, 

the  respective  constant  values  being  the  initial   values  at  0.    Hence   the 
current  system  of  values  constitutes  an  orthogonal  system. 
If  now  we  define  coordinates  x,  y,  z,  v,  by  the  relations 

dx  =  lids,     dy  =  mi  ds,     dz  =  nidst     dv=  kids, 

so  that  da?  +  dyz  +  dz2  +  dwa  =  ds\  the  variable  s  of  the  Frenet  equations 
becomes  an  arc  in  the  quadruple  space.  We  thus  have 

x  —  XQ  =      lids  =  2 ar  I    \rds, 

J«o  •/*•• 

where  x0  is  the  value  of  a;  at  the  initial  point.  We  have  similar  values  for 
V  ~~  2/o »  z~2o>  V  —  VQ)  a^  these  quantities  being  expressed  as  functions  of  an 
arc  s.  Consequently,  one  curve  certainly  exists,  determined  by  the  assigned 
curvatures. 
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Next  consider  two  curves,  thus  determined,  but  having  different  orienta- 
tions and  positions  in  the  quadruple  space.  On  the  second  curve,  let  an  initial 
point  0  be  selected  corresponding  to  the  initial  point  0  on  the  first  curve  ;  and 
let  the  two  curves  be  brought  together  so  that  (i)  the  point  0  coincides  with 
the  point  0  and  (ii)  the  orthogonal  frame  of  the  second  curve  at  0  coincides 
with  the  orthogonal  frame  of  the  first  curve  at  0  Let  llt  12,  k,  U,  be  the 
four  quantities  for  the  second  curve,  corresponding  to  l±t  lz,  13,  J4,  for  the 
first  curve.  Then  as  the  magnitudes  pt  <T,  T,  are  the  same  for  the  two  curves, 
the  equation  of  the  fourth  order  satisfied  by  li  is  formally  the  same  as  that 
satisfied  by  li  ;  and  therefore  its  primitive  is 


where  alf  a2l  a3,  a4,  arc  arbitrary  constants  so  far  as  that  linear  differential 
equation  is  concerned.  The  values  of  these  constants  are  uniquely  determin- 
able,  and  so  this  primitive  is  made  particular  to  £1}  by  the  assignment  of 
values  of  ll}  lz>  £3l  /4,  at  the  initial  point  0  which  coincides  with  0.  But  at 
that  initial  point,  the  orthogonal  frames  of  the  two  curves  coincide,  so  that 
l\  =  Ji  •  £2  =  ^2,  '3  =  ^3,  '4  =  ^4i  at  0;  consequently  a^  =  alt  a2  =  a*,  a3  =  a3,  «4  =  a4l 
and  therefore  _ 

k-ii, 

throughout  the  range.    Similarly,  we  have 

wii  =  wilf    »!  =  «!,    £1  =  ^1, 
throughout  the  range. 

If  then  £,  y,  zt  v,  be  the  coordinates  of  a  point  P  on  the  second  curve  at 
the  same  arc-distance  as  a  point  P,  x,  y,  zt  v,  on  the  first  curve,  we  have 

dJc  __  dx      djj  _  dy      dz  _dz      d  u  _  du 
ds      ds  '     ds      ds  '     ds     ds  '     ds      ds  ' 

Hence  x  —  x,  y  —  y,  z  —  z,  v  —  v,  are  constants  along  the  two  curves.  But  0  and 
0  have  been  made  to  coincide,  owing  to  the  displacement  of  the  second  curve; 
and,  in  that  coincident  position,  each  of  these  constants  is  zero  Hence 

x  =  x,    y  =  y,    z  =  z,    v  =  v, 

everywhere  along  the  two  curves.  Thus  the  second  curve  coincides  with  the 
first  when  it  has  been  suitably  displaced,  in  position  and  in  orientation  ;  and 
therefore,  in  its  undisplaccd  position,  it  is  the  same  as  the  first  curve. 

Hence  the  two  curves  are  the  same,  except  as  to  position  and  orientation  ; 
and  the  theorem  is  established. 


Curves  having  their  curvature,  torsion,  and  tilt,  constant. 

170.  It  is  known  that  every  plane  curve  of  constant  curvature  is  a  circle: 
and  that  every  curve  in  homaloidal  three-dimensional  space,  having  its 
circular  curvature  and  its  torsion  each  constant,  is  a  cylindrical  helix.  We 
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proceed  to  obtain  the  curve  in  homaloidal  quadruple  space  which  has  its 
circular  curvature,  its  torsion,  and  its  tilt,  each  constant.  Such  a  curve  is 
uniquely  determinate  except  as  to  position  and  orientation. 

For  the  present  purpose,  the  quantities  p,  <r,  T,  in  the  Frenet  equations 
for  the  direction-cosines  of  a  curve 

dci_l          ^__}         1          ^5? !     J-!          ^c4_     1 

ds      p  ds          p  1     a   3l      ds         <r  a     T     '      ds          T 

(c  =  I,  m,  n,  k,  in  turn)  are  constant ;  and  therefore  each  of  the  quantities  c 
satisfies  the  equation 


Then 
where  /ilf  —  / 


and  at  the  moment  -4,  B,  C,  D,  are  arbitrary  constants  in  the  primitive  of 
the  equation!  which  have  to  be  determined  by  assigned  conditions. 

We  shall  take  c^^,  mi,  n^t  k^\  that  is,  =x,  y,  z,  v'  \  in  turn.   The 

constants  will  be  determined  by  the  initial  values  of  clf  ^  ,  -j-|  ,   -j-£  ,  at  any 

initial  place  on  the  curve  :  the  arc  5  wilf  be  supposed  measured  from  the 
initial  place.  Also,  the  axes  of  reference  will  be  taken  to  bo  the  four  principal 
lines  of  the  curve  at  that  place  ;  so  we  must  have,  when  s  =  0, 

Ji.wii.ni,  *i,=l,  0,0,0, 


=  A  cos  fiiS  +  B  sin  fji\s  +  C  cos  /AZS  +  D  sin  /ias  , 

/*a,  —  /^a,  are  the  (necessarily  real)  roots  of  the  equation 


3l  rz3, 


Now 


-C3| 

- 


,  =  0,1,0,0; 
,=0,0,1,0; 
,=0,0,0,1. 

d3c,__l/jL 
d*3~~     PV 


;.) 


c4; 


'1  =  1, 

*i  =  0, 
H  =  0, 
t,  =  0. 


and  therefore  we  have,  when  s  =  0, 

j/_ 

'0. 

1 


~~ds 


d*8 


d*  ~p> 

t1  =  °' 

&i_ 
ds~    ' 


cte2 


0 
1 


cfc1        pa- 

ii=  o 


=  0 


V31=° 

ds3 


da8 
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With  these  values,  we  find 

W  -  Mi2)  k    =  (MZ*  -  -a)  cos  Mi*  -  (MI*  -  -2)  cos  M2* 


(Ma2  - 
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and  therefore,  noting  that  the  origin  and  the  axes  of  reference  are  taken 
where  s  =  0, 


Now  by  combining  a;  and  z,  and  by  combining  y  and  w»  these  equations  can  be 
expressed  in  the  simpler  form 


(,       1 
^-^- 


1- 

/ 
1  —  cos/ia* 


As  the  radii  /o,  o-,  T,  are  constant,  we  take  three  equivalent  constants  a,  a, 
such  that 


2.  =  ^  ?  gin  (2o  -  2j8)f     -  =  -  fc  "  sin  2^,     2-  =  -  (sin  (2a  -  2/3)  -  sin  2/9  J. 
pa  '      T         a  a-     a(       ^  ^'  ^J 


(It  will  be  noticed  that  when  0  =  0,  we  have 

I_cos2a 
p~     a     ' 


sin  a  cos  a      1_0 

a         '     r~    '" 
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which  are  characteristic  of  the  cylindrical  helix  in  homaloidal  three-dimen- 
sional space.)    With  these  values,  we  find 

sin  (a  -  0)  cos  £,       p,  =  °°  '  -  cos  (a  -  ft)  sin  £, 

II 


cot  (a  -  £), 

=  tan  A      ^S  ~    ~     ffT  =  ~  cot  A 


We  now  change  the  axes  from  the  principal  lines  of  the  curve  at  the  place 
s  =  0  to  another  set  of  orthogonal  axes,  and  we  change  the  origin,  according 
to  the  relations 

#  cos  (o  —  /9)  —  z  sin  (a  —  ft)  =  X, 
x  sin  (a  -  /Q)  +  z  cos  (a  -  0)  =  Z  , 

Q         .    Q     cos  (a  —  £)     ,r 
y  cos  /3  -  a  sin  /9  =    -     -     -  —  1  , 
Mi 

y  sin  /S  +  v  cos  £  =  7, 

transformations  which,  merely  changing  tna  position  and  the  orientation  of 
the  curve,  do  not  affect  its  character  :  and  then  the  equations  of  the  curve 
become 

v  tana 

X  =  a^      .       Q.    —  - 
tan  (a  -/Q)  cos  /9 

ir  tan  a 


,,       tan  a  tan  (a  —  /9)  7_ 
V=a  --  Sni—  -(1 
the  values  of  ^  and  /ia  being  given  above,  in  terms  of  a,  a,  /3. 

Accordingly  these  are  the  equations  of  the  curve  which  has  constant  circular 
(or  plane)  curvature,  constant  torsion,  and  constant  tilt.  Hereafter  (§  219)  it 
will  be  seen  that  such  a  curve  is  a  geodesic  on  a  cylindro-cylindric  surface 
represented  by  the  two  equations 


The  values   of  p,  a,  T,  in  terms  of  a,  a,  0,  have  already  been  stated  ; 
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conversely,  the  values  of  a,  a,  £,  in  terms  of  p,  tr,  T,  are  expressible  by 
the  relations 

1       1       l\a        4     *     1      1 


-.  ma 

—  cota  =  ---  ,     -    cot  2/3=-  +  --  -. 

O-T  p         T  <TT  p£         (TZ         TZ 

NOTE  1.    When  there  is  no  tilt,  the  equations  of  the  curve  become 
Jf  =  asin(-cosaJ  ,     Y=  a  cos  f-cosoj  ,     Z=ssina,     F  =  0: 
they  represent  a  cylindrical  helix  in  the  flat  V=  0. 

NOTE  2.  The  four-dimensional  curve  of  constant  curvatures  p,  a;  T,  is  a 
closed  curve,  when  tan  0  cot  (a  —  0)  is  a  commensurable  quantity  different 
from  zero.  When  the  constant  tilt  is  finite  but  not  zero,  the  curve  remains 
within  a  finite  range. 

COROLLARY.  The  preceding  analysis  can  be  used  to  investigate  the  curves 
the  ratios  of  whose  circular  curvature,  torsion,  and  tilt,  are  constants. 

Let  these  constants  be  a  and  6,  where 

1        11,1 
=  «-,     -  =  b-. 

(T  p          T  p 

Instead  of  using  s  as  the  independent  variable  in  Frenet's  equations,  let  the 
angle  of  contingeuce  e  be  used,  where 

l=de 
p~  ds' 
The  Frenet  equations  now  arc 


The  preceding  Jin.ilysis  for  the  determination  of  llf  mlt  nlt  klt  can  be  adapted 
to  the  present  case  by  changing 


and  therefore 


into  e,     p  into  1,     —  into  a,     -  into  b  ; 

O"  T 


dx 
ds 
dx 
ds 

dT 
dl. 

ds 


>a- 
>£• 

)di" 

>ar 
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where  +  /it  and  +  /J*  are  the  roots  of  the  equation 


To  specify  a   curve  completely,  the  value  of  p  must  be   assigned:   if  it 
be  p  =  f  (s),  the  relation  between  s  and  e  is 

ds      ,t  . 

de=f(s)- 

which  can  be  uaed  to  determine  s  as  a  function  of  e.    The  integration  of  the 
preceding  equations  is  then  merely  a  matter  of  quadrature. 

Hereafter  (§  302,  Ex.  2),  it  will  be  seen  that  such  curves  can  be  taken  as 
geodesies  in  a  sphero-cylindrical  region,  such  as  is  represented  by  the  equation 


Deviations  of  a  curve  from  its  tangent,  its  osculating  plane,  and  its 
osculating  flat. 

171.  Various  configurations  have  been  introduced,  usually  defined  in 
association  with  some  degree  of  contact  with  the  curve.  Among  these,  arc 
the  tangent  line,  the  osculating  plane,  the  osculating  fiat,  all  homaloidal  ; 
and  the  circle  of  curvature,  the  sphere  of  curvature,  and  the  globe  of 
curvature.  It  is  desirable  to  have  an  estimate  of  the  closeness  of  contact  of 
each  such  amplitude  with  the  curve:  and  such  an  estimate  is  provided  by 
the  smallness  of  the  order  in  magnitude  of  the  deviation  of  a  consecutive 
point  of  the  curve  from  each  of  the  amplitudes  in  question. 

Let  u  denote  the  arc-distance  of  a  point  Q  on  the  curve  from  the  point  P  } 
and  let  x,  y,  z,  v,  be  the  coordinates  of  that  point  Q.  Then 


We  proceed  to  find  the  perpendicular  from  Q  upon  the  three  homaloidal 
tangential  amplitudes  at  P  :  also  to  find  the  distance  of  Q  from  the  boundary 
circumference  of  the  circle  of  plane  curvature  at  P,  the  boundary  surface 
of  the  sphere  of  curvature  at  P,  and  the  boundary  region  of  the  globe  of 
curvature  at  P. 

We  shall  require  the  projection  w  of  the  arc  PQ  upon  the  tangent  at  P. 
As  the  direction-cosines  of  the  tangent  are  x',  y\  z't  v't  this  projection  is  equal 
to  2  (£  —  x)  x'\  thus 

w  =  2  (x  -  x)  x  =  u  -  g-a  ua  +  -£5  u*  +  ...  , 


ITS  TANGENTIAL  HOMALOIDS 
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I.  The  projection  of  PQ  upon  the  principal  normal  at  P  is  equal  to  the 
distance  of  Q  from  the  tangent  at  P,  and  thus  measures  the  deviation  of  the 
curve  from  that  tangent.  As  the  direction-cosines  of  the  principal  normal  at 
P  are  pa",  py",  pz",  pv"9  this  projection,  i/,  is  equal  to 

if  =  2  (x  -  x)  px" 


By  direct  substitution,  we  find  the  length  c  of  the  straight  chord  PQ  ;  the 
result  is 


It  is  easy  to  verify  that  the  relation  cz  =  up  +  vz  is  satisfied. 

Manifestly,  in  the  expression  for  i/,  the  deviation  from  the  tangent,  the 

important  term  in  the  immediate  vicinity  of  P  is  the  customary  quantity  =-  - 

II.  The  projection  of  PQ  upon  the  binormal  at  P  is  equal  to  the  distance 
of  Q  from  the  osculating  plane  at  P,  and  thus  measures  the  deviation  of  the 
curve  from  that  osculating  plane.  As  the  direction-cosines  of  the  binormal 

are  -  (x  +  pp 'x"  +  p*x"\  with  the  three  similar  quantities,  the  projection  of 
PQ  on  the  binormal  is 

=  2(T-x)-(x'  +  pp'x" 
P 


1*1(2*  +  ">+.... 
6/ocr          24p<r\    P       <r  J 


6/Dcr  /oir      p 

III.  The  projection  of  PQ  upon  the  trinormal  at  P  is  equal  to  the  distance 
of  Q  from  the  osculating  fiat  at  P,  and  thus  measures  the  deviation  of  the 
curve  from  that  osculating  flat.  As  the  direction-cosines  of  the  trinormal  are 
<rp*Jxt  <rp*Jyi  <rp*Jr,  <rp2Jvt  the  projection  of  PQ  on  the  trinormal  is 

=  2  (x  —  x) 


v 
v" 


y  ,  * 

y",  *" 

y'",  *'",  v 

y1  ,  *',  * 

y",  f,  v1 

y">  *'",  v 


+  higher  powers  of  u 


•  —  Q.<rp2u*fl  +  higher  powers  of  u 
2A 

1     U* 

:  -_  r h  higher  powers  of  u. 

24  pa-r         °        r 
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It  is  an  immediate  corollary  that,  if  the  curve  be  referred  to  its  principal 
lines  at  P  as  axes,  so  that,  t,  n,  b,  ~t,  are  the  coordinates  parallel  to  the  tangent, 
the  principal  normal,  the  binomial,  and  the  trinormal,  respectively,  the  co- 
ordinates of  a  point  Q  at  a  distance  u  along  the  curve  from  P,  are 


H~2pU      6p»W+24 
,^*__£_(>£ 


Deviations  of  a  curve  from  its  circle  of  curvature,  its  sphere  of  curvature, 
and  its  globe  of  curvature. 

172.  We  proceed  to  estimate  the  distance  of  Q  from  the  respective  curved 
amplitudes  of  contact  at  P,  each  with  its  own  measure  of  curvature  and  with 
its  own  degree  of  contact,  and  thus  to  estimate  the  deviations  of  the  curve 
from  those  amplitudes  in  the  immediate  vicinity  of  P. 

IV.  We  first  find  the  distance  of  Q  from  the  circle  of  plane  curvature 
at  P.  Let  Q'  be  the  projection  of  Q  on  the  osculating  plane  at  P,  so  that 
(§171) 

«•-£+••- 

Let  Q'C  intersect  the  circle  of  curvature  in  Ut  where  C  is  the  centre  of  that 
circle.  Then  CUQ'Q  is  a  plane,  which  lies  in  the  osculating  Hat  and  is 
perpendicular  to  the  osculating  plane  at  P;  and  the  tangent  to  the  circle 
at  U  is  perpendicular  to  this  plane  CUQ'Q,  being  perpendicular  to  CU  and 
to  QQ7.  Hence  QU  is  perpendicular  to  that  tangent  and  therefore,  being 
normal  to  the  circle,  is  the  shortest  distance  of  Q  from  the  circle.  Obviously 


Further,  the  coordinates  of  C  are  f  1,171,  5i,fi,  =x  +  pzx",  y  +  p*t/',  z  +  pzz"t 
;  hence 


Now 
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and  therefore,  with  the  foregoing  value  of  S  (#  -  fl)2  on  p.  287,  we  have 


that 


But  Q'CZ  =  QC2  -  QQ'2,  and  QQ'  is  of  the  third  order  in  u;  hence,  certainly  up 
to  the  fifth  order  inclusive,  Q'(7  is  equal  to  QC,  and  we  have 


.so  that 


Consequently,  up  to  the  third  order, 


which  accordingly  measures  the  deviation  of  the  curve  from  its  circle  of 
curvature  at  P. 

V.  In  a  similar  way,  we  obtain  the  distance  of  Q  from  the  sphere  of 
curvature  at  P.  Let  Q"  be  the  projection  of  Q  on  the  osculating  flat  at  P,  so 
that  (§171) 


Let  Q"#  intersect  the  sphere  of  curvature  in  V,  where  S  is  the  centre  of  the 
sphere.  Then  Q"S  is  perpendicular  to  the  tangent  plane  at  V  to  the  sphere; 
Q"Q>  normal  to  the  flat,  also  is  perpendicular  to  that  tangent  plane;  hence 
the  plane  QQ"VS  is  orthogonal  to  the  tangent  plane.  Thus  QV  is  perpen- 
dicular to  the  tangent  plane  at  V  and  therefore  is  the  shortest  distance  of  Q 
from  the  sphere.  Obviously 


Further,  the  coordinates  of  S  arc  f2,  TJZ,  f2l  vz,  as  given  in  §142;  and 
therefore 


Now  Sto-a^-flP^-B1;  and 

2  (x  -  x)  (f  ,  -  x)  =  S  (x  -  x)  jir1  £-'  x  +  R*x"  +  o*pp'at"\ 


- 

2          24  \(T2p      dp 
and  therefore,  with  the  foregoing  value  of  S  (x  —  #)a,  we  have 

Qfif2  =  l^2  +  ^  ^-  ^  ^  u*  +  higher  powers  of  w. 
P.O.  19 


290  DEVIATION  OF  A  CURVE  FROM  [CH.  IX 


But  Q"S*  =  QS*-QQ"Z,  and  QQ"  is  of  the  fourth  order  in  u\  hence,  certainl} 
up  to  the  seventh  order  inclusive,  Q"S  is  equal  to  QSt  and  we  have,  certainl} 
up  to  the  fourth  order, 


Consequently 


which  accordingly  measures,  to  the  fourth  order,  the  deviation  of  the  curve 
from  its  sphere  of  curvature  at  P. 

VI.  Finally,  the  distance  of  Q  from  the  globe  of  curvature  at  P  ig 
manifestly  equal  to  QG  —  PG,  where  G  is  the  centre  of  globular  curvature 
atP;  for  QG  is  normal  to  the  globe.  The  coordinates  of  G  are  f3,  173,  fa,  v3 
as  given  in  §  149  ;  and  therefore 

(3G2=S(S-f3)2  =  2 


up  to  the  fifth  power  of  u  inclusive. 

It  is  necessary  to  evaluate  the  quantity  2  {(x  —  x)  (f3  —  x)},  up  to  the  fifth 
power  of  u  inclusive.    Now 

-  X"u2  +  —  X"'U3  +  -T-.  Xlv  U*  +  —,  Xv  I/5  +  .  .  .  , 

2  !  3  !  4  !  5  ! 


=-  —  -T-.  —, 

2  !  3  !  4  !  5  ! 

and 

"  -, 

(T          CLp 

=  plz  +  o-p'/g  +  -  R  -j-  1*  ; 

with  corresponding  expressions  for  y  —  y,  r]3  —  y  \  z  —  z,£3  —  z;  and  v  —  v,  u3  —  v 
Hence,  in  the  quantity  2  {(a  —  ff)(?a  —  #)),  tne  coeflftcient  of  u  is 


the  coefficient  of  ^i*2  is 


and  the  coefficient  of  $u3  is 
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by  using  the  relations  2^a  =  1,  £££»£,  =  0,  for  p  =  1,  2P  3,  4,  and  v  =  1,  2,  3,  4, 
with  i/  nob  equal  to  p.  For  the  coefficient  of  u*,  we  use  the  formula  of  p.  278,  viz. 

*"  =  —  l^---(^  +  -}l3  +  Mplz  +  3^ll] 
/NTT         p<r\    p       *J  r  p3 

and  therefore  the  coefficient  of  —  w*  in  2  {(£  -  #)  (fa  -  x)}  is 

Z4« 

'Z3  +  r-R  J?  J4) 

+^+V?—  V 

p  \    p       tr/      pa-*      dp          pa 
For  the  coefficient  of  u5,  we  use  the  formula  of  p.  279,  viz. 


and  therefore  the  coefficient  of    nf\u5  in  2  {(aj  —  a)  (f3  —  a;)}  is 


- 

tr      dp 

Hence 


=  r2  -      M5©  +  -2  w5    3  +  higher  powers 


=  T2  +  gjj  (5-3  -  ©)  +  higher  powers. 

The  deviation  of  Q  from  the  globe  of  curvature 
=  QG-PG 

+  120%  (5  ^3  " 


°f  "   " 


and  it  is  necessary  to  obtain  an  equivalent  expression  for  the  quantity  5^ 
On  substituting  for  V,  W,  A,  in  ®,  we  have 


p3  p  a-       dp 


-jz  3 ."-+2 

- 


dp  p<TT  \      p 

19—2 
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Now  -2' 


-  . 

p  \    p      <rj      o*p      dp      p2 


ds  (p  \    p 
on  using  the  value  for  Mp2  given  on  p.  278  ;  also 


s   pa-       p 

p'+^(..\+^ 

p       <r/\<Tz      p2       pa-/      p     s\    p 
Hence 

0-rt*(-\.E^+t*f+<\i*fe\+\+%+ 

p3      ds\    ffzp       dp)      \pa-J  [ds\pj      <rz      pz       pa 

-^-\R*R-(*P-  +  **' 

pT*      a*p      dp  \    p         a 
But 

±(P}  +  I  +  ?"  +  pV-—  RdR- 
ds\p)      <r2      p2       pa-       a*p      dp  ' 

and  therefore  f  w 

5P_d(     I  RdR\       1  RdR(P'     «'     r'\      p' 

I"  —  •'"^^"T"!  —      o  ~  •"  ~~T~   I  —       9~  •"•  ~'f~  \  --  r      "i     —  1  —      ~  o 

pa      ds\    a"*p      dp/      a£p       dp  \p      a-       TJ      prz 


=  _  - 

02pds\     dp)      azp      dp\a-      T 

Now  the  radius  F  of  globular  curvature  is  given  by 


and  therefore 

a-p  ds  \a-      dp  /  ' 

so  that 

rr'  =1    _r_  d  (iRdR\ 

RR  o"p  ds  \o"      dp  I 

1   J.     ^     d  (j*dR\-L  HdR    T    (T'       ^ 
=  1  +  -  „— 7  j-  (  H  -j-  ]  +  Ji  -j ,  I s- 1  . 

0*p  ds  V,     dp/          dp  a-p  \o-       er*/ 
Consequently 

^    ro       P  rr' 


Hence  at  Q,  distant  u  along  the  curve  from  P,  the  deviation  of  the  curve  from 
the  globe  of  curvature  at  P 

_      *  PT'          5 

~ 
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Descriptive  relation  of  a  curve  to  its  amplitudes  of  contact. 

173.    Thus   the  three  deviations  at  Q  from   the  curved  amplitudes  of 
different  dimensions  which  have  closest  contact  with  the  curve  at  P  are: 

R    1 

from  the  circle  of  plane  curvature,  —  -  —  u3  : 
r  p  bpa- 

r    i 

from  the  sphere  of  curvature,  n  —  :  -  u*  ; 
r  R  24pcrr 

from  the  globe  of  curvature,  F"  —  {-  -        5 

B  -rR' 


The  three  deviations  at  Q  from  the    homaloidal   amplitudes   of  different 
dimensions  which  have  closest  contact  with  the  curve  at  P  are  : 

from  the  tangent,  =-  u*  ', 

from  the  osculating  plane,       -u3; 

vpo" 

from  the  osculating  flat, 


These  results  can  be  summarised,  qualitatively,  in  a  more  descriptive 
form  :  the  description  being  an  interpretation  of  the  fact  that  an  even  power 
of  u  is  unchanged  in  sign  and  an  odd  power  of  u  is  changed  in  sign  when  the 
sign  of  u  is  changed.  In  each  instance  of  the  relation  between  the  curve  and 
the  tangential  amplitude,  we  are  dealing  solely  with  the  near  vicinity  of  a 
point  P.  Also,  it  is  assumed  throughout  that  P  is  not  a  singularity  of  any 
kind  upon  the  curve  :  thus  p"1  is  taken  to  be  different  from  zero,  so  that  P  is 
not  u  position  of  instantaneous  linearity  on  the  curve  :  <r~1  is  taken  to  be 
different  from  zero,  so  that  P  is  not  a  position  of  instantaneous  planarity 
on  the  curve  :  r"1  is  taken  to  be  different  from  zero,  so  that  P  is  not  a 
position  of  instantaneous  flatness  on  the  curve.  Then  the  preceding  results 
shew  that  the  curve,  in  passing  through  P,  continues  on  only  one  side  of  its 
tangent  and  on  only  one  side  of  its  osculating  flat  and  crosses  its  osculating 
plane  ;  and  that  the  curve,  in  passing  through  P,  continues  on  one  side  of  its 
sphere  of  curvature  (that  is,  either  remains  without  the  spherical  surface  or 
remains  within  the  spherical  surface)  and  that  it  crosses  from  the  inside  to  the 
outside  both  of  its  circle  of  plane  curvature  and  of  its  globe  of  curvature. 
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Envelopes  of  associated  flats. 

174.  Among  the  homaloidal  amplitudes  associated  with  a  curve,  and 
passing  through  a  point  on  the  curve,  there  are  three  types.  The  first  of 
these  types  consists  of  the  chief  lines  of  the  curve  at  the  point,  which  are  the 
tangent,  the  principal  normal,  the  binorma],  and  the  trinormal.  The  third  of 
the  types  consists  of  the  four  chief  flats  of  the  curve  at  the  point,  each  of  the 
flats  having  three  of  the  chief  lines  for  guiding  directions  ;  and,  of  the  four 
flats,  the  two  of  more  immediate  importance  are  the  osculating  flat  and  the 
normal  flat.  The  second  of  the  types  consists  of  the  six  chief  planes  of  the 
curve  at  the  point,  each  of  the  planes  having  two  of  the  chief  lines  for  guiding 
directions  ;  and  of  the  six  planes,  the  three  of  more  immediate  importance 
are  the  osculating  plane,  the  normal  plane,  arid  the  orthogonal  plane.  But 
the  osculating  plane  can  be  regarded  as  generated  in  two  ways  :  as  the  plane 
through  the  point  containing  two  consecutive  tangent  directions,  and  as  the 
intersection  of  two  consecutive  osculating  fiats:  and  it  has  been  discussed 
almost  entirely  through  the  former  generation  The  normal  plane  is  the  inter- 
section of  two  distinct  (and  non-consccutivc)  flats,  the  osculating  flat  and  the 
normal  flat  at  the  point.  The  orthogonal  plane  is  the  plane  through  the 
point  of  the  curve  parallel  to  the  intersection  of  two  consecutive  normal  flats. 

Thus  two  of  the  chief  planes  of  the  curve  are  determined  by  the  inter- 
section of  two  consecutive  flats  :  in  the  one  instance,  of  the  osculating  flats  : 
in  the  other  instance,  of  the  normal  flats.  In  each  instance,  the  equation  of 
the  flat  involves  only  a  single  parameter,  and  the  association  of  any  such 
equation  with  the  equation  of  the  consecutive  flat  is,  in  effect,  an  essential 
stage  in  determining  the  region  which  is  the  envelope  of  the  flat  in  question. 

The  two  instances  will  be  discussed  in  succession. 

Envelope  of  osculating  flat. 

176.  When  we  deal  with  the  osculating  flat,  and  its  intersection  with 
consecutive  osculating  flats,  we  shall,  first  of  all,  take  its  equation  in  the  form 


in  order  to  exhibit  its  association  with  the  curve,  partly  in  connection  with 
the  Frenet  formulae  (§  164). 
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Its  intersection  by  a  consecutive  osculating  flat  is  the  osculating  plane ; 
and  the  equations  of  the  osculating  plane  arise  by  combining  the  equation 


with  the  foregoing  equation.  Now  x  =*lf  and  so  2#'*4  =  2*i*4  =  0;  and 
-,-  = —  *3;  hence,  unless  the  tilt  is  zero  (and  we  shall  assume  it  not  to  be 

(IS  T 

zero),  the  equations  of  the  osculating  plane  arise  in  the  form 
2  (x  —  x)  *4  =  0,     5  (x  —  x)  *3  =  0. 

To  express  the  equations  in  a  form  more  suggestive  of  the  earlier  property 
that  the  osculating  plane  contains  the  tangent  and  the  principal  normal  to 
the  curve,  we  note  that 

=  01 


so  that  the  two  directions  li,  «ilf  nlt  k^\  and  12,  MI,  nz,  kz,  He  in  the  oscu- 
lating plane.  Its  equations  can  therefore  be  taken  in  the  (more  customary) 
form 

—  x,     y  —  y,     z  —  £,     u  —  v     =  0. 


The  intersection  of  three  consecutive  osculating  flats  is  a  line,  it  is  the 
tangent  to  the  curve.  Its  equations  are  obtained  by  associating  with  the  two 
preceding  equations  —  which,  combined,  are  the  equivalent  of  the  original  flat 
and  the  first  consecutive  flat  —  the  equation  of  the  next  consecutive  flat. 
These  equations  arc 


which,  combined  with  the  first,  leads  to 

and 

2  (.r  —  x)  *4  +  2  \(3  —  x)  -j^  —  fl/*4J-  ds 


Now,  because 
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d  fl3 


hence  the  third  equation  can,  by  the  use  of  the  first  two  equations  with 
which  it  coexists  for  a  common  intersection,  be  transformed  to 

2(E-o;)Za  =  0. 
Thus  the  intersection  of  the  three  flats  is  given  by  the  equations 


NOW    li,   llli,    H! •    &li    ^2i    m2>    n2>    ^2  i     'BI   m3,    n3.    ^3  i    and    ^4 , 

quadruply  orthogonal  system  such  that 

1,       Wlj,       Tli,        rt?i       ^  1  } 

j,     m2)     ri2j     A; 


4;  arc  a 


and  therefore 


4|     wi4,     n4, 


7W4|       714, 


with  corresponding  values  for  mi,  nlf  ki\  hence  the  foregoing  three  equations 
are  equivalent  to 


which  are  the  equations  of  the  tangent. 

The  intersection  of  four  consecutive  osculating  flats  is  the  initial  point  P 
of  the  curve.  This  result  can  be  obtained  by  associating,  with  the  equations 
of  the  first  three  flats  which  are  equivalent  to 

2  (x  -  x)  It  =  0,     2  (£  -  x)  13  =  0,     2  (x  -  x)  12  =  0, 

the  equation  of  the  next  consecutive  flat,  which  is  easily  seen  to  be  reducible, 
in  combination  with  these  three  equations,  to  the  additional  equation 


These  are  four  equations  linear  and  homogeneous  in  x-x,y  —  ytz-ztv-t)\ 
the  determinant  of  their  coefficients  does  not  vanish  —  actually,  it  is  equal 
to  1  ;  hence  the  only  solution  of  the  equations  is 

x  =  xt     y  =  y,     z  =  z,     v  =  v, 
being  the  point  P  of  the  curve. 

The  preceding  analysis,  with  a  different  interpretation,  gives  the  tangent 
as  the  intersection  of  two  consecutive  osculating  planes.  The  osculating 
plane  can  be  taken  as  represented  by  the  equations 

2  (ad  -  x)  J4  =  0,     2  (x  -  x)  J3  =  0  ; 
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the  consecutive  osculating  plane  is  then  given  by  the  equations 


For  the  purpose  of  intersection,  the  last  two  equations  can  be  combined  with 
the  first  two  ;  hence,  for  them,  we  can  substitute  the  equations 

2  (£-30*3  =  0,     2(*-*)li  =  0: 
that  is,  there  are  three  equations,  and  they  provide  the  tangent. 

Similarly,  the  intersection  of  three  consecutive  osculating  planes  gives 
the  point  on  the  curve. 

Finally,  the  point  on  the  curve  can  be  obtained  as  the  intersection  of  two 
consecutive  tangents.    For,  when  the  first  tangent  is  given  by  the  equations 

2(a-aO/4  =  0,     2  (£-30/3  =  0,     2  (ir-aO^O, 
the  consecutive  tangent  is  given  by  the  equations 


{<*-*)  J-^JA-0, 


and  now  the  intersection  of  the  tangents  is  given  by  associating,  with  the 
three  equations  of  the  former  tangent,  the  additional  equation 

2(£-30J1  =  0. 
As  before,  the  four  equations  determine  the  point  on  the  curve. 

Developable  region. 

176.    An  entirely  different  interpretation  can  be  given  to  these  equations 
The  equation  of  the  osculating  flat 


contains  a  single  parameter  s.    In  order  to  obtain  the  envelope  of  the  .flat,  we 
associate,  with  this  equation,  the  derived  equation 


that  is,  the  equation 

Between  the  two  equations,  we  could  eliminate  the  parameter  and  obtain 
an  equation 
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which  accordingly  is  the  (non-homaloidal)  region  enveloped  by  the  flat.  But 
the  equation  ^  =  0  is  satisfied  by  virtue  of  the  two  equations  2(S  —  x)  Z4  =  0, 
2  (x  —  x)  13  =  0,  which  arc  those  of  the  osculating  plane  for  a  particular  value 
of  5 ;  and  these  equations,  for  the  succession  of  parametric  values,  represent 
the  family  of  osculating  planes.  Thus  the  region  F=0  contains  all  the  oscu- 
lating planes  of  the  curve :  it  can  be  regarded  as  a  region  generated  by  the 
moving  osculating  plane :  we  can  describe  it  as  a  planar  region,  in  the  sense 
that  it  contains  a  continuous  family  of  planes.  The  osculating  flat  of  the 
curve  is  a  flat  which  is  tangential  to  the  region :  and  a  plane,  through  any 
point  of  the  region  and  lying  entirely  within  the  region,  is  the  intersection  of 
the  flat  tangential  to  the  region  at  that  point,  by  the  flat  through  a  consecutive 
point  and  also  tangential  to  the  region. 

Now  consider  the  succession  of  these  planes,  as  they  are  contained  in  the 
region.  Take  any  such  plane,  which  is  the  intersection  of  two  consecutive 
flats  tangential  to  the  region ;  and  round  this  plane  effect  the  infinitesimal 
rotation  d<*>  (of  §  145)  which,  while  leaving  the  plane  unaltered,  brings  the 
two  flats  into  coincidence.  The  result  of  this  rotation  is  to  move  the  elementary 
portion  common  to  the  region  and  the  first  flat,  so  that  it  lies  in  the  second 
flat:  this  second  flat  now  contains  two  elementary  portions  of  the  region. 
Effect  the  same  process  by  an  infinitesimal  rotation  round  the  next  osculating 
plane,  which  is  the  intersection  of  the  second  flat  with  a  third  flat,  choosing 
the  rotation  so  that  these  two  flats  are  brought  into  coincidence:  the  result 
is  that  the  two  former  elementary  portions  of  the  region  are  brought  into  the 
third  flat  which  itself  contains  an  elementary  portion  of  the  region :  that  is, 
the  third  flat  now  contains  three  elementary  portions  of  the  region.  Proceeding 
in  this  way  by  successive  infinitesimal  rotations  round  successive  osculating 
planes,  we  bring  at  each  stage  all  the  earlier  portions  of  the  region  into  the 
latest  flat  considered,  which  itself  contains  a  further  elementary  portion  of 
the  region.  The  result  of  the  whole  completed  process  is  to  bring  the 
whole  of  the  region  into  one  flat :  that  is,  without  extension  and  without 
rupture,  the  region  has  been  deformed  into  a  flat.  It  thus  follows  that  the 
region  is  of  a  special  type :  we  have  seen  that  it  contains  a  family  of  planes : 
and  it  can  be  developed  into  a  flat  by  rotation  round  these  planes.  On  the 
analogy  of  the  corresponding  phenomenon  in  three  dimensions,  it  will  be 
called  a  developable  region. 

Osculating  developable  surface. 
177.   Again,  the  equations  of  the  osculating  plane  are 

2(a-ff)J4=0,     2(a-a)J3  =  0; 

and  they  contain  a  single  parameter.  In  order  to  obtain  the  envelope  of  the 
plane,  we  associate  the  equations 
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with  these  equations  :  that  is,  there  are,  in  all,  the  three  equations 


or  their  equivalent 

x  —  a;  _y  —  y  _z  —  z  _v  —  v 

l\          m\          n\          ki 

representing  the  tangent  as  they  stand.  When  we  eliminate  the  parameter  8 
between  these  three  equations,  the  eliminant  is  constituted  by  two  equations 
which  accordingly  constitute  a  surface  ;  and  the  two  equations  can  be  expressed 
in  a  variety  of  equivalent  forms.  Whatever  be  the  foim  adopted,  the  two 
equations  of  the  surface  are  satisfied  in  virtue  of  these  three  equations  :  in 
other  words,  a  parametric  form  of  equations  for  the  surface  is 

x  =  x  +  l\rt     y  =  y  +  niir,     z  =  z  +  n^r,     v  =  v  +  i^r, 

where  5  and  r  are  the  two  parameters.  The  tangent  to  the  curve  thus  lies 
wholly  in  the  surface,  which  therefore  is  a  ruled  surface.  On  this  surface,  each 
generating  line  (being  a  tangent)  meets  the  consecutive  generating  line  (being 
the  consecutive  tangent)  :  the  surface  is  a  developable  surface. 

On  this  developable  surface,  the  intersection  of  consecutive  generators 
(that  is,  the  intersection  of  consecutive  tangents  to  the  curve)  is  the  edge  of 
regression  :  that  is,  the  original  curve  is  a  knife-edge  —  the  edge  of  regression  — 
of  this  surface. 

Deformation  of  the  developable  region  and  surface  to  a  flat  and  a  plane, 

178.  In  the  deformation  of  the  developable  region  which  is  the  envelope 
of  the  osculating  flat,  the  successive  osculating  flats  (which  are  tangential  to 
that  region)  are  brought  into  coincidence,  each  with  the  next,  by  rotation 
about  the  osculating  plane  common  to  the  two  flats  as  an  instantaneous 
plane.  Thus  the  successive  osculating  pianos  are  brought  into  coincidence,  each 
with  the  next,  by  rotation  round  the  line  which  is  common,  alike  to  the  first 
flat  that  was  moved  into  coincidence  with  the  second  flat,  to  the  second  flat 
that  is  to  be  moved  into  coincidence  with  the  third  flat,  and  to  this  third  flat. 
But  this  minor  operation,  as  regards  the  planes,  which  is  seen  to  be  involved 
in  the  major  operation  as  regards  the  flats,  is  the  deformation  of  the  develop- 
able surface  which  envelopes  the  osculating  planes. 

Thus  we  have,  connected  with  the  curve,  the  osculating  flat  and  its 
envelope,  a  developable  region  :  and  the  osculating  plane  and  its  envelope, 
a  developable  surface.  The  deformation  of  the  developable  region  into  a  flat 
causes,  simultaneously,  the  deformation  of  the  developable  surface  into  a  plane; 
and  as  the  developable  ruled  surface  is  contained  in  the  developable  region, 
so  the  plane  which  is  the  ultimate  deformed  stuipe  of  the  developable  surface 
is  contained  in  the  flat  which  is  the  ultimate  deformed  shape  of  the  develop- 
able region. 
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The  curvatures  of  the  osculating  developable  region. 

179.   The  osculating  developable  region,  being  the  envelope  of  the  oscu- 
lating flat,  has  for  its  equation  the  eliminant  of  the  two  equations 


x-x,    y-yt    z-z,    v-v 


"a 


=  0, 


which  are  the  equations  of  the  osculating  plane :  for  that  plane  at  once  is  the 
intersection  of  two  consecutive  osculating  flats  and  is  the  amplitude  determined 
by  two  consecutive  tangents  as  guiding  lines.  The  region  thus  contains  the 
osculating  plane  at  all  points  of  the  curve  ;  and  therefore  the  coordinates  of 
any  point  in  the  region  can  be  expressed  by  reference,  first  to  its  position  in 
the  proper  osculating  plane,  and  next  to  the  point  upon  the  curve  at  which 
it  is  osculated  by  the  plane.  Accordingly,  if  we  take  the  point  P  on  the  curve 
determined  by  the  variable  s,  and  in  the  osculating  plane  to  the  curve  at  P 
measure  a  distance  t  along  the  tangent  and  a  distance  u  along  the  principal 
normal  to  the  curve,  where  t  and  u  are  arbitrary  independent  quantities,  the 
coordinates  of  a  general  point  Q  in  the  osculating  developable  region  are 
given  by  the  equations 

x  —  x  +  tli  +  ul2 
y  =  y  +  tmi  +  umz 
z  =  z  +  tni  +  un2 
v  =  v  +  tki  +  ukz 

where  x,  y,  z,  v  \  llt  m^  HI,  k^  \  12,  mz>  W2.  &a,  are  functions  of  s.  These  equations 
may  be  taken  as  equivalent  to  the  single  equation  of  the  region;  in  them,  s,  t,  ut 
are  the  current  parameters  of  the  region.  The  tangent  flat  of  the  region  is 
the  osculating  flat  of  the  curve 

(x  -  x)  I*  +  (y  -  y)  nt*  +  (z-z)  ?i4  -I-  (v  -  v)  kt  =  0. 

In  order  to  have  an  independent  verification  that  the  region  thus  defined 
is  planar,  we  shall  anticipate  the  later  discussion  (Chapter  xvi)  of  the  pro- 
perties of  regions  so  far  as  to  use  the  results  there  established  concerning  the 
principal  curvatures  at  a  point  of  a  region. 

For  this  purpose,  the  primary  magnitudes  and  the  secondary  magnitudes 
connected  with  a  region  are  required.  We  have 


fa 


dx 
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with  corresponding  values  for  the  first  derivatives  of  y,  z^  v ;  and  therefore 
the  primary  magnitudes  for  the  region  are 


—— 

d,s  du      p' 


Again,  using  the  Frenet  equations, 


dsdt 


=_ 

~     p+<r' 


with  corresponding  values  for  the  second  derivatives  of  yt zt  v.  Also  ltt  m^,  H4,  &4, 
are  the  direction-cosines  of  the  normal  to  the  region,  because  they  arc  the 
direction-cosines  of  the  normal  to  the  flat  which,  osculating  the  curve,  is 
tangential  to  the  region.  Hence  the  secondary  magnitudes  for  the  region  are 

£)2—  J42-;  M~ 

T  V*  1        ^     ^  U  •mf  ri  J  O     L/'  _  __•  _,  .  O     dj  /x 


I-  _vi 

7       4 


Now  the  principal  radii  of  curvature  of  any  region  at  a  point  are  (§  281)  the 
roots  of  the  cubic  equation 


=  0; 


A      ,  H     ,,  G      „ 

R~L>  R-*'  R~K 

TT  JJ  1JI 

Jlf  AT  T 

R  R  R 

G      K  F     I  C     J 

R~K'  R'1  '  R~J 

and  therefore,  in  the  present  instance,  these  principal  radii  are  the  roots  of 
the  equation 


Hence  two  of  the  values  of  ^ ,  being  the  principal  curvatures  of  the  region 

at  a  point,  are  zero  everywhere :  that  is,  the  region  contains  planes,  the  pro- 
perty to  be  verified.   For  the  non-vanishing  curvature,  we  have 


U. 
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Again,  the  direction  ab  a  point  in  the  region  at  which  one  of  the  principal 
radii  is  a  root  of  the  foregoing  general  equation  is  determined  (§  283)  by  any 
two  of  the  three  equations 


Hence  for  the  directions  of  the  principal  zero  curvatures,  the  equations  require 

ds  =  0, 

and  then  are  satisfied  for  any  values  of  dt  and  du  :  again  verifying  the  planar 
character  of  the  surface.  For  the  non-zero  curvature  of  the  surface,  given  as 

above  by  R  =  -  du,  the  second  and  the  third  equations  become 

IIds+dt  =  0,     Gds+du  =  Q: 
or  the  direction  is  given  by  the  equations 

dt     _du_     j 
_      u       t 

"  P       P 

A  fiat,  the  equation  of  which  involves  only  one  parameter,  as  the 
fundamental  element  of  a  curve. 

180.  The  investigation  in  §  175,  whereby  the  reverse  passage  was  made 
from  the  osculating  flab  of  the  given  curve  back  to  the  curve  itself,  manifestly 
suggests  that  a  flat  may  initially  be  taken  as  the  fundamental  element  for  the 
creation  of  the  whole  configuration.  There  must,  of  course,  always  be  a  proviso 
that  it  belongs  to  a  singly-infinite  family  of  flats  :  and  the  proviso  can  be 
satisfied  by  the  analytical  property  that  the  equation  of  the  typical  flat  of  the 
family  contains  only  a  single  parameter.  We  accordingly  take  a,  flat  of  this 
type/  represented  by  an  equation 

Ix  +  my  +  nz  +  kv  =  Pt 

in  which  lt  mt  nt  kt  P,  are  functions  of  a  single  parameter  t  ;  and  we  proceed 
to  take  three  flats  next  consecutive  to  this  flat  and  to  find  their  point  of 
intersection.  This  point,  so  determined,  is  a  point  on  the  edge  of  regression 
of  the  region  which  envelopes  the  flat  :  that  is,  it  is  a  point  on  a  curve  which 
can  be  regarded  as  thus  generated. 

Ab  each  stage,  when  a  consecutive  flat  is  inbroduced  and  is  retained,  the 
quantities  x,  yt  z,  v,  are  current  coordinates  :  initially,  in  the  first  flat  : 
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secondly,  also  in  the  second  flab  (and  thus  in  the  osculating  plane)  :  thirdly, 
also  in  the  third  flat  (and  thus  on  the  tangent):  and  fourthly,  also  in  the 
fourth  flat  (thus  becoming  the  representative  point  on  the  curve).  In  all  these 
stages,  these  current  coordinate  variables  5;,  y,  z,  v,  are  nob  affected  by  the 
variations  of  t,  which  enable  us  to  secure  each  successive  flab. 

To  simplify  the  form  of  the  analysis,  we  take  a  quantity  0,  where 

ds 

e=di' 

ds  being  now  an  clement  of  arc  of  the  edge  of  regression  :  obviously  ds  is  as 
yet  unknown,  and  0  is  a  magnitude  to  be  determined.   The  introduction  of 
this  quantity  6  enables  us  to  compare  each  stage  with  the  corresponding 
stage  in  the  previous  discussion  (§  175)  of  the  osculating  flat. 
In  the  first  place*,  we  take  /*  such  that 

Za  +  m2  +  n2  +  k2  =  p2, 
so  that  fi  is  known  ,  we  write 


The  equation  of  the  flat  now  is 

,7/4  +  y  w4  +  z/i4  +  u&4  =  p, 

where  now  l<f  +  w42  +  «42  +  A42  =  1  ;  thus  J4,  ra4,  n4,  A:4,  are  direction  -cosines. 
They  can  be  taken  as  the  direction-cosines  of  the  trinormal  ;  and  they,  as 
well  as  p,  are  known  functions  of  t. 

The  association  of  the  given  flat  with  the  consecutive  flat  can  be  effected 
by  combining,  with  the  given  equation,  the  derived  equation 

_  d/4      _  dnii     _  rf»4     _  dkt  _  dp 

*  dt+y~df  +  z~di  +  v  dt=lii- 

Let 


so  that  a  is  a  known  function  of  t\   and  introduce  another  magnitude   T, 
expressible  in  terms  of  0  by  the  relation 


0 
-  =  a. 

T 

We  now  write 


so  that 


_  !"3>,       iii  __  wj-         t_       * 

dt  ~     T>      dt~      r  *'     dt  ~      T  •    '     dt  "      T 


*  It  might  happen  that  we  can  dispense  with  thia  fiiat  stage  ;  it  has  already  been  attained" 
if,  in  the  given  equation  of  the  flat,  /,  m,  ?i,  fc,  satisfy  the  condition  I1+m'a  +  ri-  +  k-=ll  BO  that 
they  actually  are  direction-cosmos. 
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and,  since 
so  that 


we  have 

l*l\  +  7n3m4  +  ?i3  ;i4  +  A;3A;4  =  0. 
Because 


and  because  ^/,  —  =-^  ,  -  ~  ,  -~  ,  are  known  functions  of  t.  as  well  as  a,  we  can 
at      at      at     at 

regard  £a>  m3j  rz3l  fta,  as  known  functions  of  t.  Thus  the  second  equation  can  be 
taken  in  the  form 

-  -  -2  =p3. 

The  quantities  Z3|  7^13,  ?i3,  A;3,  are  the  direction-cosines  of  the  binorrnal  ;  and 
when  6  comes  to  be  known,  the  curvature  of  tilt  is  known,  being  -,  =  -=.  Also, 
we  have  established  the  equations 


The  association  of  these  two  flats  with  the  next  consecutive  flat  can  be 
effected  by  combining,  with  the  two  preceding  equations  linear  in  a?,  y,Jz,  v, 
the  further  derived  equation 


Now,  as  2^4  =  0,  we  have 


and  therefore  we  take  quantities  12,  m2t  n2,  k2,  /9,  such  that 


In  the  first  place,  we  have 

X1! 

and  therefore 

Again,  we  take  Jaa  +  mf  +  n£  +  fcaa  =  1,  and  then 


180]  FUNDAMENTAL  ELEMENT  OF  A  CURVE  305 

or,  since  the  left-hand  side  is  a  known  function  of  t,  as  also  is  ,a,  we  can  regard 
0  as  a  known  function  of  t.   Further,  because  Stf  =  1,  we  have 


and  therefore 
that  is, 

Thus  the  third  equation  can  be  taken  in  the  form 


The  quantities  /2,  in^t  ??2>  k2t  are  the  direction-cosines  of  the  principal  normal  ; 
and  when  6  comes  to  be  known,  the  curvature  of  torsion  is  known,  being 

1        B 

-  ,  =  -Q  .   Also,  we  have  established  the  equations 


The  association  of  these  three  flats  with  the  next  (and  only  remaining) 
consecutive  flat  can  be  effected  by  combining,  with  the  three  preceding 
equations  which  together  represent  the  first  three  flats,  the  further  derived 
equation 


Now  as  S/a^3  =  Oi  we  have 

and  therefore  we  take  quantities  l\,  mlt  nlt  klr  7,  such  that 

(Hn  (ittln  dl\9 

In  the  first  place,  we  have 


and  therefore 

2^3  =  0. 

Again,  we  take  l^  +  in-?  +  n^  +  k^  =  1,  and  then 


or,  since  the  left-hand  side  is  a  known  function  of  t,  as  also  is  0,  we  can  regard 
7  as  a  known  function  of  t.   Further,  because  2Jaa  =  1,  we  have 
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so  that 

and  therefore 

Further,  because  2/2*4  =  0,  we  have 


that  is, 

-  a2/a/a  +  £2/3/4  -  72/!/4  =  0  ; 
and  therefore 


The  fourth  equation  can  thus  be  taken  in  the  form 

xli  +  y??ij  +  zni  +  vki  =  -  U3pB  -  j^2J  =  plt 


The  quantities  /i,  9/11,  HI,  &1(  are  the  direction-cosines  of  the  tangent  to 
the  edge  of  regression  ;  and  when  6  comes  to  be  known,  the  plane  curvature 

1        *v 
is  known,  being  -  ,  =  ^  .   Also,  we  have  established  the  equations 

P        * 


We  thus  have  four  equations, 

xlr  +  ym¥  +  znf 

(forr  =  l,  2,  3,  4);  the  quantities  xt  y,  zt  v,  being  the  current  coordinates 
throughout,  now  arc  the  coordinates  of  the  single  point  common  to  the  four 
flats,  that  is,  they  now  are  the  coordinates  of  the  point  on  the  edge  of  re- 
gression of  the  developable  region  which  is  the  envelope  of  the  original  flat. 

It  remains  to  determine  the  (still  unknown)  quantity  9  which  has  persisted 
throughout.  The  four  lines  lrt  mft  nrr  k.T,  for  r=  1,  2,  3,  4,  are  an  orthogonal 
system  •  hence  /lf  /2,  /3,  /4,  arc  the  direction-cosines  of  OX  with  respect  to  the 
tangent,  the  principal  normal,  the  binonnal,  and  the  tri normal :  hence 

and  therefore 

,di,,  dit  .,di3i,  dit  . 


that  is, 

L\  —  H-  &»  (/cj's  ~~  ^'iJ  •  '3  \^~  /^*'z  ~~  ^'4)  i  ^4  \~^  ^'sJ  ^  *^i 

Cuv 

and  therefore 
Similarly, 
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Next,  the  four  equations  determine  the  point  on  the  edge  of  regression 
which  may  be  denoted  by  xt  y,  z,  v.  Let  ds  be  the  element  of  arc  of  this  edge, 
so  that 

while 


Now  xt  yt  zt  v,  as  functions  of  t,  satisfy  the  four  equations 

'S,liX  =  pl,     2/3aj  =  p3l     2Za 
From  the  first  of  these  equations,  we  have 

Vi  dx     _,    rf/4 

*ltdi+*x-di 

also 

rf/4  .        rto4 

dF=-a'"  w=-a^; 

and  therefore 

<-»• 

in  virtue  of  the  second  of  the  four  equations  .  that  is,  O^l^x  =  0.    From  the 
second  equation,  we  have 

?/  dx  _i_  v^^      rfpa. 

%S  +  s*d|-S' 

also 

§—  ^+*.  S—  ^+*- 

and  therefore 

vi  rfa;_o 
^3^"°' 

in  virtue  of  the  first  and  the  third  of  the  four  equations:  that  is,  O^l^x'  =  0. 
From  the  third  equation,  we  have 

^    dv 

**• 

also 

S=^- 

and  therefore 


in  virtue  of  the  second  and  the  fourth  of  the  four  equations  :  that  is,  02/8tf'  =  0. 
Hence,  as 


,  *'      y      z'      v1 

we  have  7-  =  —  =  —  =  -=- 

il        W!        7l!        ^ 

and  2a;/sl=  1,  2V  -  1,  so  that 


20—2 
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Finally,  we  have,  from  the  equation  S^i  =  pi,  the  relation 


f-  d 
that  is, 


and  therefore 

'-&-»• 

Thus  0  is  known,  as  a  function  of  t. 

Summary  of  the  preceding  investigation,  determining  a  curve  from  a  fiat. 
181.  The  net  results  of  the  investigation  are  as  follows  : 
The  initial  equation  of  the  flat  is 

xl  +  ym  +  zn  +  vk  =  P, 
where  /,  m,  n,  k,  P,  are  functions  of  a  parameter  t.   We  take 


_ 

I       m       n      H      fj.' 

BO  that  lt,  mt,  n4,  ki,  are  definite  functions  of  t.   We  next  take 
(dlt\*     fdmt\"     (dnt\*     (dkt\*_ 

(Tt)+(-dt)  +(dt)  +(-di)-a' 

defining  a,  and 

1  <ZJ4_  1  dm^_  1  dn^  _  1  dk^_ 

/3  ~di  =  m3  ~dT  =  n3dt=k3~di         fl> 

so  that  £3)  m3,  n3,  k3t  are  definite  functions  of  t.   We  next  take 


defining  ^  and 


so  that  Z2l  m2,  n2l  ^2,  are  definite  functions  of  t.   We  next  take 


defining  7,  and 
•*  —  * 
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so  that  li,  mi,  ?ilf  £lf  are  definite  functions  of  t.    We  write 

-\dp 

adt' 


>•-  *(-***•)• 


and,  finally,  we  take  a  quantity  6,  given  by 


Then  the  four  equations 


give  coordinates  xt  y,  z,  v,  o/  a  poi'nt  wpon  a  cui'we,  being  the  edge  of  regression 
of  the  developable  region  which  is  the  envelope  of  the  initial  fiat  ^ltx=p.  The 

quantity  0  is  equal  to  ~  ,  where  ds  is  an  elementary  arc  of  this  curve.    The 
(It 

four  sets  of  lines  lrfin,,nrt  AY,  /or  r  =  1,  2,  3,  4,  are  the  chief  lines  of  the  curve 
at  the  point,  being  the  tangent  for  ?-=!,  the  principal  normal  for  r  =  2,  the 
binormal  for  r  =  3,  and  the  trinomial  for  r  =  4.  The  radii  of  curvature  of  the 
curve,  (viz.,  p,  the  radius  of  plane  curvature;  cr,  the  radius  of  torsion;  T,  the 
radius  of  tilt)r  are 

060 

'  =  7'     '  =  0'     T=«" 

Finally,  the  relations  by  which  the  successive  quantities  I,  in,  n,  k,  are  obtained, 
being 

dct  dc3 


are  the  Frenet  equations  when  we  substitute  ^for  0. 

The  osculating  flat  of  the  curve  is  represented  by  the  equation  ^liic=p;  the 
osculating  plane  of  the  curve  by  the  two  equations  5^  =  p,  SZ33;  =  p3;  and  the 
tangent  to  the  curve  by  the  three  equations  2/4  3  =  pt  -/3^=/>3,  2,l2j  =  pz. 

NOTE.  Manifestly  the  developable  region,  which  is  the  envelope  of  the 
original  flat,  is  the  £-eliminant  of  the  two  equations 


As  these  two  equations,  for  parametric  values  of  t,  represent  the  osculating 
planes  of  the  edge  of  regression,  it  follows  that  the  developable  region  is 
planar  and  that  it  contains,  as  its  generating  planes,  all  the  osculating  planes 
of  that  curve. 
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Again,  the  developable  surface,  which  is  the  envelope  of  the  osculating 
plane,  is  given  by  the  two  equations  which,  combined,  constitute  the  g-eliminant 
of  the  three  equations 


p,       ^3  =  ^3, 

As  these  three  equations,  for  parametric  values  of  tt  represent  the  tangents 
to  the  edge  of  regression,  it  follows  that  the  developable  surface  has  for  its 
generators  all  the  tangents  to  that  curve. 

Lastly,  the  edge  of  the  regression,  being  the  aggregate  of  the  individual 
points  given  by  the  four  equations 


is   represented   by   the   three    equations   which,   combined,   constitute    the 
£-eliminant  of  these  three  equations. 

The  edge  of  regression  lies  on  the  developable  surface  which,  in  turn,  lies 
within  the  developable  region. 

There  is,  in  fact,  a  reciprocally  complete  association  between  a  skew  curve 
and  the  developable  region  of  which  it  is  the  edge  of  regression,  the  associa- 
tion being  secured  by  means  of  the  flat  which,  on  the  one  hand,  is  tangential 
to  the  region  and,  on  the  other  hand,  is  osculant  to  the  curve 


Ex.  1.    Verify  that  the  four  equations 
are  equivalent  to 


with  the  notation  of  the  text ;  and  deduce  a  value  of  6. 
Ex.  2.    The  equation  of  a  flat  is  given  in  the  form 


dt3  ' 


where  p,  gt  r,  arc  functions  of  the  parameter  t ;  shew  that  the  direction-cosines  I,  m,  n,  / , 
of  the  tangent  to  the  edge  of  regression  of  the  developable  region,  which  is  the  envelope  of 
the  flat,  arc  given  by  the  relations 

I  m  n  / 


I 


?'. 


',  P' 
•*,  P" 


i. 


P",    1" 


P,     </,    r 

p',  y',  >•' 

P",     •(',    r" 


where  A2  is  the  sum  of  the  squares  of  the  denominators,,  while  p'  denotes  -^  ,  and  NO  for 
jo",  q't  q",  /,  *•"  \  and  that  the  element  of  arc  of  the  edge  of  regression  is  given  by 

P",       ?",       T 


P",    <f',    r" 

p"',  gf",   >"' 


d, 

dt° 


P'",   g'", 


*  For  the  process  ot  deformation  of  a  developable  region  into  a  flat,  see  hereafter  (§  100). 
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Ex.  3     The  equation  of  a  flat  is  given  in  the  form 


where  u^t  ult  uz,  it,,  w4,  are  linear  functions  of  xt  y,  z,  w,  while  a  if)  a  parameter;  the 
quad  riu  variant  and  the  cubmvariant  of  e  are  denoted  by  /  and  J,  where 


Shew  that  the  developable  region  enveloped  by  the  flat  is  represented  by  the  equation 
73-27.72=0:  that  the  associated  developable  surface  is  given  by  the  equations  7=0, 
,7=0;  and  thdt  the  edge  of  regression  is  given  by  the  equations 

MO  _  MI  =  M2  =  «i 
ul      uz     ui     1*4  ' 

(which  make  the  Hessian  of  B  vanish). 

Ex.  4.    A  family  of  flats  is  given  by  the  equation 


and  their  developable  envelope  is  constructed.  Shew  that,  when  this  envelope  is  developed 
into  a  flat  and  the  developable  surfAce  into  a  plane,  the  edge  of  regression  is  developed 
into  a  curve  in  this  plane  given  intrinsically  by  the  equations 

1 


Normal  flat-  developable  region. 

182  We  now  proceed  to  consider  the  normal  flat  at  any  point  P  of  the 
curve,  together  with  the  region  which  envelopes  the  normal  flats,  and  the 
developable  surface  accompanying  this  region.  The  edge  of  regression  of  this 
region  and  of  this  surface  is  the  locus  of  G,  the  centre  of  globular  curvature 
of  the  curve  for  we  have  seen  (§  148)  that  0  is  the  intersection  of  four 
consecutive  normal  flats. 

The  equation  of  the  normal  flat  at  P  is 

5  (2-0)0'-  0. 

The  association,  with  this  initial  normal  flat,  of  the  normal  flat  at  a  consecu- 
tive pjmt,  that  is,  of  the  consecutive  normal  flat,  is  effected  by  combining, 
with  this  equation,  the  derived  equation 

S(0-0)0"  =  S0'1=1. 

The  association  of  a  (third  and)  consecutive  normal  flat  is  effected  by 
associating,  with  the  two  preceding  equations,  the  further  derived  equation 


The  association  of  the  fourth  (and  last)  consecutive  normal  flat  is  effected 
by  associating,  with  the  three  preceding  equations,  the  further  derived 
equation 

"-i. 
P 
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We  know  (§  148)  that  the  common  values  of  x,  y,  z,  v,  provided  by  these 
equations  are  the  coordinates  of  the  centre  0  of  globular  curvature,  denoted 
by  £a,  173  ,  £3,  v3J  and  thus  the  four  equations  can  be  written 

s<s-&)rf  =0, 

2  (2  -&)*"=<>, 
2  (a-6)«r-o, 


The  first  equation  is 

2  (a  - 
The  second  equation  is 


and  these  two  equations  are,  together,  the  plane  of  cleavage  of  the  first 
normal  flat  and  its  prime  consecutive. 

Instead  of  the  given  third  equation  associated  with  the  first  two  equations, 
we  can  take  a  new  third  equation 


by  using  the  values  of  I3j  m3,  ??3l  A:3|  which  are  represented  by 


and  these  three  equations,  together,  are  tHe^  line  which  is  the  intersection  of 
the  first  normal  flat  with  its  two  next  consecutives. 

Finally,  having  regard  to  the  relations  (§  151) 

**  =  —  It_l(2^  +  -)fc+lfpli  +  3^«lf 
par          p<r\     p       a-J  r  p3 

with  like  values  of  ylv,  z{*t  wiv,  we  can  change  the  fourth  equation,  when  taken 
in  combination  with  the  first  three,  into  the  equation 

2<z-&)«i  =  o. 

The  four  modified  equations,  taken  together,  give  the  point  which  is  the 
intersection  of  the  four  consecutive  normal  flats,  that  is,  they  give  the  point  G. 

The  globular  centric  of  a  curve. 

183.  We  shall  call  the  locus  of  G  the  globular  centric  of  the  original 
curve. 

The  first  equation  2  (a  -  f3)  l\  =  0  is  the  osculating  flat  at  G  of  the 
globular  centric;  after  the  investigation  of  §  180,  we  shall  write  this 

2Cz-f3)\4  =  o, 

so  that  \4,  /i4,  1/4,  *4,  =  li,  mi,  HI,  ki,  are   the  direction-cosines  of  the  tri- 
normal  to  the  globular  centric. 
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The  two  equations  2  (£  —  £3)  /i  =  0,  and  S  (5)  -  f  3)  lz  =  Ofc  are  the  inter- 
section of  the  osculating  flat  at  G  and  the  osculating  flat  at  the  consecutive 
point:  that  is,  together  they  represent  the  osculating  plane  of  the  globular 
centric  at  0.  Accordingly,  after  the  same  investigation,  we  write  the  second 
equation  in  the  form 

2("-f3)X3  =  0, 

so  that  X3,  1*3,  v3,  *3,  =  lz,rnz,  nz,  A'2,  are  the  direction-cosines  of  the  binormal 
to  the  globular  centric  at  G. 

The  three  equations  S  (x  -  f  3)  k  =  0,  2  (x  -  f  3)  lz  =  0,  and  2  (x  -  f  3)  13  =  0, 
are  the  intersection  of  the  osculating  flat  at  G  and  the  osculating  flats 
at  the  two  consecutive  points:  that  is,  together  they  represent  the  tangent 
at  G  to  the  globular  centric.  In  accordance  with  the  same  investigation,  we 
write  the  third  equation  in  the  form 


so  that  X2j  nZt  v*,  KZ,  =  la,  '"a,  "3,  £3,  are  the  direction-cosines  of  the  principal 
normal  to  the  globular  centric  at  G. 

The  three  directions  Xr,  /ir>  i/,,  Kr,  for  r  =  4,  3,  2,  are  orthogonal  to  one 
another:  the  fourth  direction,  completing  the  orthogonal  direction  at  G,  is 
that  of  the  tangent,  and  may  be  denoted  by  Xi,  /*i,  i/1(  *i.  But  the  fourth 
direction,  perpendicular  to  each  of  the  three  specified  directions,  which  are 
IP,  ™>P,  np,  kpt  for  p  =  \,  2,  3,  respectively,  is  /4,  wi4l  »4l  £4;  so  we  take  the 
fourth  equation  in  the  form 


so  that  X!,  fil,  i/!,  *i,  =  J4l  ?n4,  ?t4,  /:4>  are  the  direction-cosines  of  the  tangent 
at  G  to  the  globular  centric. 

Curvatures  of  the  globular  centric. 

184.  In  all  these  equations,  the  sets  of  direction  -cosines  and  the  coordi- 
nates of  G  are  expressed  in  terms  of  s,  the  arc  of  the  original  curve,  but  now 
only  a  parameter  for  the  globular  centric.  We  require  the  arc-element  at  G 
of  the  globular  centric,  in  order  to  obtain  the  curvatures  ;  and  this  arc,  ds3  , 
has  already  (§  160)  been  expressed  in  terms  of  s.  It  was  proved  that 

c?ss       d  (      rR'\      <rp 

U  =  —  =-  =  -r       -It       —,  M  ---  , 

ds      ds  \      <rp  J       T 
which  can  be  expressed  in  various  forms  ,  thus  we  can  regard  ds3  as  known. 

We  denote  by  p3,  cr3,  T3|  the  radii  of  plane  (or  circular)  curvature,  of 
torsion,  and  of  tilt,  of  the  globular  centric  at  G.  The  direction-cosines  of  its 
tangent  are  Xi  ,  pi  ,  1/1  ,  *i  ;  of  its  principal  normal  are  Xa  ,  /^2  ,  i/a  ,  ^2  i  of  its  binormal 
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are  X3,  /is,  v3l  *a ;  and  of  its  trinomial  are  \4,  /i4,  v4,  K« 
for  the  globular  centric  are 


[CH.  X 
.  The  Frenet  equations 


P* 


+  — 
0-3 


d\3 

*»-• 


But  these  equations  can  be  written 

k  =  ldU 
Pa     0  ds 


p3      0-3 


, 
0  ds 


!(- 


I, 

a 


_13         L=ldlz_ 

t73     r3      0  ds  ' 


and  therefore  we  have 


lz=ldll  = 
T3~~0  ds 

p3  =  -0r 
a3  =  —  0<r 


Ib. 
«p' 


We  thus  have  the  radii  of  circular  curvature,  of  torsion,  and  of  tilt,  of  the 
globular  centric  at  the  point  ff,  which  is  the  centre  of  globular  curvature  of  the 
original  curve  at  P. 

The  radius  of  spherical  curvature  R3  is  given  by 


and  the  radius  of  globular  curvature  F3  is  given  by 


Further,  if  de3,  dr)3,  dto3,  are  the  angles  of  contingence,  of  torsion,  and  of  tilt, 
respectively,  for  the  globular  centric,  we  have 

_  _ds3      _  _ds3       _  _ds3m 


and  therefore 


-  da,     di)3  =  -  dq,     dco3  =  -  de. 
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Properties  of  the  globular  centric. 
185.   From  the  relations 


for  r  =  1,  2,  3,  4,  various  inferences  can  immediately  be  derived  : 

(i)    the  normal  flat  of  the  locus  of  P  is  the  osculating  flat  of  the  locus 

of  G,  the  globular  centric  ; 
(ii)   the  osculating  flat  of  the  locus  of  P  and  the  normal  flat  of  the 

locus  of  G  are  parallel  ; 
(iii)  the  orthogonal  plane  of  the  locus  of  P  and  the  osculating  plane  of 

the  locus  of  0  are  parallel  , 
(iv)  the  osculating  plane  of  the  locus  of  P  and  the  orthogonal  plane  of 

the  locus  of  G  arc  parallel. 
All  of  them  follow  from  the  properties  that 

the  tangent  to  the  67-locus  is  parallel  to  the  trinonnal  of  the  P-  locus, 
.  principal  normal  .....................  binomial  .................  , 

...  binomial   .................................  principal  normal  ........  , 

...  trinomial  ................................  tangent  of  the  P-locus. 

Again,  let  the  globular  centric  of  the  G-locus,  itself  a  new  curve  in  the 
configuration,  be  called  the  second  globular  centric  of  the  P-locus;  let  its 
radii  of  plane  curvature,  of  torsion,  and  of  tilt,  be  P,  S,  T  ;  and  let  its  element 
of  arc  be  dS.  Then 

P  =  2  =  T  =  dS 
p      a-      T      ds' 

Manifestly  the  orthogonal  frame  of  the  second  globular  centric  of  the  P-locus 
is  similarly  situated  to  that  of  the  P-locus  itself,  with  the  tangents  parallel, 
the  principal  normals  parallel,  the  binomials  parallel,  and  the  trinomials 
parallel;  and  the  two  loci  have  the  same  angles  of  contmgence,  of  torsion, 
and  of  tilt. 

Further  the  developable  region,  which  is  the  envelope  of  the  normal  flat 
of  the  P-locus  and  which  may  be  called  the  developable  normal  region  of  the 
P-locus,  is  the  5-climinant  of  the  two  equations 

2  (Z  -  x)x'=  0,     S  (5;  -  x)x"=  1, 
or,  what  is  the  same  thing,  of  the  two  equations 

2  (*  -  ft)  ff'=  0,     2  (x  -  ft)  x"=  0. 

As  these  two  equations,  for  parametric  values  of  st  represent  a  plane  parallel 
to  the  orthogonal  plane  of  P  (it  does  not  pass  through  P,  but  through  S  and 
G),  it  follows  that  the  developable  normal  region  of  the  P-locus  is  planar. 
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Similarly,  for  the  envelope  of  these  planes,  which  may  be  regarded  as  the 
eliminant  of  the  three  equations 


which  represent  a  line  :  it  is  a  ruled  surface.   As  consecutive  lines  meet,  this 
ruled  surface  is  a  developable  surface. 

Manifestly,  the  developable  normal  region,  the  foregoing  developable  sur- 
face, and  its  edge  of  regression,  are  the  osculating  developable  region  and  the 
osculating  developable  surface  of  the  0-locus,  that  is,  of  the  globular  centric 
of  the  original  curve. 


Ex    Given  a  flat  Ax+Jty+Ca  +  Dv  =  E,  where  A,  /?,  C,  /),  E,  are  functions  of  a  para- 
meter t  •  prove  that  the  normal  flat  at  the  edge  of  regression  has  for  its  equation 
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„,  _  dE      „„  _  I*-MJ 
and  so  for  the  other  magnitudes. 


Rectifying  flat  :  developable  region  :  rectifying  plane  and  line. 

186.  Of  the  four  principal  flats  at  any  point  of  a  curve,  the  two  which 
have  already  been  considered  —  the  osculating  flat,  to  which  the  trinorm.il  is 
perpendicular  :  and  the  normal  flat,  to  which  the  tangent  is  perpendicular  — 
appear  to  be  the  most  important  intrinsically,  when  associated  with  their 
configurations  of  enveloping  regions.  One  of  the  remaining  two  flats  calls  for 
some  consideration  :  it  is  the  flat,  to  which  the  principal  normal  is  perpen- 
dicular ;  and,  for  a  reason  which  will  appear  later,  it  is  called  the  rectifying 
flat. 

Its  equation,  with  the  preceding  notation,  is 


To  obtain  the  envelope  of  this  flat,  called  the  rectifying  developable  region,  we 
begin  in  a  manner  different  from  that  used  to  determine  the  regions  that 
envelope  the  osculating  flat  and  the  normal  flat.  Let 
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for  r  =  1,  2,  3,  4.   Then,  proceeding  along  the  curve  and  u^ing  the  Frenet 
equations,  we  have 


—  -*!+-*, 


In  the  first  place,  the  equation  of  the  rectifying  flat  is 

X2=0. 

When  the  rectifying  flab  at  the  consecutive  point  of  the  curve  is  associated 
with  this  flat,  its  equation,  in  combination  with  X2  =  0,  can  be  taken  as 


that  is,  in  effect, 
The  two  equations 


(rX1  —  p  Xs  =  0. 


represent  a  plane :  this  plane  is  called  the  rectifying  plane :  and,  as  is  easily 
verified,  its  two  equations  can  be  taken  in  the  form 


x-x  ,          y-y      , 
pti  +  <rl3,     pmi  +  <rma, 


u  —  v 


=  0. 


Similarly,  when  the  rectifying  flat  at  the  next  consecutive  point  of  the 
curve  is  associated  with  these  two  flats,  its  equation,  in  combination  with  the 
equations  of  the  two  preceding  rectifying  flats,  can  be  taken  in  the  form 


which,  by  the  use  of  the  two  preceding  equations,  can  be  represented  in  the 
form 


The  three  equations 


<T       p/  r  p 

represent  a  line:  this  line  is  called  the  rectifying  line.    Let  the  direction- 
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cosines  of  this  Jme  be  denoted  by  \1(  /ii,  1/1,  xlt  so  that  this  direction  lies  in 
each  of  these  flats  :  then 


Thus,  if 

with  corresponding  expressions  for  /ii,  vlt  itlt  we  have 

/9  =  0, 
ocr  —  yp  =  0, 


p 
so  that  \i,  /it,  1/1,  *i,  are  proportional  to 

£  (pC!  +  erc3)  -(<rp- 

for  c  =  lt  m,  n,  k,  in  succession.  The  factor,  to  give  the  actual  values  of 
\lf  fj.lf  vit  KI,  is  determmable  by  the  relation  Sx^  =  1.  Later,  we  shall  return 
to  these  values  :  and  we  shall  express  thl  Aquations  of  the  rectifying  line  in 
the  customary  form  of  such  equations. 

The  last  of  the  four  consecutive  flats  in  this  connection  can  have  its 
equation,  when  combined  with  the  equations  of  the  preceding  flats,  taken  in 
the  form 


which,  by  combination  with  the  other  equations,  can  be  modified  to 


Edge  of  regression  of  the  rectifying  developable  region. 

187.  These  four  -equations  are  not  yet  in  the  form  convenient  for  sub- 
sequent purposes :  they  are  to  represent  the  four  principal  flats  for  the  edge 
of  regression  of  the  rectifying  developable  region,  which  is  the  envelope  of 
the  flat  ^  =  0:  and  we  therefore  have  to  obtain,  in  place  of  them,  the  equa- 
tions of  those  four  flats,  the  actual  forms  being  suggested  by  the  results  of  the 
investigation  in  §  180.  Further,  in  order  to  obtain  the  curvatures  of  this  edge 
of  regression,  we  shall  need  a  knowledge  of  the  element  of  arc  of  that  edge, 
as  well  as  the  coordinates  of  a  current  point  on  the  edge. 
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Accordingly,  we  proceed  to  obtain  the  equations  of  the§four  orthogonal 
flats.  For  the  first  of  them,  which  is  the  rectifying  flat  of  the  given  curve, 
and  also  is  the  osculating  flat  of  the  edge  of  regression  of  the  rectifying 
developable  region,  we  have  Xt=Q  as  its  equation;  or,  writing 

X4,  M4>  1/4,  Kt  =  l2,  raa,  ??2,  k2l 
we  have 

2(^-a;)\4  =  0 

as  the  equation  of  the  first  flat. 

For  the  second  flat  (§  180),  we  have 

s  (»-„)-.*.  -a 


Now  x'  =  li  ,  \4  =  lt,  and  therefore  2x'\4  =  0.  Also 

d\.     dlt        1        1 
dJ=rf7=     ,  l  +  «1*' 
so  that 


We  then  take 
so  that,  if 
we  have 


\3  =  ^  cos  ^1  -  13  sin  ^1 

The  second  equation  thus  is 

2(!;-,T 
Manifestly,  we  have 

2\3a=l, 

For  the  third  flat  (§  180),  we  have 


But  ^  =  /!,  and  therefore  Sa7fX3  =  S^X3  =  <r  (/o2  +  o-2)"*  :  so  that  the  equation  is 

v  /-       \  ^3  <* 

2.  (A  —  x)  -  =  -.  . 

cb       (pz  +  a2)* 
Because  \3  =  li  cos  -4  —  ^3  sm  A  ,  we  have 

d\z  lz  .  (  lz  ,  /4\  .  A  ,.  .  ,  ,  jvrfJ. 
_—  =  --5  cos  ^1  -  -  -  4-  -  sm  A  -  («i  sm  ^1  +  /3  cos  A)  -=- 
ds  p  \  a-  r]  ^  '  ds 

=  i  (P2±^  _  ^iP  +  ^o-  dA  _          p 
2        pa  (/oa-Haa)*  ds 
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But  from  the  general  investigation,  we  are  to  have 


and  therefore,  when  we  take 


our  third  equation  becomes 
where  X2  is  given  by 


with  corresponding  expressions  for  p,z,  vz,  tc2-   Clearly 
2V  =1,     2X2X3  =  0,     5\2X4  =  0. 

It  may  be  noted  that  the  earlier  form  of  the  third  equation,  and  the  form 
just  obtained,  are  equivalent  to  one  another,  when  combined  with  the  first 
two.  For  the  earlier  form  was 


that  is, 


*'        '\  I       _  a- 

1      •-• 


Now  it  is  easy  to  verify  that 

<rp-p<*'  j       1  ,  _  8 

--  "3     i      ~  &4  —  — 

pr        3Tr          p 
so  that  the  earlier  form  is 


-2  —  ,- 

P      V          ^          er^+cr2)* 
which,  in  association  with  2  (x  —  x)  \3  =  0,  becomes 


the  later  form. 

We  have  already  (§  186)  obtained  the  direction -cosines  of  the  line  of 
intersection  of  these  three  perpendicular  flats,  that  is,  of  a  line  which  is 
perpendicular  to  the  three  'directions  X4,  /i4,  i/4,  *t\  X3,  /i3p  i/3,  *3 ;  Xa,  ^a,  v2t  KZ  ; 
themselves  perpendicular  to  one  another.  Denoted  by  Xi,  p*9  v^  /ci,  they  are 
proportional  to 

:« 
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for  c  =  I,  m,  nt  k.    Now 

2   j  (pCl  +  <rc3)  -  (<rp'  -  p<r')  c      =  £  (p" 


and  therefore  the  direction-cosines  are  given  by 

(p»  +  <r2)*  e>\!  =  J  (p£x  +  <rk)  -  (<rp'  -  p<r')  I,  , 
with  corresponding  expressions  for  /ilf  i/lp  «!.    It  is  easy  to  verify  that 


The  fourth  flat  is  represented  by  associating,  with  the  other  equations, 
the  derivative  of  the  third  equation,  viz. 

d 


But 

v^       •?/  -k       p(ffP-Pff/) 
2^Xi=2J1X2= 

and  we  are  to  have 


so  that  the  fourth  equation,  in  association  with  2(J  —  a;)X3  =  0,  becomes 


Thus  it  is  necessary  to  determine  7. 
From  the  equation 


we  have,  on  differentiating  and  substituting  for  the  derivatives  of  llt  13, 


where 

„_       rf  (p  (<rp  -  pa)}  \d  (<T(<TP'-P<T')\ 

-  "~ 


Hence,  as  2\I\1  =  0,  we  have 


or,  on  substituting  £X3  —  y\t  for    i-2  and  using  the  relation  S\iX3 


F  Q.  21 
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Consequently 


p2  jZ  Jp  (fp'  -  P*')1    .  P<r  f  d  f(r(<rp'-pg')|       p 

"  J  T    L«fil        P2+^  ~ 


where 

rf  (p  (<rp  -  p(7')l  d  fa-  (o-p'  - 

"-•  -    +  ' 


We  thus  have 

_P  d  (vp  -p<r') 

" 


__ 

T  (p2  +  <T2)*        (p2  +  (T2)*  ds  \r  T  ds     (p*  +  <T2)*J 

Having  regard  to  the  value  of  @  given  b/  ^ 


U    -' 

we  write 


T 

so  that  the  last  two  terms  m  the  expression  for  7@2  arc 

=  ~  N    ds  ' 
Thus 

a         1  eZf     cos  A      dg 


and  f  is  defined  by  the  equation 

tanf 

Thus  the  fourth  equation 


becomes  determinate,  because  the  value  of  7  is  known. 
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Summarising,  the  equations  of  the  four  principal  flats  that  are  connected 
with  the  rectifying  developable  region  are 


\*  /•"  \  "\  111  "         A       ' 

where  the  quantities  A,  @,  f,  %  are  given  by  the  relations 


cos  A 


and  the  four  sets  of  direction-cosines  Xr,  /zr,  vri  *r,  for  r  =  l,  2,  3,  4,  (on 
pp.  319,  320),  represent  an  orthogonal  frame,  with  the  successive  relations 
between  two  sets  to  which  we  shall  return  immediately. 

Curvatures  of  the  edge  of  regression  of  the  rectifying  developable  region. 

188.  The  coordinates  of  the  point  on  the  edge  of  regression  of  the  recti- 
fying developable  region,  corresponding  to  the  point  P  of  the  original  curve, 
are  the  values  of  ,7,  y,  z,  v,  which  satisfy  the  preceding  four  equations  taken 
simultaneously.  Hence  the  edge  of  regression  is  given  by  the  equations 


The  tangent  to  this  edge  of  regression  has  \i,  /ilp  i/1§  *lt  for  its  direction- 
cosines,  and  it  is  the  rectifying  line  of  the  original  curve  which  accordingly  is 
given  by  the  equations 

T--  .Y       y-r      z  -  Z      v  -V 


The    principal    normal    of  the    edge   of  regression    has   \2,  /&2|   i/2j  «Bl   for 
its   direction-cosines;   its   binomial    has   \3,   ^.3,   1/3,   /c3l   for   its   direction- 

21—2 
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cosines,  and  its(trinormal  has  X4l  /i4l  i>4,  *4l  that  is,  12,  m2,  n2,  k2)  for  its 
direction-cosines,  so  that  it  is  parallel  to  the  principal  normal  of  the  original 
curve.  Also,  the  osculating  flat  of  the  edge  of  regression  is  the  actual  recti- 
fying flat  of  the  original  curve. 

As  regards  these  sets  of  direction-cosines,  we  have 
so  that 


hence,  substituting  for  —^ ,    , 3 ,  -^- ,  the  values  already  given,  we  find 
els      cts     ds 


Thus  the  four  relations  are 


d\3 
~ds 


Avhere 


and  7  has  the  foregoing  value :  while  the  direction-cosines  are 

X4  =  lz,     X3  =  lt  cos  A  —  13  sin  A   ^ 


The  coordinates  of  a  point  on  the  edge  of  regression  are 


with  like  expressions  for  Y,  Z,  Vt  where 
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hence,  if  dS  be  the  element  of  arc  of  that  edge  of  regression,  the  tangent  to 
which  has  direction-cosines  Xlf  /AI,  vi,  «i,  we  have 

dS_dXdS 
1  ~ds  ~  dS  ds 
dX 


Now,  from  the  values  obtained  for  X2  and  X3,  we  have 

li  —  X2  sin  A  sin  f  +  ^  @\3 
w 

=  Ji  —  X2  sin  A  sin  f  H-  Xa  cos  A 

=  sin  A  -l/i  sin  A  +  /3  cos  .4  —  X2  —  -  —  -  —  =  [ 
1  ®(z  +  <ra)*J 


--  —  sin  A  = 


-i  -  --  -I- 


d  I'l  frf  /o-\ 
—    -  J—  —   - 
rf5L7ld5V0/ 


.    • 
sin  A  sin 


hence 


which  accordingly  is  the  expression  for  the  element  of  arc  dS. 

It  is  to  be  noticed  that,  incidentally,  the  analysis  verifies  the  property  that 
the  tangent  to  the  edge  of  regression  has  Xlf  /xlf  i/lf  *lf  for  its  direction- 
cosines. 

Let  the  radii  of  plane  curvature,  of  torsion,  and  of  tilt,  for  the  edge  of 
regression  of  the  rectifying  developable  region,  be  denoted  by  pr,  <rri  rr, 
respectively    Then  Frenet's  equations  for  the  edge  of  regression  are 
X3     rfX4      ds  d\4  _ds 


X2  X4 
*r  +  Tr 
X!  X3 
^r 

X2  _ 


ds  d\3  ds 
dS-ds-  =  dS 
ds  d\z  ds 


__      i  _  ds  d\i  _  ds 
~j~r=dS=  dS  ~ds  "  dS 
and  therefore  the  three  curvatures  are  given  by  the  relations 


i,f,   ' 

VL-f. 

ds  o-r 
dS  I 


1\* 
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where  it  will  be  noticed  that  a  is  the  curvature  of  screw  (§  131)  of  the  original 
curve.  Manifestly,  the  angles  of  contingence,  of  torsion,  and  of  tilt,  for  the 
edge  of  regression  respectively  are 


<P>ds_ 

!> 
,t 


ds=dt 

where  di  is  (§131)  the  inclination  of  two  consecutive  radii  of  plane  curvature 
of  the  original  curve,  obviously  equal  to  the  angle  dur  between  the  two  con- 
secutive flats  to  which  those  radii  are  perpendicular. 

Equations  of  the  rectifying  developable  region  and  developable  surface. 

189.  Manifestly,  the  equation  of  the  rectifying  developable  region  of  the 
curve  is  the  eliminant  of  the  two  equations 

2  (x  - x)\i  =  0,     S (x  -x)  \3  =  0, 

s  being  the  parameter  to  be  eliminated.  As  these  two  equations  represent 
a  rectifying  plane  for  each  particular  value  of  the  parameter,  ,ind  as  the 
equation  of  the  region  is  satisfied  by  them  whatever  value  the  parameter 
may  possess,  it  follows  that  the  region  is  planar. 

Again,  the  equation  of  the  rectifying  developable  surface  of  the  curve  is 
the  eliminant  of  the  three  equations 

2  (£  -  x) X4=  0,     2  (£  -  x)\*  =0,     2  (x  -  x)\2  =  -  *  , 

\y 

the  said  eliminant  being  constituted  by  two  equations.  These  three  equations 
represent  a  rectifying  line,  and  the  equations  of  the  surface  are  satisfied  by 
them  whatever  value  the  parameter  may  possess;  also,  consecutive  rectifying 
lines  meet;  hence  the  surface  is  developable. 

The  three  equations  of  the  edge  of  regression  are  the  eliminant  of  the 
four  equations,  made  up  of  the  preceding  three  equations  and  of  a  fourth 
equation 

2  (x  -  x)  X1  =  -  -  sin  A  sin 


The  edge  is  also  represented  by  the   parametric  expressions  for  the  co- 
ordinates of  a  current  point,  which  have  already  (§  188)  been  obtained. 
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When  the  rectifying  region  is  developed,  the  original  curve 
becomes  a  straight  line. 

190.  As  regards  the  developable  region,  which  is  the  envelope  of  the  flat 
perpendicular  to  the  radius  of  plane  curvature  of  the  original  curve,  the 
process  of  development  is  the  same  as  for  any  other  developable  region.  A 
beginning  is  made  with  a  fiat,  tangential  to  the  region  and  osculant  to  the 
edge  of  regression  of  the  region  :  that  flat  is  turned,  through  the  small  angle 
of  tilt,  about  the  osculating  plane  of  the  edge  which  is  the  plane  of  intersec- 
tion with  the  next  osculating  flat,  that  is,  the  next  flat  tangential  to  the 
region :  and  thus  the  first  flat  is  brought  into  coincidence  with  the  second. 
This  doubled  flat  is  then  brought  into  coincidence  with  a  thiul  consecutive 
flat,  tangential  to  the  region  and  osculant  to  the  edge,  by  a  rotation  about 
the  next  osculating  piano.  In  this  operation,  the  first  osculating  plane  (it  is 
Ji  tangent  plane  of  the  developable  surface)  is  brought  into  coincidence  with 
the  second  osculating  plane,  which  remains  fixed  throughout  the  operation,  by 
the  small  rotation  round  the  line  of  intersection  of  the  two  osculating  planes, 
that  is,  by  the  small  rotation  about  the  plane  through  this  tangent  line  and 
the  trinomial.  And  so  on,  from  stage  to  stage.  In  every  stage  of  the  whole 
process,  deformation  occurs,  and  nothing  but  deformation  :  there  is  no  rending, 
no  tearing,  no  stretching,  no  compression,  either  of  volume  or  of  area  or  of 
length. 

Such  is  the  general  process.  In  the  instance  of  the  rectifying  developable 
region,  when  th.it  region  is  developed  into  an  ultimate  flat,  the  successive 
flats  which  osculate  the  edge  of  regression  of  the  region  have  been  called  the 
rectifying  flats  of  the  original  curve.  The  successive  planes  which  osculate 
the  edge  of  regression  of  the  region  have  been  called  the  rectifying  planes  of 
the  original  curve.  The  successive  tangents  of  the  edge  of  regression  of  the 
region  have  been  called  the  rectifying  lines  of  the  original  curve.  Throughout, 
there  has  been  neither  stretching  nor  compression,  of  any  of  the  magnitudes : 
in  particular,  there  has  been  neither  stretching  nor  compression  of  any  length, 
and  therefore  neither  stretching  nor  compression  of  the  length  of  the  original 
curve.  Now,  before  the  deformation,  any  radius  of  the  plane  curvature  of  the 
curve  is  perpendicular  to  the  corresponding  plane,  that  is,  to  the  plane  tan- 
gential to  the  region  :  thus  the  radius  of  plane  curvature  of  the  curve  coincides 
with  the  normal  to  the  developable  region  in  which  it  exists.  The  curve  is 
therefore  (§  297,  post)  a  geodesic  in  that  legion.  As  there  is  neither  compres- 
sion nor  stretching  in  the  development  of  the  region  into  flatness,  the  curve 
remains  a  geodesic  throughout  •  it  therefore  ends  as  a  geodesic  in  the  ultimate 
flat.  But  in  a  flat,  being  a  three-dimensional  homaloidal  space,  all  geodesies 
are  straight  lines:  the  original  curve  thus  ends  as  a  straight  line,  that  is, 
the  original  curve  has  been  rectified.  Hence  the  title  rectifying  is  assigned 
to  the  flat,  to  the  plane,  and  to  the  line,  the  use  of  which  in  the  development 
of  the  region  has  led  to  the  rectification  of  the  curve  into  a  straight  line. 


CHAPTER  XL 
CURVES  IN  JV-FOLD  HOMALOIDAL  SPACE. 

In  this  chapter,  the  results  relating  to  the  principal  homaloidal  amplitudes  connected 
with  a  skew  curve  in  n-fold  homaloidal  space  arc  merely  stated,  usually  without  the  con- 
tributory analysis  That  analysis  follows  (with,  of  course,  the  necessary  changes  due  to 
the  fact  that  a  point  has  n  coordinates  in  the  full  space,  instead  of  the  four  coordinates 
appertaining  to  homaloidal  quadruple  space)  the  course  of  the  analysis  in  the  three  pre- 
ceding chapters  and  the  figure,  representing  the  moving  orthogonal  frame  of  tho  cur\  e, 
is  merely  an  extension  of  the  earlier  figure  (p  211)  representing  the  moving  orthogonal 
frame  of  the  skew  curve  in  homaloidal  quadruple  space 

Reference  may  be  made  to  the  (posthumous)  tract  by  Ginchard  "  Sur  les  courbcs  do 
1'espacc  a  n  dimensions,'1  Memorial  des  Sciences  Mathematiques,  Fasc.  xix.  (1928),  pp.  04 
(Paris,  Gautluer-Villars) 

Skew  curves  in  general  homaloidal  space. 

191.  The  preceding  investigations  and  discussions  have  been  concerned 
with  a  skew  curve  in  homaloidal  quadruple,  space.  The  same  processes  can 
be  carried  out  for  a  skew  curve  in  homaloidal  n-fold  space :  and  the  following 
results,  merely  stated,  can  be  established  by  the  same  kind  of  process  that 
uses  both  the  analysis  and  the  diagram  connected  with  the  orthogonal  frame 
at  any  point  of  the  skew  curve. 

The  coordinates  of  any  point  in  the  homaloidal  ?i-fold  space  are  denoted 
by  #!,  £2i  ...,  xn.  The  coordinates  of  a  current  point  P  on  a  curve  in  that 
space  are  denoted  by  xlj  x2t  ...,  #„.  An  arc-element  of  a  skew  curve  in  the 
space  is  given  by 

dsz  =  dx^  +  dxzz  +  . . .  +  dxnz, 
so  that 

fdx\z     fdx*\z  .  fdx-\z  .        .  fdxn\z     „ 


and  the  summation  sign  2  here,  as  elsewhere  in  this  connection,  will  denote 
summation  over  the  n  point-coordinates.  The  march  of  the  curve  is  determ- 
inate, when  #1,  xz,  ...,  xn,  are  given  as  functions  of  a  single  parameter; 
this  parameter  will  be  taken  to  be  the  arc  s,  measured  along  the  curve  from 
some  initial  point  of  reference.  If  the  parameter  were  some  other  quantity  t, 
the  transformations  would  be  made  by  the  use  of  the  relation 
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Various  homaloids  occur  in  connection  with  the  curve.  Of  tjiese  homaloids, 
two  sets  are  more  important  than  the  others.  One  of  these  sets  is  constituted 
by  contact  homaloids,  of  successive  degrees  of  contact  and  of  corresponding 
dimensions.  The  other  of  the  sets  is  constituted  by  normal  homaloids,  of 
successive  degrees  of  normality  and  of  corresponding  dimensions. 

Contact  homaloids. 

192.  The  simplest  contact  homaloid  is  that  with  one-fold  contact  and  of 
one  dimension.  It  passes  through  two  consecutive  points  of  the  curve  at  P 
and  is  the  tangent  to  the  curve.  Its  equations,  n  —  1  in  number  and  inde- 
pendent of  one  another,  arc 

=  0. 

"    i 
dxn 

ds    '         ds    '     '         ds 

We  shall  denote  this  contact  hoinaloid  by  7\. 

There  is  a  contact  homaloid,  with  two-fold  contact  and  of  two  dimensions. 
It  passes  through  three  consecutive  points  of  the  cur\e  at  P  and  is  the 
osculating  plane  of  the  curve.  Its  equations,  n  —  2  in  number  and  independent 
of  one  another,  are 


j!   7i-*': 
|      drt 


ds 


ds 


dx* 


•  0. 


We  shall  denote  this  contact  hoinaloid  by  T*. 

There  is  a  contact  hoinaloid,  with  three-fold  contact  and  of  three  dimen- 
sions It  passes  through  four  consecutive  points  of  the  curve  at  P  and  is  the 
osculating  flat  of  the  curve.  Its  equations,  n  —  3  in  number  and  independent 
of  one  another,  are 


ds 

dfrl 
d*2 
d3A 


ds 


ds* 


d? 


=  0. 


We  shall  denote  this  contact  homaloid  by  T3. 

And   so   on,  with  increasing  multiplicity  of  contact   and  of    the  same 
increasing  multiplicity  of  dimensions.    The  contact  homaloid,  with  m-fold 
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contact  and  of  m  dimensions,  passes  through  (m  +  1)  consecutive  points  of  the 
curve  at  P.  Its  equations,  n  —  mm  number  and  independent  of  one  another, 
are 

=  0. 


ds 


ds 
dzx2 


ds 
dzxn 
ds2 


dsm  '        ds™  '     '        ds™ 

We  shall  denote  this  contact  homaloid  by  Tltl. 

The  final  contact  homaloid,  with  (n  —  l)-fold  contact  and  of  (n  —  1)  dimen- 
sions, passes  through  n  consecutive  points  of  the  curve  at  P  :  that  is,  through 
P  and  (n  —  I)  next  consecutive  points  there.  It  is  the  homaloidal  amplitude 
of  closest  possible  contact  with  the  curve  in  the  homaloidal  space  of 
n  dimensions.  Its  (single)  equation  is 


-fli-fci, 
Tfc     ' 


ds 


dsz    '         dsz    '     ' 


dxn 
ds 


=  0. 


We  shall  denote  this  final  contact  homaloid  by  Tn_i. 

Each  contact  homaloid  exists  completely  within  each  contact  homaloid  of 
a  greater  number  of  dimensions — an  inference  obvious  from  the  equations. 

NOTE.  In  every  instance,  these  equations  are  the  initial  forms  of  the 
equations  of  the  respective  contact  homaloids.  Alternative  (and  more  useful) 
forms,  equivalent  to  them,  can  be  stated  after  the  principal  lines  of  the  ortho- 
gonal frame  of  the  curve  at  P  have  been  established. 


Normal  homaloids. 

193.  Following  the  discrimination  between  full  orthogonality  and  mere 
perpendicularity,  which  arises  first  in  quadruple  space  in  the  instance  of  a 
couple  of  planes,  we  define  two  homaloids  as  orthogonal  to  one  another  when 
every  direction  in  either  of  them  is  perpendicular  to  every  other  direction 

The  notion  of  the  inclination,  to  oue  another,  of  two  directions  in  ri-fold 
space  is  only  a  renewed  extension  of  the  customary  notion,  already  (§  19) 
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used    for   quadruple   space.      When    two   directions   have    Direction-cosines 
fi.  ?2i  •  •  •  ,  f  m  such  that  S  fm2  =  1,  and  T^,  772  1  •  •  •  i  In,  such  that  S^7ft2  =  1,  their 

m  m 

inclination  6  is  given  by  the  relation  ^mrjin  =  cos  0  }  and  they  are  said  to 

m 

be  perpendicular  when 

2f.*.-0. 

m 

With  each  contact  homaloidwc  associate  a  complementary  normal  homaloid, 
the  two  homaloids  being  orthogonal.  When  one  of  them  is  of  r  dimensions, 
the  other  is  of  n  —  r  dimensions.  Unlike  the  contact  homaloids,  no  normal 
homaloid  after  the  earliest  (of  n  —  1  dimensions)  passes  through  the  point  P 
of  the  curve. 

There  is  a  normal  homaloid,  with  one-fold  normality  and  of  (n  —  l)  dimen- 
sions, being  the  earliest  normal  homaloid  to  which  allusion  has  just  been 
made.  It  is  orthogonal  to  the  contact  homaloid  7\  which  has  one-fold  contact 
and  is  of  one  dimension  ;  it  passes  through  the  point  P  of  the  curve  and  its 
single  equation  is 


It  is  convenient  to  have  a  symbol  for  S  x  -,-  :  we  take 

-    dx 
P=**d*'' 

and  then,  for  the  sake  of  ulterior  formal  completeness,  we  take  the  equation 
of  the  normal  homaloid  with  one-fold  noimahty  to  be 

^  ,_       x  dx  ,?    dx 

*(*-.)  da-P-\*Ts, 

this  particular  right-hand   side  being  zero.    We  shall  denote  this  normal 
homaloid  by  JVi. 

There  is  a  normal  homaloid,  with  two-fold  normality  and  of  (n  —  2) 
dimensions:  it  is  orthogonal  to  the  contact  homaloid  T2  which  has  two-  fold 
contact  and  is  of  two  dimensions.  It  is  the  amplitude  common  to  the  normal 
homaloid  NI  at  P  and  to  the  normal  homaloid  NI  at  the  point  next  consecu- 
tive to  P  (in  which  latter  homaloid,  the  point  P  does  not  lie)  :  and"  its  two 
equations  are 

«  ._       x  dx  ^    dx 

iCi'-a1)  j-  =p   —-x  , 
v          '  ds       r  ds 


,_        x  d2x      dp     -    dzx 

(— --2- 


(The  right-hand  side  of  the  second  equation  is  equal  to  2  (-J?)  ,  that  is,  to 
unity,  so  that  the  point  P  does  not  lie  in  this  amplitude.   The  actual  values 
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0,  1,  of  the  twq  right-hand  sides  are  irrelevant  for  the  moment ;  the  right- 
hand  sides,  here  and  later,  remain  unevaluated  until  the  formation  of  the 
equations  of  all  the  normal  homaloids.)  We  denote  this  normal  homaloid 
bytfa. 

There  is  a  normal  homaloid,  with  three-fold  normality  and  of  (n-3) 
dimensions :  it  is  orthogonal  to  the  contact  homaloid  T3  which  has  three-fold 
contact  and  is  of  three  dimensions.  It  is  the  amplitude  common  to  the 
normal  homaloid  NI  at  P  and  to  the  normal  homaloids  A\  at  the  two  points 
next  consecutive  to  P :  and  its  three  equations  are 


\ dx 


^,    dx 

•p        —  2.X-J- 

*•  Ho 


v  x_       v  d*x  __  dp  _  „    dzx 
-^X~X)~d~&-Ts  ~*Xds* 


We  shall  denote  this  normal  homaloid  by  N3. 

And  so  on.  There  is  a  normal  homaloid,  with  m-fold  normality  and  of 
(n  —  m)  dimensions :  it  is  orthogonal  to  the  contact  homaloid  Tm  which  has 
m-fold  contact  and  is  of  m  dimensions.  It  is  the  amplitude  common  to  the 
normal  homaloid  N\  at  P  and  to  the  normal  homaloids  NI  at  the  (m-I) 
points  next  consecutive  to  P :  and  its  m  equations  are 
^,  dx  ^  dx 

^         '  ds*  ~~  cfo  '  dsz 


We  shall  denote  this  normal  homaloid  by  N1lt. 

The  final  normal  homaloid,  with  (n—  l)-fold  normality  and  of  one  dimen- 
sion— m  fact,  a  line — is  orthogonal  to  the  contact  homaloid  Tn-i  which  has 
(n  -  l)-fold  contact  and  is  of  (n  -  1)  dimensions,  being  the  final  contact  homa- 
loid. It  is  the  (line)  amplitude  common  to  the  normal  homaloid  NI  at  P  and 
to  the  normal  homaloids  NI  at  the  (n  —  2)  points  next  consecutive  to  P :  and 

its  (n  —  1)  equations  are 

^dx  -»    dx 


/-  \ 
(x  —  x) 
v  ' 


d2x 


dp 

^r       •" 

ds 


<Px 
*'ds* 
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We  shall  denote  this  normal  homaloid  (a  line)  by  iVn_i.    Thus,  in  quadruple 
space,  it  is  parallel  to  the  trinomial,  being  the  line  SG  in  Fig'  12  of  §  128. 

Each  normal  homaloid  exists  completely  within  each  normal  homaloid  of 
a  greater  number  of  dimensions — an  inference  obvious  from  the  equations. 

NOTE.  When  the  principal  lines  of  the  orthogonal  frame  of  the  curve 
have  been  determined,  these  equations  will  be  changed  into  equivalent  forms 
which  shall  leave  in  evidence  the  orthogonality  of  Nm  and  T1flt  after  the  equa- 
tions of  Tm  have  been  modified. 

The  curvatures  of  tilt. 

194.  We  have  seen  that  each  contact  homaloid  at  P  lies  in  every  other 
contact  homaloid  there  which  is  of  any  greater  number  of  dimensions.  Now, 
alike  from  the  definitions  and  from  the  forms  of  the  respective  equations,  it 
follows  that  each  contact  homaloid  Tr  at  P  contains  the  preceding  contact 
homaloid  7V_i  at  P  and  also  tho  contact  homaloid  Tr_i  at  the  point  next 
consecutive  to  P. 

We  denote  by  dem  the  small  angle  of  tilt  between  the  contact  homaloid 
Tm  at  P  and  the  contact  homaloid  Tm  at  the  point  next  consecutive  to  P ; 
thus,  as  both  these1  houuiloids  TM  he  in  bhe  homaloid  Tm+i  at  P,  the  small 
tilt  dem  is  the  small  change  between  the  consecutive  homaloids  that  lie  in 

rm+1.    Hence,  along  the  curve,      '"  is  the  arc-rate  of  the  specified  tilt,  and 

as 

writing 

J..*" 

Pm         US   ' 

we  call  —  the  m-ary  curvature  of  tilt  or,  more  briefly,  the  m-ary  tilt :  thus  — 

Pin  Pi 

is  the  primary  tilt  (it  will  bear  an  additional  title,  because  of  an  additional 

property),       is  the  secondary  tilt,  —  the  tertiary  tilt,  and  so  on.    In  quad- 
Pz  P3 

ruple  space,  —  is  what  has  been  called  torsion  and  the  curvature  of  torsion, 
Pz 

and  —  is  what  has  been  called  tilt  and  the  curvature  of  tilt.   The  magnitude 

pm  is  called  the  radius  of  m-ary  tilt  of  the  curve.  Also,  no  one  of  these 
curvatures,  after  the  primary  tilt,  has  a  centre;  and  no  magnitude  pm  has 
a  direction,  for  values  of  m  >  1. 

The  definition  holds  for  all  the  possible  values  of  m  from  unity  onwards. 
The  greatest  value  of  m  is  n  —  1 ;  for  that  value,  den-i  is  the  angle  of  tilt  of 
Tn_! :  that  is,  the  angle  between  Tn_i  at  P  and  Tn_i  at  the  point  next  con- 
secutive to  P,  these  two  contact  homaloids  existing  in  the  comprehensive 
homaloidal  space  of  n  dimensions. 
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Fuller  analytical  expressions  for  these  curvatures  of  tilt  of  successive  rank 
are  as  follows.   We  have 

^  =  2 

1  ds*  ' 

ds    '     ds 

where  the  sign  2  indicates  summation  over  all  the  combinations  of  (two) 
variables  xlt  xZt  from  the  full  set  of  n  variables.   In  a  space  of  two  dimensions, 

1 


Pi 


We  have 


xz 
xz' 


-  =  2 


ds* 


dx\ 


dzxz 


dsz 


where  again  the  sign  2  indicates  summation  over  all  the  combinations  of 
(three)  variables  xit  a'Zl  x3,  from  the  full  set  of  n  variables  In  a  space  of 
three  dimensions, 


ds*  ' 


in  such  a  space,  l/p2  is  the  torsion. 

We  have 

1 


d,s-3  '  ds3  '  ds*  '  c/s3 

dzXi  dzxz  dzx3  dzx^ 

da  ds  ds  ds 

dx\  dxz  dx*\  dxA 

ds  '  ds  ds  da 

with  the  corresponding  signification  for  the  sign  S.    In  a  space  of  four 
dimensions, 


OB? 


iv 

«r, 
**, 
•», 


in  such  a  space,  l/p3  is  the  tilt  as  defined  in  §  145. 
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And  so  on,  for  the  ranks  in  successive  order,   The  curvature  of  tilt  of 
highest  rank  n  —  I  in  the  space  of  n  dimensions  is  given  by 


-1 


dnxt 

dnocz 

dnxn 

dsn 

'       ds11     '     ' 

ds11 

ds»-* 

^  

ds-i 

ds* 

1      ~ds*     ' 
dxz 

~ds* 
dxH 

ds 

ds      '     

ds 

In  making  the  estimates  of  tilt,  there  are  conventions  as  bo  the  sign  of  the 
angle  of  tilt  of  each  contact  homaloid  Tm  within  the  contact  homaloid ,  it  is 
takeji  to  be  positive  when  it  moves  the  contact  homaloid  Tin  at  P  into 
coincidence  of  orientation  with  the  contact  homaloid  Tul  at  the  point  next 
consecutive  to  P. 

Orbiculate  amplitudes  of  contact. 

195.  The  amplitudes,  next  in  simplicity  to  those  that  aie  homaloidal,  are 
called  orbiculate .  the  most  frequent  instances  are  circles,  spheres,  and  globes, 
as  defined  for  quadruple  space.  The  characteristic  property  of  an  orbiculate 
amplitude  is  that  all  points,  which  it  contains,  are  at  the  same  distance  as 
one  another  from  a  centre :  thus  a  circle  (i.e.  its  circumference)  is  an  ampli- 
tude of  one  dimension,  a  sphere  (i.e.  its  surface)  is  an  amplitude  of  two 
dimensions,  a  globe  is  an  amplitude  of  three  dimensions.  In  each  instance, 
the  distance  of  the  contained  points  of  the  amplitude  from  its  centre  is  called 
its  radius. 

In  a  contact  homaloid  Ttn  at  a  point  P,  the  homaloid  being  of  m  dimensions, 
there  lies  an  orbiculate  amplitude  of  in  —  1  dimensions  which  passes  through 
m  +  I  consecutive  points  of  the  curve  :  that  is,  through  the  point  P  and  the 
next  m  immediately  consecutive  points  of  the  curve.  This  orbiculate  ampli- 
tude we  shall  denote  by  0,,,_i;  it  lies  m  the  contact  homaloid  Tm.  The 
radius  of  the  orbiculate  amplitude  Om_i  will  be  denoted  by  Rul-i :  and  the 
radius  will  be  called  the  radius  of(m  —  I)-fold  urbicidate  curvature. 

Thus  there  is  no  orbiculate  amplitude  00 .  for  the  contact  homaloid  2\  is 
merely  the  (linear)  tangent  of  the  curve  at  P,  and  such  a  region,  being  of  only 
one  dimension,  contains  no  dimensional  region  of  lower  rank. 

The  orbiculate  amplitude  Oi,  of  one  dimension,  is  a  circle:  it  lies  in  the 
contact  homaloid  Tz  which  has  double  contact  with  the  curve  and  is  there- 
fore the  osculating  plane.  Thus  Oi  is  the  circle  of  curvature  of  the  curve  (in 
earlier  sections,  this  curvature  was  spoken  of  also  as  plane  curvature).  Its 
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radius,  in  accordance  with  the  specification  of  the  radius  of  an  orbiculate 
amplitude,  is  denoted  by  Jti.  Now  this  radius  of  the  circle,  measuring  the 
angle  of  tilt  of  the  tangent  T±  to  the  curve  in  the  osculating  plane,  is  the 
quantity  previously  denoted  by  pi  ;  so  we  have 


Thus  it  appears  that  pi  at  once  is  the  radius  of  primary  tilt  of  the  curve  and 
is  the  radius  of  one-fold  orbiculate  curvature  of  the  curve.  Both  titles  will 
be  retained  for  plm  It  appears  that,  for  calculations  connected  with  the  curve, 
the  radii  of  tilt  are  more  convenient  than  the  radii  of  orbiculate  curvature  : 
for  descriptions  and  diagrams,  the  radii  of  orbiculate  curvature  are  more 
convenient  than  the  radii  of  tilt  which,  having  neither  associated  centre  nor 
associated  direction,  have  no  position. 

To  formulate  the  difference-relations  between  the  radii  R  of  successive 
ranks  of  curvature,  it  is  convenient  to  introduce  certain  quantities  D,  denned 
as  follows.  We  take 


and  we  find 
We  take 


D     D  / 

which  is  equal  to  p3     *— J-  ,  and  we  find 


The  general  expression  for  these  quantities  D  is 

A»  =  /Wi  ^J~^~> 
and  we  find 


The  general  expression  holds  for  all  values  of  ra  from  m  =  1  onwards  up  to 
m  =  n  —  2.  The  orbiculate  region  0,n  of  radius  Rm,  which  is  of  m  dimensions 
and  has  (m  +  l)-fold  contact  with  the  cmve,  lies  in  the  contact  homaloid  Tm+l. 
In  quadruple  space,  Rt  (or  pi)  is  the  radius  of  circular  curvature,  Rz  (pre- 
viously denoted  by  R)  is  the  radius  of  spherical  curvature,  and  R3  (previously 
denoted  by  F)  is  the  radius  of  globular  curvature. 

These  results  can  be  derived  from  a  consideration  of  the  orthogonal  frame 
of  the  curve  at  a  point  P  and  the  orthogonal  frame  at  a  point  next  consecu- 
tive to  P,  when  once  the  principal  lines  of  the  curve  that  constitute  the 
frame  have  been  determined :  or  they  can  be  derived,  rather  laboriously,  by 
analysis  similar  to  that  used,  in  the  first  instance,  for  a  skew  curve  in  quad- 
ruple space. 
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These  quantities  D,n  are  subject  to  the  mixed  -difference  /elation 
dDm  _  pm+!  _  Z>m_! 

ds  pm+Z         Pm+l  ' 

for  m  >  1,  while,  for  m  =  1, 

rfA  =  A_pi 

ds       pa      P2  ' 

The  result  proves  useful  in  considering  the  loci  of  the  centres  of  curvature  of 
various  ranks. 

Principal  lines. 

196.  The  principal  lines  of  the  curve  at  a  point  P  constitute  the  ortho- 
gonal frame  that  moves  along  the  curve  with  P.  With  the  exception  of  the 
first  two,  they  are  lines  drawn  through  P  parallel  to  axial  lines  which  arise 
organically  in  the  construction  of  the  successive  orbiculate  regions  Om  asso- 
ciated with  the  curve  ;  and  these  first  two  lines,  the  tangent  and  the  primary 
(or  principal)  normal,  themselves  arise  organically  in  this  process. 

I.  The  first  principal  line  is  the  tangent  at  P.  It  constitutes  the  homaloid 
TI  of  one-fold  contact,  as  the  homaloid  is  of  only  one  dimension,  it  cannot 
contain  an  orbiculate  region  of  lower  dimensions.  We  denote*  its  direction- 
cosines  by 

(Wi,  ('1)2  ....... 

where 


II.  The  second  principal  line  is  the  primary  normal  (usually  called  the 
principal  normal)  of  the  curve.  It  lies  within  the  contact  homaloid  T2  of  two- 
fold contact  ,  and  it  is  the  intersection  of  that  homaloid  T2  with  the  normal 
homaloid  NI  of  one-fold  normality.  We  denote  its  direction-cosines  by 


where 

SKLM1-!. 

r 

while  there  is  the  relation  of  perpendicularity 


Further,  the  centre  of  primary  curvature  Ci  lies  on  this  principal  normal:  this 
point  is  the  intersection  of  the  contact  homaloid  T2  of  two-fold  contact  with 

*  Here,  as  with  the  notation  for  later  sets  of  direction-cosines,  the  subscript  r  outside  the 
bracket  indicates  the  inclination  to  the  axis  of  the  variable  Jr,  for  r=l,  ,  n;  and  the  subscript 
within  the  bracket,  here  unity,  is  the  ordinal  number  of  the  principal  line  haying  the  specified 
aet  of  direction-cosines. 

r.o.  22 


338  ORTHOGONAL  FRAME  OF  A  [CH.  XI 

the  normal  homaloid  JVg  of  two-fold  normality.    The  principal  normal  is  the 
line  PCi.    We  denote*  the  coordinates  of  Ci  by 

(fi)i,  (?i)z  ........  (&).- 

Thus  the  orbiculate  amplitude  Oi  (ordinarily  the  circumference  of  the 
circle  of  curvature)  lies  in  the  homaloid  T2  of  two-fold  contact  ;  its  centre  is 
the  point  C\;  its  radius  is  Rt  (or  pi)  ,  and  it  passes  through  P. 

III.  The  third  principal  line  of  the  curve  is  the  secondary  normal  at  P 
(usually  called  the  bmormal  in  space  of  three  dimensions)  It  is  a  line  drawn 
through  P,  parallel  to  the  axial  line  which  is  the  intersection  of  the  contact 
homaloid  T3  of  three-fold  contact  with  the  normal  homaloid  Nz  of  two-fold 
normality.  We  denote  its  direction-cosines  by 

(tti,  <«..  .......  (/•)», 

where 

2{(W-1, 

r 

while  there  are  the  relations  of  perpendicularity 


Further,  the  centre  of  secondary  curvature  G2  lies  on  this  axial  line  ;  this  point 
Ca  is  the  intersection  of  the  contact  homaloid  I\  of  three-fold  contact  with 
the  normal  homaloid  N3  of  three-fold  normality.  The  axial  line,  to  which  the 
binomial  is  parallel,  is  the  line  joining  (7i  and  (72.  We  denote  the  coordinates 
of  G'2  by 

(6)1.  (&)2,  .......  (6)n- 

Thus  the  orbiculate  amplitude  02  (ordinarily  the  surface  of  the  sphere 
of  curvature)  lies  in  the  homaloid  T3  of  three-fold  contact,  02  being  a  two- 
dimensional  amplitude  and  T3  a  three-dimensional  amplitude.  The  centre  of 
the  orbiculate  region  Oz  is  the  point  Cz  ',  the  radius  of  the  region  is  Ez  j  an(i 
it  passes  through  P. 

IV.  The  mth  principal  line  of  the  curve  is  the  normal  of  rank  m  —  1.  It  is 
a  line  drawn  through  P,  parallel  to  the  axial  line  which  is  the  intersection  of 
the  contact  homaloid  Tm  of  m-fold  contact  with  the  normal  homaloid  Nm-i  of 
(in  —  l)-fold  normality.  We  denote  its  direction-cosines  by 


where 

while  there  are  the  relations  of  perpendicularity 


As  with  the  notation  for  the  direction  -cosine  a,  the  subscript  r  outside  the  bracket  indicates 
the  x1  -coordinate  of  the  centre  of  curvature,  for  r  =  l,  ,  n;  and  the  subscript  within  the 
bracket,  here  unity,  IB  the  ordinal  number  of  the  centre  of  curvature  with  the  specified  coordi- 
nates as  well  as  the  ordinal  number  of  the  rank  of  curvature  with  that  centre. 
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for  i  =  1,  2,  .  .  .  ,  m  -  1.  Further,  the  centre  of  (TO  -  l)-ary  curvature  Cm_i  lies 
on  this  axial  line  ;  this  point  Cm~i  is  the  intersection  of  the  contact  homaloid 
Tm  of  ra-fold  contact  with  the  normal  homaloid  Nin  of  m-fold  normality.  The 
axial  line,  to  which  the  with  principal  line  is  parallel,  is  the  line  joining  Cm-Z 
and  C'TO.!.  We  denote  the  coordinates  of  Cm_i  by 

(£m-l)li    (fm-l)zi    ......  ,    (fm-l)n- 

Thus  the  orbiculate  amplitude  Oin-\t  being  an  amplitude  of  m  —  1  dimen- 
sions, lies  in  the  contact  homaloid  Tm  with  m-fold  contact  and  of  m  dimensions, 
and  it  has  the  same  degree  of  contact  with  the  curve  as  Tm.  The  centre  of 
the  orbiculate  amplitude  Om_i  is  the  point  Cm^  ;  its  radius  is  Rm-i  ,  and  it 
passes  through  P. 

V.  The  nth  (and  final)  pnncipal  line  of  the  curve  is  the  normal  of  rank 
?i  —  l.  It  is  the  line  drawn  through  P  parallel  to  the  normal  homaloid  JVn-i 
of  (n  —  l)-fold  normality  :  this  homaloid  Nn_i  being  the  line  which  is  the 
intersection  of  the  n—  1  normal  homaloids  NI,  each  of  one-fold  normality,  at 
P  and  at  n  —  2  points  next  consecutive  to  P.  We  denote  its  direction- 
cosines  by 

(Wi,  (W.  .......  ,  (Wn, 

where 

2  [(<„),]>  =  !, 

r 

while  there  arc  the  relations  of  perpendicularity 

2  {(A),}  l(W,]-0, 


for  i  =  1,  2,  ...  ,  n  —  1.  Further,  the  centre  of  (n  —  l)-ary  curvature  £„_!,  the 
last  in  the  succession  of  centres  of  curvature  for  a  curve  in  space  of  n  dimen- 
sions, lies  on  this  normal  homaloid  JVw_i  ,  this  point  Cn-i  is  the  intersection 
of  the  n  normal  homaloids  NI,  each  of  one-fold  normality,  at  P  and  at  (?i  —  1) 
points  next  consecutive  to  P.  We  denote  the  coordinates  of  (7n_i  by 

(fn-l)li    (f  n-l)2  j    ......  i    (fn-l)n- 

Thus  there  is  the  (final)  orbiculate  amplitude  On_i,  being  an  amplitude 
of  (n  —  1)  dimensions.  It  lies  in  the  general  space  of  n  dimensions;  it  has 
?i-fold  contact  with  the  curve,  contact  of  one  order  greater  than  that  of  Tn-ll 
the  final  contact  homaloid.  The  centre  of  the  orbiculate  amplitude.  On_!  is 
the  point  C7M_!,  its  radius  is  -Rn_i;  and  it  passes  through  P. 

We  thus  have  the  orthogonal  frame  for  the  curve  at  the  point  P.  It  is 
constituted  by  the  foregoing  n  principal  lines  at  P  which  are  an  orthogonal 
system,  every  pair  of  lines  in  the  system  being  perpendicular  to  one  another. 

Frenet  equations  for  the  principal  lines  and  tilts. 
197.   The  direction-cosines  of  the  n  lines  in  the  orthogonal  frame  are 

(Wi,  0.0ft.  ......  ,  (U«, 

for  m=  1,  2,  ...,  n.   We  denote  any  member  of  the  set  of  direction-cosines  of 

22—2 
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the  rath  principal  line  by  lm;  and  thus  £lf  lz,  ...,  ln,  taken  together,  will 
denote  the  aggregate  of  (li)r,  (lz\,  •  ••>  (ln)r,  taken  together,  being  the 
cosines  of  the  inclinations  of  the  n  principal  lines  to  the  axis  of  xr,  for  all  the 
values  r=l,  . ..,  n,  in  succession. 

Among  these  direction-cosines  lit  lz,  ...,  ln,  there  exist  the  equations 
which  are  the  extension  of  the  Frenet  equations  for  homaloidal  three- 
dimensional  space.  These  extended  Frenet  equations  are 

dh 

ds 
c^a 
ds 


ds 


^ 

1 

C 

Pi 

—  i  h 

+  1 

I, 

P* 

•I 

i 

=  _    -  -    I 

+  - 

k 

P2 

1 

/Dn_2 


+ 

T  --- 


These  equations  allow  the  formation  of  the  expressions  for  the  sets  of 
direction-cosines  in  terms  of  the  derivatives  of  the  coordinates  xlt  x2t  ...,  xn, 
of  the  point  P  on  the  curve.  In  particular,  (li)i,  (lifo,  ...,  (^i)»,  are  the  direc- 
tion-cosines of  the  tangent  :  we  have 


dxl 


dxn 
ds' 


The  direction-cosines  of  the  second  principal  line  of  the  curve  (its  principal 
normal,  and  its  radius  of  circular  curvature)  are 


The  direction-cosines  of  the  third  principal  line  of  the  curve  (its  binomial, 
which  is  parallel  to  the  axial  line  joining  Ci  and  C2)  are 

p-    ' 


And  so  on,  for  the  pnncipal  lines  in  succession. 

It  is  to  be  noted  that  two  sets  of  expressions  can  be  obtained  for  the 
direction-cosines  of  the  nth  (the  final)  principal  line.    This  line  is  perpen- 
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dicular  to  the  contact  homaloid  Tn_i,  with  (n  — l)-fold  contact  and  of  n  — 1 
dimensions,  having 

dx\  dx%  dxn 

ds  ds     '         ds 

d2xn 
ds2 


dn~lx2 


for  its  equation.    Let  this  equation  be  written 


where 


n+l 

ds 

d2xm+l 
ds2 


ds 
d™2+ 


the  sequence  of  the  columns  in  Jm  is  for  the  subscripts  1,  2,  ...f  n,  taken  in 
cyclical  order,  beginning  with  m  +  1  and  omitting  m.    Now 

V/S_  _  J  _  - 

^     "    ~(pl"-V2n-S--P»-3!pn-0" 

so  that  the  direction-cosines  of  the  line  perpendicular  to  the  contact  homaloid 
ZV-i  are 


for  m  =  l,  2,  ...,  n.  But  this  perpendicular  to  r,\_i  is  the  (line)  normal 
homaloid  Nn-i  :  that  is,  it  is  parallel  to  the  ?ith  principal  line  of  the  curve, 
the  direction-  cosines  of  which  are  (/n)i,  (Jn)2  .....  (ln)n-  Hence 


Coordinates  of  the  centres  of  (orbiculate)  curvature. 

198.  The  coordinates  of  the  centre  of  curvature  Cm  have  been  denoted  by 
(?m)i>  (?m)2i  ••-.  (fm)n:  any  selected  one  of  these  coordinates  will  be  denoted 
by  £OT.  When  a  set  of  selected  coordinates  flp  f2i  fsi  •••  is  considered,  it 
represents  a  set  (fi)r,  (fa)r,  (f3)r,  •••  of  coordinates  corresponding  to  the 
coordinate  xr\  and  this  convention  holds  for  all  the  values  r  =1,  2,  ...,  n. 
Under  this  same  convention,  we  shall  use  x  to  denote  xr  simultaneously  with 
the  use  of  fm  to  denote  (£m)r.  Equally  under  that  convention,  we  shall  use 
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'i,  Z2,  JB,  •-•  to  represent  a  set  of  direction-cosines  (li)r,  (Za)r,  (I3)rt  ...,  being 
the  cosines  of  the  inclinations  of  the  successive  principal  lines  to  the  axis  of 
the  ^-coordinate. 

The  coordinates  of  the  centre  of  curvature  Ci,  stated  in  full,  are 


Under  the  convention  for  abbreviation,  the  whole  set  is  to  be  represented  by 
the  single  equation 


and,  when  this  equation  is  interpreted,  we  take  flf  x,  12,  respectively,  to  mean 
(fi)n  xr,  (l2\,  for  each  of  the  n  values  of  r,  =  1,  2,  ...,  n. 

The  coordinates  of  all  the  centres  of  curvature  are  then  expressible  in  the 
following  form,  for  the  respective  centres  : 

for  Clf     fi     -  x      =     Pll2 

-••ft,      fa      -ft     =     /Va 

-ft,      fa      -ft      =     A*4 


•  •  •    C'n-I  i  f  n-1  —  f  »-2  =  -^Ji-2  ^ii 

Tangents  to  the  loci  of  these  centres. 

199.  These  results  can  be  stated  in  -another  way;  and,  as  they  stand, 
they  provide  further  information  concerning  the  organic  construction  of  the 
framework  of  the  curve  in  relation  to  its  orbiculate  regions. 

(A)  The  coordinates  of  the  centre  Cm  of  curvature  of  the  orbiculate 
region  Om  of  (ra  +  l)-fold  curvature,  lying  within  the  contact  homaloid  Tin+l 
also  of  (m  +  l)-fold  curvature,  are  represented  by  the  equation 


with  the  interpretation  of  this  equation  under  the  convention  as  stated  (§  198). 
Accordingly,  the  coordinates 

bwii    =\bra)l»    \swi/2>    ......  >    Vsm)jii 

regarded  as  functions  of  the  parameter  s  of  the  original  curve,  give  the  locus 
of  the  centre  Cm  of  (m  +  l)-fold  curvature. 

Moreover,  the  elements  of  arc  of  these  successive  loci  are  easily  derived. 
We  have 


Pa 

•£< 
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and,  generally, 

~fa    =  *  -  (^m-iC+2+  An^fii+l)- 

If  then  dsm  be  the  element  of  arc  of  the  locus  of  Cin  at  the  point  Cm,  corre- 
sponding to  the  element  of  arc  ds  of  the  original  curve  at  P, 


and  therefore 


These  results  give  the  direction-  cosines  of  the  tangent  to  the  locus  of  the 
centre  Cm  ;  and  they  shew  that  the  tangent  to  the  locus  lies  in  a  plane  which 
has  the  (m  +  l)th  and  the  (ra  +  2)th  principal  directions  for  its  guiding  lines. 
The  further  curvatures  of  that  curve  can  be  derived  by  the  use  of  the  formulre 
given  for  the  curvatures  of  the  locus  of  P. 

(B)  The  expressions  for  the  coordinates  of  the  centres  of  successive 
curvatures,  as  given  (§  198),  indicate  the  axial  lines  to  which  the  successive 
principal  lines  of  the  curve  are  parallel.  They  indicate  also  the  length  along 
each  such  line  between  the  two  successive  centres  of  curvature  which  he 
upon  a  line. 

Thus  the  axial  line  C\  C2  is  given  by  the  representative  equation 


the  length  C\CZ  being  A,  and  its  direction-cosines  being  (Ja)i,  (/3)2,  ...,  (I3)n. 
The  axial  line  C2C3  is  given  by  the  similar  equation 

fa-  £2  =  1)2*4, 

the  length  CZC3  being  D2t  and  its  direction-cosines  being  (l^)lt  (J4)z,  ...,  (J4)n. 
And  so  for  the  axial  lines  in  succession,  the  last  of  them  being  the  final 
normal  (line)  amplitude  with  (n—  l)-fold  normality, 


Organic  (orthogonal)  frame. 

200,  The  whole  organic  framework  of  the  curve,  with  its  principal  lines 
and  its  centres  of  curvature  at  the  point  P,  and  at  a  consecutive  point  P',  are 
indicated  on  the  accompanying  diagram.  The  lower  part  of  the  diagram  shews 
the  initial  principal  lines  and  centres  of  curvature,  from  P  inwards  and 
upwards  and  onwards  through  the  successive  amplitudes.  The  upper  part  of 
the  diagram  shews  the  axial  lines,  to  which  the  principal  lines  of  the  curve 
are  parallel :  these  pass  from  centre  to  centre,  culminating  in  Cn_i,  the  centre 
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C'n-2 


Cw-2, 


Cii-i 


of  orbiculate  amplitude  On_L  of  (greatest)  (n  +  l)-fold  contact.  In  the  succes- 
sion of  lines  Pd',  CiC*t  CaC3l  C*d Cn_4Cn^,  Cn_3Cn_a,  Cn.zCn.lt  each  is 

perpendicular  not  merely  to  its  predecessor  but  to  all  the  other  lines.  The 
point  P'  is  consecutive  to  P:  the  orthogonal  frame  for  P1  is  shewn  in  the 
same  manner  as  the  orthogonal  frame  for  P.  The  limiting  position  of  PP' 
is  the  tangent  at  P,  the  earliest  principal  line  of  the  curve:  and  all  the 
principal  lines  are  perpendicular  to  the  tangent. 

Again,  PP'Cj  is  the  two-fold  contact  homaloid  Tz  at  P,  and  PP'CV  is 
the  two-fold  contact  homaloid  Tz  at  P' ,  their  intersection  is  the  tangent  PP'. 
The  primary  normal  at  P  is  PCi :  the  primary  normal  at  P'  is  P'Ct'.  The 
angle  C/PP'  in  the  plane  d'PP'  is  a  right  angle,  and  the  angle  C^PP'  in 
the  plane  C^PP'  also  is  a  right  angle;  thus  the  angle  CVPCi  is  the  angle 
between  the  two  successive  osculating 
planes,  that  is,  it  is  the  angle  of  tilt  dez. 
(The  angle  of  tilt  del  is  the  angle 
between  the  tangent  at  P  and  the  tan- 
gent at  P',  both  lying  in  the  osculating 
plane  CjPP'.) 

The  arc  C^CY  lies  in  the  plane 
through  the  two  lines  C^P  and  C1CZ  to 
which  the  second  and  the  third  principal 
lines  respectively  are  parallel.  The  anglw 
PC^Ci  is  a  right  angle :  the  angle  CfaC1'P 
also  is  a  right  angle :  and  the  four 

points  P,  Clt  6V,  Cz,  he  in 
one  plane  of  which  C^P  and 
can  be  taken  as  the  guiding  hues. 
Hence  these  four  points  lie  on  a 
circle,  a  property  leading  to  several 
results :  the  only  result  to  be  noted 
at  the  moment  is 

angle  Ci'CzG1  =  angle  CVPCj 

=  jingle  of  tilt  rfea. 
The  arc  CaCa'  lies  in  the  plane 
through  the  two  lines  CzCi  and 
(72C3,  to  which  the  third  and  the 
fourth  principal  lines  respectively 
are  parallel.  The  angle  CiCzC3  is  a  right  angle  and  the  angle  C^C^Ci  also 
is  a  right  angle :  and  the  four  points  Clf  Cz,  CZj  C3t  lie  in  the  one  plane  of 
which  C2C)  and  C2C3  are  the  guiding  lines.  Hence  these  four  points  lie  on  a 
circle ;  and  therefore 

angle  0ZC3  Cz  =  angle  CVC^C^  =  angle  of  tilt  dea- 


CW-3 


the 


Fig.  18 
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And  so  on,  in  succession;  the  full  set  of  results  is 

angle  d'O^d  -  angle  Gi'PGl  =  angle  of  tilt  dea, 


Certain  magnitudes  are  easily  obtained  from  the  properties  of  the  two 
orthogonal  frames,  at  P  and  at  P'  respectively,  when  taken  in  combination. 

In  the  plane  PdCid*  the  point  Vi  is  the  intersection  of  GiG2  and  G^P : 
the  length  of  dP  is  p^\  and  the  angle  C^PCi  is  rfez,  while  GZG1P  and 
dGi'P  are  right  angles.  Then 

dpi  =  C'V1  =  GiCz . angle  CidCi  to  the  first  order 

=  dd.d€2, 
and  therefore 


Also,  we  have  C/Vispidei,  to  the  first  order  of  small  quantities. 

In  the  plane  CiCjGYC*.  the  point  F,  is  the  intersection  of  CaC3  and 
Cy(V  the  length  of  dCz  is  D!  and  that  of  C/Ci'  is  Di  +  Dids:  and  the 
angle  Cf2  GI  C*2'  is  de3 ,  while  the  angles  C3 C2  Gv  and  C3  d'd  arc  right  angles.  Then 


and  also 

Ca<Vr2  =  Car;3.  angle  GZCBCZ'  to  the  first  order 

Hence 

and  therefore 


Also,  we  have  Ct'Vt  —  Dide3,  to  the  first  order  of  small  quantities. 
Similarly,  in  the  plane  CtCtC3'Ct,  we  have 


Di'ds  +  Did  ft, 
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and 

CY  F3  =  C3C|  .  angle  C3C^  to  the  firsl  order 

•    =£3de4. 
Hence 

Dad€t  =  D2'ds  +  Didc3, 
and  therefore 

£-iv+* 

Pi  /Da 

And  so  on  for  each  plane,  containing  the  directions  of  two  principal 
lines  OwiC^.!  and  CMCM+it  for  all  the  values  of  m.  In  the  final  plane 
0/i-a  CH-Z^'  Ji-z^n-i  (which  four  specified  points  lie  on  a  circle),  we  have 

C'n^Vn-2  ~  C'«-.CV.  -  (0n_Z0n_3  -  O^V^) 

=  (0  V.CV1  -  C^CU 

=  D'n_3rfs  +  Dn_4(Zen_2. 
Also 

0*71-2  rn_2  =  07i-2  0n-i  •  den-i  = 
thus 

DfV_2^n-l  =  D'n-sds  +  Ai-4 

and  therefore 

-2          n,  ,    A>-4 

=  D  H_3  +    -  . 


Pn-l 

All  these  formulse  involve  the  various  tilts.    For   the   various   radii  of 
curvature,  we  have 

RI  =  CiP  =  pi] 
then 


and  so  on,  down  to 


The  results  are  immediate  consequences  of  the  complete  orthogonality  of  the 
frame  of  lines  PClt  C^C-,,  (7aC3j  ....  Cn.3Cn.z,  Cn^Cn^. 

Finally,  it  may  be  remarked  that  the  one-dimensional  orbiculate  amplitude 
0i  (the  circle  of  curvature,  with  centre  C:)  is  the  section  of  the  two-dimensional  ' 
orbiculate  amplitude  Oa  (the  sphere  of  curvature,  with  centre  Cz)  by  the  two- 
fold contact  homaloid  T2,  which  is  the  osculating  plane.  Similarly,  the  two- 
dimensional  orbiculate  amplitude  Oz  is  the  section  of  the  three-dimensional 
orbiculate  amplitude  03  (called  the  globe  of  curvature  in  a  four-dimensional 
space,  with  centre  C3)  by  the  three-fold  contact  homaloid  T3t  which  is  called 
the  osculating  flat  in  a  four-dimensional  space.  And  so  on,  in  the  succession 
of  the  orbiculate  amplitudes  Oi,  02,  .  .  .  ,  On_a  .  the  final  amplitude  On_i  requires 
the  full  n-fold  space  for  its  existence. 


201] 


MODIFIED  EQUATIONS  OF  ASSOCIATED  HOMALOIDS 


347 


Modified  equations  of  contact  homaloids  and  normal  homaloids. 

201.  The  equations  of  the  contact  homaloids  Tm,  of  successive  orders  of 
contact,  and  the  normal  homaloids  Nin,  of  successive  grades  of  normality,  can 
be  changed  so  as  to  become  expressible  in  terms  of  the  direction-cosines  of 
the  principal  lines. 

The  equations  of  the  contact  homaloid  Tm,  with  m-fold  contact  and  of 
m  dimensions,  are 

=  0, 

(W- 

)2   i       i          (ljn)i 

being  a  set  of  n  —  m  independent  equations.    The  n  —  m  equations  of  the 
same  contact  homaloid  Tm  with  ra-fold  contact  can  also  be  taken  in  the  form 

S{(Jr-fl;r)(Zwf2)r)=0 

S{(3,-*r)lMrJ         =0, 

Both  forms  arc  valid  for  the  values  in  =  1,  2,  . .. ,  n  —  1. 

The  equations  of  the  normal  homaloid  N1llt  with  ra-fold  normality  and  of 
n  —  in  dimensions,  are 

and  these  equations  can  be  expressed  in  the  equivalent  form 

(C+a)z   i 


The  coordinates  of  any  point  Q  in  the  contact  homaloid  Tm  are  expressible 
in  the  form 


for  r  =  1,  2,  ...,  n,  where  Jlf  <2,  ••-,  *mi  are  m  parameters  for  the  homaloid 
and  manifestly  represent  the  projections  of  the  distance  QP  upon  the  first 
m  principal  lines,  these  being  the  guiding  lines  of  that  contact  homaloid. 


348  PRIMARY  HOMALOID  AS  THE  [CH.  XI 

Similarly,  the  coordinates  of  any  point  K  in  the  normal  homaloid  Nm  are 
expressible  in  the  form 


for  r=l,  2,  ...,  n,  where  0™+!,  0m+*,  ...,  0n  are  n-m  parameters  for  the 
homaloid  and  manifestly  represent  the  projections  of  the  distance  KCm  upon 
the  last  n  —  m  principal  lines,  these  being  taken  as  the  guiding  lines  of  that 
normal  homaloid. 

A  homaloid  ofn  —  I  dimensions,  involving  one  parameter, 
as  the  fundamental  element  for  a  curve. 

202.    Finally,  as  for  three-dimensional  space  and  for  four-dimensional 
space,  it  is  possible  to  take  a  homaloid  of  n  —  1  dimensions*  as  the  fundamental 
element  for  a  skew  curve  in  n-ditnensional  hornaloidal  space!  provided  its 
equation  involves  a  single  parameter  t.   As  in  §180  for  a  skew  curve  11 
quadruple  space,  we  work  back  from  the  given  (n  —  l)-fold  homaloidal  am 
plitude  as  the  osculating  contact  homaloid  Tn^  of  the  curve,  and  a  poin 
on  the  curve,  which  is  the  edge  of  regression  on  the  (n-l)-fold  amplitudi 
enveloping  that  given  contact  homaloid  Tn-i,  is  determined  as  the  inter 
section  of  n  consecutive  homaloids  rn_i.    The  following  are  the  successiv< 
stages. 

The  homaloid  of  n  —  1  dimensions  fa  the  ?i-fold  space  is  represented  by 
an  equation 


If  the  quantities  Lr  in  this  equation  are  not  direction-cosines,  we  divide  the 
equation  throughout  by  (SLra)*  ;  we  write 


and  the  equation  becomes 


which,  in  accordance  with  the  propounded  notation,  can  be  written 


The  equation  of  this  homaloid  of  n  —  1  dimensions  is  to  involve  a  single 
parameter  :  the  parameter  will  be  denoted  by  t. 
Let 


so  that  ai  is  a  known  function  of  t  :  let 

dln 

- 


*  Hereafter  (§422)  called  primary. 
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that  is,  we  take 


for  r  =  1,  .  .  .  ,  n  :  and  let 

Then  the  second  equation  is 

and  the  quantities  2n_i  are  such  that 

2t-,«-l 

Next,  let 


so  that  cr2  is  a  known  function  of  t  ;  we  take 


dt 

and  then  the  third  equation  is 
where 


And  so  on,  in  succession.   At  the  last  stage  but  one,  giving  the  (n  —  l)th 
equation,  we  have 


Let 
we  take 

and  then  the  nth  equation,  being  the  last  in  the  sequence,  is 
while 


The  lines  ^w,  that  is,  (Jm)i,  (W2,  •--,  (Wn,  for  m  =  l,  ...,  n,  form  an  ortho- 
gonal system  :  and  so 


for  r  =.lf  .  .  .  ,  n  :  hence 
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and  therefore 

*-I. 

Ttt  -'•«-i- 
There  now  are  n  equations,  viz. 


which,  together,  represent  n  successive  contact-  homaloids  of  the  edge  of 
regression.  Their  common  point  of  intersection  is  a  point  on  that  edge  •  its 
coordinates  are  given  by 


for  r=  1,  ...,  n. 


The  curvatures  of  the  curve,  thus  derived. 


203.  Let  s  be  an  arc  of  this  curve,  the  edge  of  regression  of  the  develop- 
able amplitude  which  envelopes  TV-i  and  arises  as  the  £-ehminant  of  the  two 
equations 

2/naf  =  pn  ,     2  Jn-i^  =  Pn-i  : 
and  write 


Now  the  direction-cosines  of  the  tangent  to  the   edge  of  regression   are 
i,  (Ji)a,  .-.,  (li)n-  and  they  also  arc 


~ds~'     rf7'    •"'    ~ds  ' 

that  is,  they  are 

1  ctei      1  :d*2  1  d£n 

~6  di'     0  dt  '    '"'   6  dt  ' 

Hence 


Now,  from  the  final  equation 

2/i  SB  =pl§ 
we  have 

^,  dx     v_d/j     rfpt 

StA+S*A"«' 
that  is, 

0  +  a^i*lt*  =  te, 
so  that 
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These  results  implicitly  contain  the  values  of  the  curvatures  of  tilt  of 
the  curve.   The  successive  sets  of  direction-cosines  are  given  6y  the  relations 

dl»  a  I 

dt      =  "    ln~1' 

dln-i         . 


dt 


*  a  I 

dt  -«—<•- 

dl*  „   I   „   I 

~di  -••-•••-•-I't 


hence 

1  ,  ,        .  I     dln  dln 


ln-i  ln  ln_2 

i_     —  _  » 

ds        pn-i      /oH_2 

^n-2  _  'u-1          'n-3 
-£-    -  —  -  —  , 


l  dlt  -  dlt  -k       li 
0  di  -  -fo-p2  -  P1' 

1        ,  1   dli    _  dli       1  . 

6ttn-lt*  °6   dt    ~   Ts   -£'•' 

Consequently  the  successive  curvatures  of  tilt  arc  given  by  the  equations 


Pl  p2  Pu-2  Pn-1 

The  successive  radii  of  the  orbiculatc  amplitudes  of  successive  degrees  of 
contact  are  derived  from  these  curvatures  of  tilt.   Thus,  as 

ad--± 

ds~df 
we  have 


Therefore 

\d     6 


and  similarly  for  the  quantities  Rt)  ...,  -K,i-i,  in  succession. 


CHAPTER  XII. 
SURFACES  IN  HOMALOIDAL  QUADRUPLE  SPACE. 

Analytical  representation  of  surfaces. 

204.  We  pass  to  the  consideration  of  surfaces  in  quadruple  space,  which 
have  been  defined  as  amplitudes  of  two  dimensions  in  that  space.  We 
now  consider  only  such  amplitudes  as  are  not  homaloidal. 

There  are  various  forms  of  data  by  which  a  surface  can  be  represented 
analytically. 

A  surface  may  be  regarded  as  the  range  common  to  two  regions  which  are 
represented  by  two  equations 

®  (xt  y,  zt  v)  =  0,     ^>(ar,  y,  z,  v)  =  0. 

In  this  form  of  expression  there  is  a  disadvantage,  analogous  to  that  which 
occurs  when  a  skew  curve  in  three  dimensions  is  represented  as  the  inter- 
section of  two  surfaces  expressed  by  thgir  equations.  The  disadvantage  arises 
from  the  possibility  (which  frequently  also  is  fact)  that  the  skew  curve  in 
triple  space  and  our  two-dimensional  amplitude  in  quadruple  space  do  not 
represent  the  whole  of  the  amplitude  of  intersection ;  e.g.  the  whole  of  that 
amplitude  of  intersection  may  consist  of  two.  or  of  more  than  two,  portions 
which  are  not  geometrically  continuous  with  one  another. 

A  surface  may  be  represented  by  means  of  equations  which  express  the 
coordinates  of  any  point  in  the  surface  in  terms  of  two  independent  parameters, 
in  a  form 

x  =  x(p,q\     y  =  y(p,q),     e  =  z(p,q),     v  =  v(ptq\ 

as  in  Gauss's  geometry  of  surfaces  in  triple  space.  When  this  form  is  given, 
it  is  always  possible  to  derive  a  partial  representation  of  the  surface  in  the 
preceding  form :  because  it  is  always  possible  to  eliminate  p  and  q  between 
these  equations,  and  thus  to  obtain  two  equations 

f(x,  y,  z)  =  0,     g  (xt  yt  v)  =  0, 

independent  of  one  another.  This  deduced  representation  suffers  from  another 
kind  of  disadvantage.  The  equation  f(x,  y,  z)  =  0  is  derived  without  regard 
to  the  value  of  v,  and  is  the  projection  of  the  surface  into  a  flat  parallel 
to  v  =  0 :  while,  similarly,  the  equation  g  (x,  y,v)  =  Q  is  derived  without  regard 
to  the  value  of  z,  and  is  the  projection  of  the  surface  into  a  flat  parallel  to 
z  =  0.  Each  of  these  projections  in  itself  suppresses  curvature  properties 
'of  the  surface. 
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There  is  yet  a  third  mode  of  representing  a  surface  it  may  be  an  amplitude 
within  a  region.  The  region  is  denned  by  coordinates  expressible  in  terms  of 
three  parameters  pt  q}  r,  independent  of  one  another,  m  forms 


x  =  n(p,  q,r),     y  =  y(p,q,r)t     2  =  2(p,q,r\     v  =  v(p,q,r): 

the  amplitude  is  defined  by  a  functional  relation  0(p,  q,r)  =  Q.  If  the 
essential  character  of  such  a  representation  is  to  be  used,  a  prior  knowledge 
of  the  properties  of  the  containing  region  is  both  desirable  and  necessary  : 
while,  if  the  former  two-parameter  representation  is  initially  propounded, 
we  are  not  in  a  position  to  determine  an  appropriate  region  containing  the 
surface.  Surfaces  organically  connected  with  the  region  will,  of  course,  occiir: 
they  belong  to  a  different  lange  of  enquiry. 

Now,  when  a  surface  is  given  in  free  space  without  any  of  the  intrinsic 
restrictions  of  a  containing  region,  itself  enclosed  in  that  apace,  all  external 
measurements  have  to  be  made  relative  solely  to  the  tangential  or  normal 
homaloids  of  various  types  —  line,  plane,  flat.  When  a  surface  is  given  in 
a  region,  itself  enclosed  in  the  quadruple  space,  the  external  measurements 
arc  of  two  categories.  The  first  of  these  includes  measurements  made 
relative  solely  to  the  enclosing  region  or  its  organic  elements  ;  the  second 
category  includes  those  which  may  belong  to  the  quadruple  space  and  are 
affected,  directly  or  indirectly,  by  the  properties  of  the  region  itself  relative 
to  the  space.  Thus  the  intrinsic  properties  of  a  surface  in  free  space  are  less 
detailed  than  those  of  a  surface  as  a  configuration  in  a  region. 

Here  it  may  be  remarked  initially,  and  it  will  appear  abundantly  in  the 
course  of  investigations,  that,  in  any  amplitude  of  more  than  one  dimension, 
the  geodesies  in  the  amplitude  (and  also  geodesies  in  any  containing  amplitude 
of  more  dimensions)  are  of  fundamental  importance  In  fact,  to  all  such 
amplitudes,  geodesies  bear  a  relation  ,is  fully  organic  as  is  borne  by  straight 
lines  to  homaloidal  space  in  which,  indeed,  they  sire  the  geodesies. 

Thus  the  discussion  of  a  surface  in  a  region  must  be  deferred  until 
the  intrinsic  geometry  of  the  region  itself  has  been  considered.  We  shall 
accordingly  proceed  to  the  consideration  of  a  surface,  propounded  solely  as 
a  configuration  in  free  space. 

The  coordinates  of  a  point  oil  a  surface  are  therefore  expressible,  for  our 
purpose,  in  terms  of  two  parameters  p  and  q.  Much  of  the  initial  analysis  in 
the  Gauss  theory  of  surfaces  appears  to  recur  formally.  It  must  be  re- 
membered that  the  Gauss  surfaces  exist  in  hoinaloidal  triple  space  and 
possess  properties  which  are  related  to  that  spatial  existence  ;  indeed,  these 
properties  (such  as  the  customary  measure  of  curvature  of  a  surface)  are 
actually  established  by  essential  dependence  upon  the  three-coordinate  re- 
presentation of  a  surface-point  in  the  hoinaloidal  space.  The  surfaces  now 
to  be  considered  exist  m  hoinaloidal  quadruple  space.  The  properties  to  be* 

P.O.  23 
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deduced  are  established  through  their  existence  in  that  space  ;  and  though  a 
number  of  analytical  results  will  be  found  to  have  the  same  formal  expression 
for  quadruple  space  as  for  triple  space,  it  is  not  to  be  assumed  that  we  can 
ignore  the  kind  of  homaloidal  space  in  which  the  surface  exists.  Nevertheless, 
for  the  sake  of  comparison,  there  is  convenience  in  using  the  same  symbol  for 
the  same  kind  of  magnitude  wherever  this  may  be  possible. 

Primary  magnitudes. 

205.  Derivatives  of  the  variables  x,  y,  z,  v,  with  regard  to  p  will  be 
denoted  by  a  suffix,  such  as  in  xlt  ylt  zlt  v1}  xn,  and  the  like:  derivatives 
with  regard  to  q  by  a  different  suffix,  such  as  in  #a,  yZt  z*,  vz,  x22,  and  the 
like:  and  derivatives  with  regard  to  p  and  q  by  a  combination  of  these 
suffixes,  such  as  in  x12t  yl2t  zn,  vla.  Certain  combinations  of  these  derivatives 
occur  :  the  most  frequent  are 


where  the  sign  X  of  summation  denotes  summation  over  the  four  variables 
#,  y,  zt  v.   Also,  it  is  convenient  to  use  a  quantity  Vt  where 

V*  =  EG-  F*  =  *(«kW  -  2/i  *2)2, 
the  positive  root  of  V2  being  selected  as  the  value  of  V. 

The  locus  on  the  surface,  represented  by  q  =  constant,  is  a  curve  along 
which  p  is  parametric  :  and  the  locus,  represented  by  p  =  constant,  is  a  curve 
along  which  q  is  parametric.  On  the  surface,  there  are  the  two  families  of 
curves,  q  =  constant,  p  =  constant. 

The  element  of  arc  ds,  measured  in  the  surface  existing  in  the  homaloidal 
quadruple  space,  is  given  by 


Thus  the  element  of  arc  along  the  curve  q  =  constant  is  E^dp  :  the  element 
of  arc  along  the  curve  p  =  constant  is  G^dq. 

The  direction  of  the  tangent  along  the  curve  q  =  constant  is  given  by 
x±dp,  y\dpt  Zidp,  Vidp}  thus  the  direction-cosines  of  the  tangent  to  that 
curve  are 


Similarly,  the  direction-cosines  of  the  tangent  to  the  curve  p  =  constant  at 
any  point  are 
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Let  QI  denote  the  angle  between  the  tangents  to  the  curves 
p  =  constant,  passing  through  any  point:  then  (§  19) 
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=  constant, 


cos  QI  = 
and  therefore 


The  expression  for  ds2  must  be  unaltered  in  value  by  a  change  of  para- 
meters, so  that  ds2  is  a  covariant  :  thus 

Edp*  +  ZFdpdq  +  Gdq2  =  E'dp'z  +  Wdp'dq'  +  0'dg'2. 
It  possesses  one  invariant  :  we  have,  in  fact, 

E'G'  -  F'2  =  (EG  -  F2)  ir  (  -P;-^)JZ  , 

where  J  cannot  vanish  so  long  as  the  parameters  remain  independent. 


Inclinations  of  directions  on  surfaces. 

206.    The  following  results  are   easily  established;    they  arc  placed  on 
record  for  subsequent  use. 

v\ 

(\)    When  a  direction  OA  on  the  surface  is  re- 
presented by  p'  and  q',  where 

Ep'z  +  2Fp'q'  +  Gq'2  =  1,  ^         —  —  A 

the  angles  <£  and  -fy  which  it  makes  with  the  para- 
metric  curves  in  the  figure  (Op,  for  p  —  constant,  and 
Oq,  for  q  =  constant)  are  given  by  Fl8<  19' 

E*  cos  (f>=Ep'+  Fq',     E*  sm  4>  =  Vq'  \ 
0*  cos  ^  =  Fp'+  Gqt     0*  sin  ^r  =  Vp'  J  ' 
with  the  necessary  relation  <f)  +  ifr  =  ta. 

(2)  When  the  curve  OA  is  represented  by  an  equation  0(p,  g)  =  c,  where 
c  is  parametric,  then 

so  that 


and  now 


Ed*  - 
cos  ifr 


0  __  sin0  _ 
"  " 


sn  - 


23—2 
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The  angle  at  which  two  curves  on  the  surface  0(pt  q)  =  c,  ^  (p,  q)  =  k,  cut 
at  a  point  of  intersection,  c  and  k  being  parametric,  is  given  by 

cos  x  _          sm  X 

-  F  (02*!  +  0A)  +  G0!*!  "  V\6&i  ~Bftd 

- 


(3)  Any  direction  in  the  plane 


—  x,    y  —  y,    z  —  z,    v  —  v 


0, 


#1  »       2/i  •       ^i  ,       Vi 
#a  ,        2/2  ,       *a  ,       ^2 

through  the  point  0  and  containing  the  tangents  at  0  to  the  parametric 
lines  at  0,  is  given  by  the  direction-cosines 


where 

f 

When  this  direction  /,  m,  n,  k,  is  that  of  the  tangent  at  0  to  the  curve  OA 
in  the  foregoing  figure,  X  and  p  satisfy  equations 

=  E*  cos  £,     V\  =  G  *  sin  -^, 


=  6r  cos  ^,     F/i  =  ^   sin  <£, 
with  the  relation  0  +  i/r  =  o>. 

(4)   The  angle  8  between  two  directions  pi  and  qj,  pz'  and  ga',  is  given  by 
cos  8  sin  fi 


with  a  convention  as  to  the  positive  direction  for  measurement  of  8. 
The  angle  8  between  two  directions  given  by  an  equation 


is  given  by 

cos  8  sin  8 


where 

/  =  (EC  -  2FB  +  OA  )a  -  4  (EG  -  F2)  (AC  -  fl2). 

(5)  The  angles  fi  and  7,  which  a  direction  P'  and  Q'  makes  with  the  two 
directions  given  by  an  equation 


207] 
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ri       -         _A(FP'+GQ'Y-2B(EP'+FQ')(FP'+GQ')  +  C(EP' 
i   cos  p  cosy-  '*  ''* 


7*sin(/3+7)  = 


are  given  by  the  equation 

AP'+BQ't    BP'+CQ' 

EP'  +  FQ1,    FP'  +  GQ' 
these  two  directions  being  perpendicular  to  one  another.    Thus  the  directions 
bisecting  the  angles  between  the  curves  of  reference  are  given  by  the  equation 


2F  EP'  +  FQ',    FP'+GQ' 

'+GQ*     AP'+BQ,    BP'+CQ[ 
(6)   The  directions  of  the  lines  bisecting  the  angles  between  directions 


0, 


Derivatives  of  the  primary  magnitudes. 

207.  The  quantities  E,  F,  G,  occurring  in  the  expression  for  the  element 
of  arc  on  the  surface,  are  the  primary  magnitudes  of  the  surface :  they  involve 
the  first  derivatives  (and  only  the  first  derivatives)  of  the  four  coordinates 
x,  y,  z,  v,  with  regard  to  the  parameters  p  and  q.  Subsequent  investigations 
demand  the  use  of  certain  magnitudes  derived  from  E,  F,  G ,  and  they  require 
also  some  relations  among  these  derived  magnitudes.  For  the  purpose  of 
comparison  with  the  Gauss  theory  of  surfaces  in  homaloidal  triple  space,  the 
Gauss  notation  for  the  most  part  is  adopted:  but,  here,  the  magnitudes  are 
concerned  with  amplitudes  which  occur  in  homaloidal  quadruple  space,  and 
thus  they  implicitly  involve  the  four  coordinates  of  a  point  in  that  space, 
though  variation  is  restricted  to  the  two-fold  dimensional  surface. 

We  write 

i  A\ ,     a'  =  Sffiau  =  i  Ez ,     a." 


'  =-cfF+p'E 


and  define  six  quantities  Yt  T',  F";  A,  A',  A";  by  the  relations 
=  aG  -0F  \ 

so  that,  reciprocally, 

a^^r+^A'   1, 
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Ex.   Verify  the,  relations,  mvanantive  in  form  : 


-  F2  (El"2  +  2*V  A' 
-  F  (off'  +  /So")  +  Gm"  =  V  a  {  Err"  +  ^  (PA"  +  ar")  +  (?  A  A"}, 

-  F(a'p"  +  W)  -r  (^a'a"  =  H  {^TT"  +  /'(r'A"  +  AT")  +  0A'A"}, 


We  have,  at  once, 
and  therefore 

Again,  we  have 
and  therefore 


leading  to  a  relation 

i  {(A2  +  AT  +  A"A)  -  (A,'+  F'A  +  A'*)j  --  p  {(r,  +  T"A)  -  (IY+  F'A')}  =7i"( 

where,   momentarily,   K'  denotes    the   common  value   of   the    expressions. 
Similarly,  from  the  two  equations 

JT'+  GA'=  ff=  $Glt    FT"+  GA'^/3"-  iffa, 
we  are  led  to  a  relation 

-iKV+F'AM^+AT')]^ 

K"  similarly  denoting  the  common  value  of  the  expressions.   The  relation 

r,+A,'-iY+v 

then  leads  to  the  property 

K'=K", 

or,  denoting  the  common  value  of  K'  and  K"  by  Kt  we  have 
(Aa  +  AT   +  A"A)  -  (A/  +  T'A  +  A'2)  =     EK 

(ra  H-r'^-crx'+r'A7)       =-FK 

(A^  +  r'AJ-CAa'  +  AT')   •        =-FK 

(r^+r'A^H-  rr/')-(r2/+r/A//+r/2)=    GK 

the  significance  of  K  being  deferred  for  the  present. 

Proceeding  similarly  from  the  relations 

Er'  +  FX+Fr+Gb  =  a!  +  0  =  F1,    £F'+  J?A"+Fr/+0A'=a//+/3/i=  F2, 
we  are  led  to  a  relation  which  is  satisfied  identically  in  virtue  of  the  results 
already  established. 
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Finally  for  the  present,  we  have 


on  substituting  for  a   and  a",  and  for  ff  and  /8",  and  using  the  relations 
already  established,  we  find 


")  +  GAA"J. 

As  yet,  no  significance  has  been  attached  to  K.  The  relation,  in  form,  is  the 
same  as  the  Gauss  characteristic  equation  for  surfaces  in  homaloidal  triple 
space;  in  that  space,  K  denotes  the  Gauss  measure  of  superficial  curvature. 

It  may  be  pointed  out  that,  in  quadruple  space,  as  in  triple  space,  because 

or  because 

wt1  nave 

\  (EZ2  - 

In  triple  space,  the  summation  2  extends  over  the  three  coordinates  xtytz\ 
in  quadruple  space,  it  extends  over  the  four  coordinates  *,  y,  z,  v.  For  a 
surface  in  a  homaloidal  space  of  11  dimensions,  with  the  correspondingly 
extended  significance  of  Et  Ft  Gt  the  same  relation  holds,  the  summation 
extending  over  the  n  coordinates  specifying  the  position  of  a  point  in  the 
space. 

Some  relations  involving  third-order  derivatives  of  the  point-coordinates. 

208.  Certain  relations,  not  complete  in  ultimate  significance,  can  be 
deduced  affecting  derivatives  of  the  third  order.  Hereafter,  some  combina- 
tions affecting  derivatives  of  only  the  second  order,  will  arise  in  the  forms 

a  =  W     -  {£P2  +  2JTA  +  GA2}, 

11=2^*12-  [#rr  -i-  ^(rA'+  AF")  +  OAA'J, 

g  =  S-Zna-w  -  {ETT"  +  JXFA"  +  AF")  +  <?AA"}, 
b  =  £j12a     -  {JST'Z  +  2/T'A'  +  GA'2}, 
f  =  2*i2*22  -  {ETT"  +  F(r&"  +  AT")  +  GA'A"}, 
c  =  2*22a     -  [Er"*  +  2JT"A"  +  GA'/2}. 

The  indicated  relations  affecting  the  derivatives  of  x,  y,  zt  v,  of  the  third 
order  occur  as  follows.  Differentiating 


with  respect  to  pt  we  have 

Sail2  =  ^T!  +  ^A!  +  TEl 

2r  (Er  +  ^A)  +  A  (^r  +  GA  +  ^r'  + 
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and  therefore 


We  proceed  similarly,  differentiating  the  six  quantities  a,  a',  a",  /3,  fi,  /9", 
with  respect  to  p  and  to  q  separately.  The  full  aggregate  of  results,  in 
addition  to  the  preceding  result,  is  as  follows  : 

2ffzalu  +  h  =  F(r±  +  F2  +  AF')  +  £(A!  +  FA  +  AA'), 
from  the  value  of  fa  ;  there  are  two  results 

S^arm+h-tf  (P.  +IT"+  AF")  +  .F(A2  +  FA'  +  A  A"), 

=  E  (IV  +  FT  +  AT'  )  +  F(  A/  +  F'A  .+  A'2), 
arising  from  er2  and  or/  respectively;  there  are  two  results 

^(F2  +  IT'  +  AF")  +  G  (A2  +  FA'  +  AA"), 
U2  +  b  =  F(IY  +  FT  +  AT')  +  G  (A/  +  PA  +  A'2), 
arising  from  fa  and  fa'  respectively  ;  there  are  two  results 

=  ^(iV  +  r'T  +  A'T")  +  ^(A^  +  r"A  +  A"A'), 

+  b  =  ^(r2'  +  r/2    +  AT")  +  ^(A2'  +  T'A'  +  A'  A"), 
arising  from  a/'  and  a2'  respectively  ;  there  are  two  results 

S*2*122  +  f=^(r2/  -hF2    +AT")  +  C?(A2'  +T'A'  +  A'A"), 

=j?7(r1//  +  r'T  +  A'r)  4-  G  w  +  r"A  +  A^A'X 

arising  from  /32'  and  fa"  respectively  ,  there  is  thu  result 

2ff,tf222  +  f  =  E  (IV  +  T'T'  +  A'T")  +  ^(A2"  +  r"A'  +  A"2), 
arising  from  a2"  ;  and  there  is  the  result 

Sff2*222  +  c  =  Jxr2"  +  r'T'  +  A'T")  +  G  (A2"  +  r"A'  +  A"Z), 

arising  from  fa". 

The  two  expressions  for  2*i*n2  +  h  are  equivalent  to  one  another,  owing 
to  the  relations  in  §  207;  likewise  the  two  expressions  for  2*2*i22  +  f-  In 
virtue  of  the  same  relations,  the  two  expressions  for  2*2*n2  are  equivalent 
to  one  another;  and  the  two  expressions  for  2^i«i22  also  lire  equivalent  to  one 
another,  in  virtue  of  a  single  relation 


where  K  has  the  same  (still  unspecified)  significance  as  before. 

Tangent  plane  •  orthogonal  plane. 

209.  The  equations  of  the  tangent  plane  at  any  point  0  of  the  surface 
are  derived  at  once  from  the  property  that  it  is  the  locus  of  the  tangent  to 
any  curve  on  the  surface  passing  through  0.  For  any  such  curve,  the  direc- 
tion-cosines of  the  tangent  are 

a  =  XIP'  +  *ag'i   y'  =  y\ 
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whatever  be  the  definition  of  the  curve ;  and  thus  the  tangent  to  the  curve 
is  given  by  the  equations 

x  —  x      17  —  u     z  —  z      v  —  v        ^ 
^  y_ 3_ . ^  _  ry 

X*  y  Z1  V      '          ' 

so  that,  along  the  tangent, 

/a     y-y  = 
v  —  v  = 


Consequently,  the  whole  line  for  given  values  of  p  and  q',  and  all  lines  for 
different  values  of  p  and  q,  lie  in  the  plane 


which  accordingly  are  the  equations  of  the  tangent  plane.  The  guiding  lines, 
in  "  this  form  of  equation,  are  the  tangents  to  the  parametric  curves 
through  0. 

Any  direction  lying  in  this  plane  is  given  by  direction-cosines 

/  =  \zi  +  fir*  ,     w  =  \y!  +  py2  ,     u  =  \zi  +  fizz  ,     k 
where 


Any  point  in  this  tangent  plane  is 

&  —  x  =  rxi  +  tx2,     y  —  y  =  7-1/!  +  ti/2  ,     z  —  z  —  rz^  +  tzz,     v  —  v  = 

where  ?•  and  t  are  parameters  in  the  plane  ,  and  the  point  can  be  reached  in 
the  plane  by  measuring  a  length  rE^  along  the  tangent  to  q  =  constant,  a 
length  tG$  along  the  tangent  to  p  =  constant,  and  completing  the  parallelo- 
gram of  which  these  two  lengths  are  adjacent  sides 

When  the  surface  is  given  as  the  amplitude  common  to  the  two  regions 
0  (x,  y,  zt  v)  =  0  and  Q>  (x,  y,  zt  v)  =  0,  we  have  0  =  0  and  4>  =  0  as  identities 
when  the  parametric  values  of  x,  yt  z,  v,  are  substituted.  Hence 


and  therefore 

3ft  3fb 

=  0. 


Consequently  the  coordinates  of  every  point  in  the  tangent  plane  at  the 
point  x,  y,  z,  v,  satisfy  the  two  equations 

2(7-^)^  =  0,     2(3-»)?£-0. 
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These  equation^  are,  in  fact,  the  equations  of  the  tangent  plane ;  and  they 
represent  the  tangent  plane  as  the  intersection  of  the  two  flats  which 
respectively  are  tangential  to  the  two  regions  0  =  0  and  4>  =  0  defining  the 
surface. 

The  plane  through  the  point  0,  orthogonal  to  the  tangent  plane  to  the 
surface,  has  for  its  equations 

(§67)  when  its  orthogonality  to  the  tangent  plane  is  to  be  in  evidence  in 
relation  to  the  equations 

=  0; 


5;  —  xt     y  — 


—  zt     v  —  v 


and  it  has 


c-x,    y-y,    z-z,    v-v 
9©         9©        9©        9© 


dy  ' 


Bv 


for  an  equivalent  form  of  equations.  *  (See  also  §  217.)    The  latter  form 
shews  that  any  direction,  with  direction-cosines 

9©       9<I>      %  90        94>        9©        9^>      %  90        93> 

X-r—  +  11^-,        A,  -5—  +  //,-=—  ,        A,  -=—  +  ^    -      ,       X^r—  +  U^-, 

tix     ^  ox          oy         oy          dz          oz          9u         ov 
is  perpendicular  to  the  tangent  plane. 

Ex.   Later,  we  shall  require  a  direction,  which  lies  in  the  tangent  plane  and  is  perpen- 
dicular to  a  direction  4/,  y',  z',  i/,  in  that  plane,  where 

af  =  Xij/  +  Xi<fi    y1 
Let  it  be  denoted  by  X,  /*,  v,  K,  where 


The  condition  of  perpendicularity  of  the  two  directions  is 

2X^=0, 
that  is, 


1 


P' 


Hence 

using  p  to  express  the  common  value.   But 
and  therefore 


Q' 


p*  =  E  (Fp1 
-  (EG  - 
<>  D  that  we  may  take 


-  2F  (Ep1  +  Fj)  (Fpr  +  Gq')  +  G  (Ep1  +  F<ft* 
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Hence  the  required  direction  in  the  tangent  plane,  perpendicular  to  thc(direction  p'  and  q\ 
is  given  by 


Normal  plane,  and  normal  section,  through  a  direction. 
210.  Although,  at  any  point  in  a  plane,  there  is  no  unique  direction 
perpendicular  to  the  plane,  (for  the  locus  of  the  perpendicular  directions 
through  such  a  point  is  the  orthogonal  plane),  there  is  a  unique  perpendicular 
from  an  external  point  to  a  plane.  It  is  the  minimum  distance  of  the 
external  point  from  the  plane;  it  also  is  the  one  line  which,  among  all  those 
in  a  direction  perpendicular  to  the  plane,  actually  intersects  the  plane.  We 
proceed  to  obtain  this  perpendicular  on  the  tangent  plane. 

"  Let  Q  be  a  point  f  ,  17,  f,  v,  on  the  surface  in  the  near  vicinity  of  0.  From 
Q  let  the  perpendicular  be  drawn  to  the  tangent  plane  at  0,  this  perpen- 
dicular^ being  of  length  D  and  having  direction-cosines  Z,  m,  n,  k,  measured 
from  X,  F,  Z,  V,  its  foot  in  the  plane,  towards  Q.  Thus 


As  the  point  X,  F,  Zt  Vt  lies  in  the  tangent  plane  at  0,  there  are  parameters 
X  and  fi  such  that 


y2,     Z-  z  =  \z±  +  ILZI>      V-  v 

and,  in  connection  with  the  perpendicular  from  Q,  the  particular  values  of  \ 
and  p  are  determined  so  that  the  quantity 


is  a  minimum  for  all  values  of  X  and  fi.    The  conditions,  necessary  and 
sufficient  to  secure  the  minimum,  are 


ax'   -^-    ax*->    a^>    ax-  ^ 

The  last  three  of  these  equations  become 

E>0,     G>0,     EG-F*>0, 
all  of  which  are  satisfied.   The  first  two  of  the  conditions  become 


which  are  two  equations  for  the  specific  determination  of  X  and 
These  two  equations  can  be  written  in  the  form 


and  therefore 
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with  the  further, inference  that,  whatever  be  the  tangential  direction  xf,  y't  z1 1  v', 


Thus  the  direction  of  the  perpendicular  from  Q  on  the  tangent  plane  is  (as 
always  with  the  perpendicular  to  a  plane)  at  right  angles  to  every  direction 
in  that  plane. 

Take  the  plane  through  0,  rendered  determinate  by  this  direction  I,  m,  n,  k, 
and  by  the  tangent  x\  y\  z1,  v,  as  guiding  lines ;  its  equations  are 
x  -x,     y-y,    z-zt     v  -  v  '  =  0, 

'  J         I  *         1  V 

I     ,       m.  ,  n    t  k 
while  those  of  the  tangent  plane  are 

a  —  as,     y  —  y,  z  —  z,  v  —  v  '  =  0. 

xi  i        2/1   i  Zi  ,  Vi 

The  two  planes  are  not  orthogonal  to  one  another,  but  they  are  perpendiculai 
for,  with  the  notation  used  in  §  99,  we  have 

cos  013  =  ET±  (Epf  +  Fq'\    cos  0U  =  G-*  (Fp'  +  Gq\ 

COS  023  =  0  10S  024  =  0 

so  that  the  relation 

COS  013  COS  024  -  COS  0M  COS  0M  =  0 

is  satisfied,  while  not  all  the  four  cosines  vanish.  Accordingly,  we  call  this 
plane  through  QO  and  the  tangent,  a  normal  plane :  and  its  curve  of  section 
on  the  surface  we  call  a  normal  section  of  the  surface.  Moreover,  the  tangent 
plane  and  the  normal  plane  both  contain  the  tangent  to  the  normal  section, 
which  therefore  is  a  line  of  intersection  of  the  planes ;  consequently  both 
planes  exist  in  one  and  the  same  flat,  and  the  equation  of  the  flat  is 
£  —  ff,  y  —  y,  z  —  z,  v  —  v  =0 


#2  ,        2/2  > 
I    ,        m   , 


*'z 

k 


Perpendicular  from  a  neighbouring  point  upon  the  tangent  plane; 
curvature  of  normal  section. 

211.  Again,  the  two  equations  for  the  determination  of  \  and  p,  can  be 
taken  in  the  form 


and  therefore  X  and  p  are  determinable  in  the  form 

-a)),     FV  =  2  ((- 


This  appears  also  from  the  fact  that  the  line  x',  y',  z',  v',  lies  in  both  planes,  BO  that  they 
cannot  be  orthogonal. 
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Now  let  8  denote  the  arc- distance  OQ  measured  in  the  surface  along  the 
normal  section  through  0  and  Q ;  we  have 


where  the  quantities  x",  y",  z"t  v"t  ...   are    magnitudes  belonging  to  the 
curve  of  normal  section.    We  have 

hence 

2  [(&X  -  FxJ  x'}  =  Vzp',     2  {(-  Fxl  +  Exz)  x'\  =  Vzq, 

and  therefore 

1  $&  i    £3 

A»  ^~  J)  Q  ^S  —    ~-mrn  M    |(         LFi/Ji  ^~  Jf  £9)  X     \  ^T  —    "Tri  **  1\  tfJ/f  ^~  £  Xn)  X       |    "H    •  >  •  i 

1     g2  1     g3 

2  F2  ** l        ' x  6  K2  "* l 
Along  any  curve  lying  in  the  surface, 

x"  =  scip"  +  0-27"  +  fl?nja'3  +  Ixvip' 
with  corresponding  expressions  fur  y",  z",  y" ;  hence 


and  therefore 


S  !(-  ^  +  Ex2)  x"}  =  (q" 
on  substitution  and  reduction.   Thus  the  expressions  for  X  and  /t  become 

^  =p's  +  \(i>"  +  r/2  +  2PPY  +  rYz)  sz  +  -J  {U  K  G^  -  ^)  *'")  +  - 

M  =  9'S  +    (q"  +  V2  +  2  A'pY  +  A'Y2)  S2  +        z  2  ((-  .F*,  +  £^)  ^'"]  +  .  .  . 


With  these  values,  we  have 
£  —  JT  =  f  —  a:  —  Vex  —  /ia;g  . 

=  as'S  +  JaTS1  +  Ja;'"83  +  .  .  .  -  (X 

"  -  *,  (  P"  +  rp'*  +  zr'p'q'  +  r  Y») 

-  a:t  (q"  +  Ap'"  +  2  A'pY  +  A'  Y")}  +  .  .  . 
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where  the  unspecified  terms  involve  third  and  higher  powers  of  8.  Also 
we  have  _ 

£-X  =  lD, 

and  so  for  the  other  variables.  Hence,  for  sufficiently  small  values  of  8  that 
allow  powers  of  8  higher  than  the  second  to  be  regarded  as  negligible 
compared  with  8,  we  have 


with  similar  expressions  for  m,  n,  k,  thus  giving  expressions  for  the  direction- 
cosines  I,  m,  n,  k,  of  the  perpendicular  from  Q  on  the  tangent  plane  at  0. 
Also,  for  X,  7,  Z,  V,  the  foot  of  this  perpendicular  (say  the  point  N)  on  the 
plane,  we  have  _ 

Z-*-f-«-(f-JT) 

=  t-x-lDt 

and  similarly  for  Y  —  y,Z  —  zt  V—v\  hence,  taking  x't  y't  z\  v't  to  be  ,the 
tangent  in  the  normal  section,  we  have 

ON  =  projection  of  OQ  on  the  tangent 
=  2  (X  -  x)  x1 


/        1        fl 

\*        '     I  '  .5        I  /*i".x2        I        *     yn'"£3        I 

—•  ^X    \  X  O  "T  —  X    0     ^h  "~  X     O     T~ 


the  unspecified  powers  of  8  being  of  order  higher  than  the  third.  We  denote 
ON  by  T,  so  that,  up  to  the  second  order  of  small  quantities  inclusive, 

2'=8. 

Now  in  this  plane  curve  of  normal  section  through  0  and  Q,  the  length  QN 
is  perpendicular  to  the  tangent  at  0  ;  and  therefore,  if  p  be  the  radius  of 
circular  curvature  of  the  normal  section  of  the  surface, 


And  we  now  have 
-  ~(xu 


-  y,  b' 


- 
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which,  accordingly,  give  the  direction-cosines  lt  m,  n,  k,  of  the  perpendicular 
from  a  point  Q,  near  to  0,  upon  the  tangent  plane  at  0,  while  pf  and  q  give 
the  direction  at  0  of  the  tangent  in  the  normal  plane,  which  passes  through 
0  and  contains  the  perpendicular  from  Q  on  the  tangent  plane  at  0. 

212  The  direction-cosines  of  this  perpendicular  to  the  tangent  plane, 
which  (as  being  unique)  may  be  called  the  normal  associated  with  the 
direction  p  and  cf,  may  also  be  obtained  from  a  definition  that  the  normal  is 
the  line  which,  being  perpendicular  to  every  direction  m  the  plane,  actually 
meets  the  plane.  Their  determination  is  as  follows. 

The  condition  that  a  line  through  f,  17,  f,  if,  with  the  equations 


shall  meet  the  plane 


is  the  relation 


m          n 


k     ' 


',-x,     y-y,     i-*,     v-v 


=  0 


1         k 

™,    ^-y-   .?/i  >   2/2 

1   k ,     u  —  u,     ^i ,     v2 


•o. 


briefly  represented  by 


Further,  if  the  line  be  perpendicular  to  every  direction  in  the  tangent  plane, 
we  have 

Ixi  +  iny-i  +  nzi  -f  kvi  =  0, 

hi  +  inyi  +  W22  +  kvz  =  0. 

Hence  there  are  three  homogeneous  linear  relations  satisfied  by  I,  m,  ?i,  k  ;  and 
thus  there  is  some  quantity  H  such  that 

J7I—  <&,    ¥,    X  :, 

i,   *i.    yi  i 
a,   ^2,    v2  ! 
with  corresponding  values  for  Hm,  Hn,  Hk. 

Now  ®,  4>,  ^,  X,  are  linear  in  f-#,  t)  —  y,  £-*,  u-  u.    Hence,  in  ///,  the 
coefficient  of  f  —  a;  is 


-  l(yi2  +  if  +  vf)  (y22 
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the  coefficient  of  t\  —  y 


+  ylX2)  +  Ex2y2  ; 
the  coefficient  of  f-z,  similarly, 


and  the  coefficient  of  v  —  v,  similarly, 

=      6r#i  Vi  —  F  fa  v2 
Hence 


But 


with  similar  expressions  for  97  —  y,  f—  ^,  u  —  u;  consequently 


and  therefore 
(Ga;1  -  Fxt)  ^  (f  -  a;)  +  (-  ^  +  AV8)  2a;a  (f  -  «) 


after  reduction.   Thus 

HI  --    S87*  {(.*n  -  ^r  -  ^  A)/2  +  2  («,,  - 


with  corresponding  expressions  for  Hm,  Hnt  Hk. 

As,  for  the  moment,  our  sole  concern  is  with  the  ratios  I  •  m  :  n  :  k,  of  the 
direction-cosines  of  the  normal,  it  appears  that  the  values  of  the  ratios,  which 
have  just  been  obtained,  agree  with  the  values  obtained  in  the  earlier  investi- 
gation. 

Direction-cosines  of  the  normal  associated  with  a  surface-direction  • 
secondary  quantities  a,  b,  c,  f,  g,  h. 

213.  It  will  be  convenient  to  use  abbreviations  for  quantities  that  occur 
in  these  expressions  for  lt  rn,nt  k  ,  and  there  are  certain  combinations  of  these 
quantities  which  frequently  recur.  We  write 

fn  =  «n  -  ffiT  -  «2  A,     fi2  =  aw  -  a^F  -  x2  A',     f22  =  #22  -  a^T"  -  x2  A"  \ 
^12  =  2/12  -  2/i  I1'  -  y*  &',     i)22  =  y22  -  1/1  T"  -  y2  A"  I 


-  fliT  —  v2  A,     i/u  =  Vi2  —  ViF  -  va  A',     u22  =  v22  -  ViT"  -  v2  A 
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It  is  easy  to  verify  the  relations 
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and  thus  incidentally  to  verify  the  former  relations 


Next,  we  introduce  quantities  a,  b,  c,  f,  g,  h,  according  to  the  definitions 
a  =  Sfua     =  Z*u2      -  (E,  F,  G£r,  A)2 


g  =  2?U?M 
h  =  2fufia 


and  we  write 


/  E1     U'    /"*"X"T'/      A 'XT'"      A"\        ' 
—  (A,  Jf,    Cf  Jl    ,    A  Jl      ,    A    ) 

-(E,F,  G$r",A"$r,A) 

.A') 


=  3k. 


Thus  there  are  six  magnitudes,  manifestly  secondary  as  involving  second 
derivatives  of  the  point-variables  in  parametric  form  .  they  are  independent 
of  direction  through  the  point,  and  they  appertain  to  the  whole  surface  at 
the  point.  The  direction-cosines  of  the  perpendicular  upon  the  tangent  plane 
at  0  from  a  neighbouring  point  Q  are  now  given  by 


m 

P  ' 
n 
P 
k 


When  these  four  equations  are  squared  and  added,  we  obtain  a  first  expression 
giving  the  magnitude  of  the  radius  of  circular  curvature  p  of  the  normal 
section  of  the  surface  :  and  I,  m,  n,  k,  are  the  direction-cosines  of  this  radius 
of  curvature.  The  expression  ib 


=  a/)'*  +  4VY  +  (2g  +  4b)  p/2  g/a  +  4f/>y3  +  C(/'4  =  (a,  h,  k,  f,  c$  p',  q')'. 

Note  may  be  taken  of  a  divergence  in  the  properties  of  a  surface,  according 
as  it  lies  in  triple  space  or  in  quadruple  space.  In  triple  space,  the  direction 
of  the  radius  of  curvature  is  the  same  for  all  normal  sections  of  the  surface 
through  the  point.  In  quadruple  space,  the  direction  of  the  radius  of 
curvature  of  normal  sections  of  a  surface  varies  from  section  to  section. 


F.G. 


24 
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All  these  directions  in  quadruple  space  lie  in  the  plane  through  the  point 
orthogonal  to  the  tangent  plane;  for  any  one  of  the  directions  determines  the 
line 


I     ""    m    ~~     n     ~~     k 
lying  in  the  plane 

2  (a;  -a)  3^  =  0,     S(5J-a;)a;a  =  0, 
which  is  the  plane  orthogonal  to  the  tangent  plane. 

Fundamental  relation  among  the  secondary  quantities. 

214.    We  return  to  the  consideration  of  the  quantities  fyi  rjyi  fyi  vv,  for 
i,  j,  =  1,  2.   Let  the  determinants 

flit  1?11,  fill  I'll 
fl2i  ^12  ,  ?12i  1/12 
faZi  *?22j  ?22i  ^22 

be  denoted  by  Df  ,  A,,  Dfl  Dvt  respectively.   From  the  equations 
we  have 


and  from  the  equations 

£4 

we  have 


i-0,     £461-0, 


Now  a;,  T/,  z,  v,  the  coordinates  of  a  general  point  on  the  surface,  are  functions 
of  the  two  parameters  p  and  q,  so  that  not  all  the  relations 


II    *'2,       2/2, 

can  be  satisfied ,  and  therefore  we  must  have 

Df  =  0.     D,  =  0.     Dt  =  0, 
Consequently 

that  is, 

Sfll2  ,  Z?llfl2,  SftlEto 
2fufi2,  2fi22  ,  2flaf22 
2filf22,  2fl2f22> 

or 

a,    h,    g 

h,     b,     f 
g.     f,     c 


=  0. 
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This  relation  is  fundamental.   It  can  be  written  in  any  of  the,  three  ways 
(ab-h«)(ac-gz)  =  (gh-af)», 
(bc-f')(ba-h')  =  (hf-bg)*, 
(ca-g')(cb-f')  =  (fg-ch)'. 

three  relations  each  of  which  is  equivalent  to  the  determinantal  form  of 
relation. 

Again,  the  vanishing  of  the  four  determinants  D^  D^t  Dft  Dv,  can  be 
expressed  in  the  form 

fii.     i7iii     fn.     v 

fl2,        ^12  1        fl2,        Vl 
?22i       ^22  1        ?22,        1^ 

Consequently,  there  are  quantities  e  and  01,  such  that 


0 


Let  these  equations  be  multiplied  by  fu>  7/Ul  fn>  i/llf  and  the  results  be 
added;  by  £12j  rjUt  flz,  L>IZ|  and  the  results  be  added;  and  by  f22,  7722,  f22  »  ^22  > 
and  the  results  be  added  :  then  the  successive  relations 


f  =  eg  -I-  we, 

are  simultaneously  satisfied  in  virtue  of  the  determinantal  relation. 
By  means  of  these  relations,  we  find 

h=   ea+     tog 

f  =  eg+   we, 

b  =  eza  +  2eo>g  +  &rc; 
and  therefore 

ab  -  h2  =  o)2  (ac  -  g2),     be  -  f  a  =  e2  (ac  -  g2),     f  h  -  bg  =  t  ^  (ac  -  g2), 

gh  -  af  =  -  QJ  (ac  -  g2),    fg  -  ch  =  -  e  (ac  -  gz). 
In  defining  the  magnitudes 

(be  -  f2)*,     (ca  -  g2)*     (ab  -  h2)*. 
we  assign  a  positive  sign  to  each  of  the  radicals.   Consequently,  we  have 

(ab  -  h2)*  (ac  -  g2)*  =  -  (gh  -  af  )  j 
(be  -  f  2)*  (ba  -  h2)*  =  +  (f  h  -  bg) 
(ca  -  g2)*  (cb  -  f  2)*  =  -  (fg  -  ch) 

4  J 

which  are  three  equivalent  forms  of  the  fundamental  relation  connecting 
ai  &,  c,  f,  g,  h.   They  will  frequently  recur. 

24—2 
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Later  (§  23?),  we  shall  write 

R  =  V  (ab  -  ha)*     S  =  V  (ca  -  g2)*,     T  -  V  (be  -  f  a)* 
being  magnitudes  of  the  second  order  ;  and  we  infer 

RS  =  72  (af  -  gh),     TR  =  -  Fa  (bg  -  fh),    ST  =  Fa  (ch  -  fg). 
Also,  we  have 


Sf 

relations  which  are  required  subsequently. 


Secondary  magnitudes  L,  Mt  N. 

215.   The  equations  giving  the  direction-cosines  of  the  radius  of  curvature 
of  the  normal  section  are 


'q'  +  '7229'*, 


- 

p 

- 

k 

- 

In  connection  with  these  expressions,  we  introduce  new  magnitudes  L,  Mt  N, 
according  to  the  definitions 

L  =  Zf  n  +  mij 

M  =  if  u  +  7711712  +  wfi2 

-Z^  =  'f  n  +  W7?22  +  wf22  +  ^22  =  Inn  +  ^^22  +  nzn  +  kvzz 
Then,  multiplying  the  above  equations  by  aju,  yn,  zn>  vllp  and  adding:  by 
^12  1  2/12,  ^12.  Vi2i  &nd  adding:  and  by  x2Zl  2/22.  ^22,  ^22,  and  adding:  we  obtain 
successively 


and,  multiplying  by  lt  mt  n,  k,  and  adding,  we  obtain 
-  =  Zp/a  +  2MpY  +  ^9/2- 

The  substitution,  in  the  last  equation,  of  the  values  just  obtained  for  L,  Mt  N 
leads  to  the  expression  for  I//}2  given  in  §  213. 
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Meusniers  theorem  :  circular  curvature  of  a  curve  on  the  surface. 

216.  Any  number  of  curves  on  the  surface  can  be  drawn  through  the 
point  0  touching  the  same  tangent  line  at  0  as  the  foregoing  normal 
section:  and  each  curve  will  have  its  own  osculating  plane.  For  any  one  such 
curve,  let  %  be  the  inclination  of  its  osculating  plane  to  the  foregoing  normal 
plane,  %  being  estimated  as  in  §  90  because  the  two  planes  intersect  in  the 
tangent  line  ;  and  let  pQ  be  its  radius  of  circular  curvature  of  the  curve  at  0, 
so  that  the  direction-cosines  of  that  radius  are  pox",  po2/",  PQZ",  pov"  Then 

cos  x  =  I  •  PQX"  +  m  •  Poy"  +  »  •  PQZ"  +  k  .  p0v" 


But 

and 


2-  =  h 
P 

/  ''  +  cq'z, 


so  that 

"  - 


+  (2g 
P 


Consequently, 

- 


or 


which  is  Meusnier's  theorem,  pertaining  to  sections  of  a  surface  in  triple  space, 
and  thus  pertaining  to  sections  of  a  surface  in  quadruple  space. 

This  relation,  however,  gives  only  one  equation  towards  the  determination 
of  /DO  and  x-   To  obtain  a  second  relation  to  this.  end,  let 


be  an  equation  giving  the  curve  on  the  surface,  so  that  6  is  to  be  regarded  as 
a  known  function.   Along  the  curve,  we  have 
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so  that 


02        -0!        0*' 

where 

®  =  <E0aa 
Again,  along  the  curve 


say:  while  always,  on  the  surface, 
that  is, 


-p  (ElP'z  +  2FlP'qf  +  Giq'z)  -  q  (E2p'z  +  2F2p'q'  + 
-  (Ep  +  ^y1)  ^  -  (  Fp'  +  Gr/)  5, 


where 


B 
From  this  last  equation,  we  have 

~Fjf+~Gif  ~  -~(Ep'  +  F(f)  ~  "  ' 
and  then,  substituting  in  ®  (p"0i  +  </"02)  =  —  £,  we  find 

-02(A022 

=  (011-0ir-02A)022-2(012-0ir-02A/)02^i  +  (022-^ir"-02A//) 
Now  we  have,  identically, 

(flu  "•  ?n)  P/a  +  2  (xK  —  f  12)  p'r/'  +  (#22  —  f 2z)  ?/2  = 
so  that 

=  Z 

P 
Hence 

p 
and  therefore 

1          V  /          //  "  /*        o 

— 2=^(0;!^  +0:2(7   +  flu  P   +  2iCi2»g  +&22q  ) 
Po 
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But  2^!  =  0,  2  J#2  =  0  5  and  therefore 


Po2     P2~ 

= 

Consequently,  as 
we  have 
~7T~     ~ 


cos  x  _  1 

Po    "  P1 


which  thus  is  a  second  relation  connecting  x  an(^  Po»  on  the  one  hand 
with  the  equation  of  the  curve,  on  the  other  hand  with  the  magnitudes  of 
the  surface. 

Later  (§  223),  the  expression  on  the  right-hand  side  will  be  identified 
with  the  geodesic  curvature  of  the  curve  6  (p,  (j)  =  0. 

NOTE.  Mcusmer's  theorem  holds  for  surfaces  in  n-fold  space,  a  surface 
being  an  amplitude  of  two  dimensions. 

Geodesies  on  a  surface .  fundamental  property. 

217.  Among  the  organic  curves  of  a  surface,  geodesies  are  of  prime 
importance.  Their  rudimentary  properties  will  be  obtained  at  once,  as 
ancillary  to  the  establishment  of  the  curvature  properties  of  the  surface. 

As  usual,  a  geodesic  is  defined  to  be  the  curve  of  shortest  distance, 
measured  in  the  surface  between  two  points.  We  are  mainly  concerned  with 
the  current  properties  of  the  curve  along  its  course,  and  are  less  concerned 
with  the  relative  positions  of  conjugate  positions  on  the  curve  determining 
a  (Jacobi)  range  within  which  it  possesses  the  minimum  property,  The  curve 
satisfies  the  (Legendre)  condition  of  providing  a  minimum  and  not  merely 
a  stationary  value ;  it  satisfies  also  the  (Weierstrass)  condition  of  providing 
a  minimum  for  strong  variations  as  well  as  for  weak  variations.  Moreover,  as 
an  inference  from  the  analysis,  it  follows  that,  instead  of  being  required  to  be 
a  superficial  arc  joining  two  assigned  points,  the  curve  is  uniquely  defined  in 
position  and  range  on  the  surface  by  the  assignment  of  an  initial  point  and 
of  a  direction  through  that  point. 

We  deal,  first,  with  geodesies  upon  a  surface  when  the  equations  of  the 
surface  are  given  by  means  of  equations 

©(*?,  y,  z,  v)  =  0,     <&  (x,  yt  z,  v)  =  0. 
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Along  the  unknown  geodesic  curve,  we  take  a  current  variable  t  ;  the  element 
of  arc  ds  is  given  by  the  usual  form  ;  and  therefore  the  property,  by  which  a 
geodesic  is  defined,  requires  that  the  integral 


shall  be  a  minimum,  the  variables  xt  y,  z,  v,  being  subject  to  the  two 
permanent  relations  0  =  0,  <fc  =  0.  The  characteristic  equations*,  which 
specify  the  nature  of  the  curve,  though  without  regard  to  its  range  and 
without  prejudice  to  the  other  tests,  are  four  in  number,  each  of  the  type 


- 
dt  \fat   "    t  fa 

where  xt  denotes  -j-  ,  while  X(  and  pt  are  multipliers  that  are  not  explicitly 

determinate  at  this  stage.   Now 

dU=  ____  xi  _  =  dx 

fat     (ay8  +  yf  +  z?  +  vf)*     ds  ' 
and 

d  /dU\  _  dzas  ds 
dt  \faj  "  ds*  Tt  ' 

If  then  we  write  \e  =  X  -7-  ,  fte  =  /i  ,-  ,  the  four  characteristic  equations  of  the 
curve  are 

>     „     a®      9C>     „     a® 


But  the  direction-cosines  of  the  principal  normal  to  the  curve  are  px"t  py"t 
psf't  pv"t  where  p  is  its  radius  of  circular  curvature  :  the  quantities,  such 

B®        8<I> 

as  \  ^  +  fi  g—  ,  are  proportional  to  the  direction-cosines  of  some  direction  in 

the  plane  orthogonal  to  the  tangent  plane  ;  and  therefore  the  radius  of 
circular  curvature  at  any  point  of  the  geodesic  lies  in  the  plane  orthogonal 
to  the  surface.  Its  direction,  in  that  plane,  has  to  be  made  specific, 

Next,  let  £  ,  77,  f,  v,  be  a  point  on  the  curve,  in  the  near  vicinity  of  the 
point  aj,  y,  z,  v,  at  which  the  tangent  plane  to  the  surface  is  represented  by 
the  equations 


and  let  the  perpendicular,  of  length  Q  and  with  direction-cosines  I,  m,  n,  kt 
be  drawn  from  f,  17,  £  u,  upon  .this  plane.  Then,  as  in  §  211,  if  JT,  P,  Zt  V,  be 
the  foot  of  this  perpendicular,  the  quantity 


is  less  for  this  point  than  for  any  other  point  in  the  plane,  and  thus  acquires 

See  my  Calculus  of  Variations,  §  261. 


217]  A  SURFACE  377 

a  minimum  value  for  the  range  of  values  of  X  ,  Yt  Zt  Vt  whigh  are  subject  to 
the  two  relations  2  (X  -  x)  ®z  =  0  and  2  (X  -  x)  &x  =  0.    Hence 

E-X=   IQ, 
17  -  F-  mQ, 


fl®,*^^-  V=  kQ, 

where  6  and  0  are  new  multipliers  for  the  minimum  length  of  the  per- 
pendicular, a  quest  different  from  the  determination  of  the  shortest  length 
along  the  surface.  Now 

£-.?  =  £-*-(*-*), 
and  similarly  for  17  —  F,  f  —  Zt  v—  V\  hence 


and  therefore 

2  (f  -  x)  4>x  = 

Let  S  denote  the  arc-length  along  the  curve  in  the  surface  from  xt  yt  zt  v,  to 
fi  ^7i  f,  u,  so  that  8  is  a  small  quantity  because  the  point  f,  TJ,  f,  u,  is  taken  in 
the  near  vicinity  of  the  point  xt  y,  z,v\  then 


As  the  direction  of  the  tangent  lies  m  the  tangent  plaue,  we  have 

2a;'ez  =  0,     2o;'*x  =  0  ; 
hence 


and  therefore 


These  equations  are  connected  with  the  perpendicular  drawn  from  a  point  Q 
on  the  surface  to  the  tangent  plane  at  #,  y,  ^,  v,  this  point  Q  being  taken 
along  the  geodesic. 
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But,  from  the  equations  of  the  geodesic  which  are 

x"=\ 

we  have 


Consequently,  when  we  take  8  to  be  very  small  so  that  the  point  Q  is  in  the 
immediate  vicinity  of  the  point  0  and  powers  83,  S4,  .  .  .  can  be  neglected  in 
comparison  with  Sa,  we  have 

0 
Thus 


and  similarly 


From  these  equations,  several  mferencqp  follow. 

The  foot  of  the  perpendicular  on  the^tangent  plane  drawn  from  f,  ij,  f,  v, 
is  Z,  F,  Z,  V.   Now 


and  similarly  for  F,  #,  F;  hence,  to  the  second  order  inclusive, 
X-x  =  x'S,     F-y=y'S,     ^-^  =  /S,     V-v  =  v'&. 

Thus  the  projection  of  the  chord  OQ  upon  the  tangent  plane  has  the  direction- 
cosines  of  the  tangent  line  at  0;  and  the  length  of  the  projection  of  that 
chord  is  equal,  save  as  to  small  quantities  of  the  third  and  higher  powers 
of  8,  to  the  length  of  the  arc  8. 

Next,  the  direction  -cosines  of  the  perpendicular,  being  I,  mt  nt  kt  are  pro- 
portional to  #",  y",  z",  v":  that  is,  the  said  perpendicular  and  the  radius  of 
circular  curvature  of  the  geodesic  are  in  the  same  direction.  Denoting  this 
radius  of  circular  curvature  by  pt  we  have 


and  therefore,  in  the  immediate  vicinity  of  0,  the  geodesic  coincides  with  a 
section  of  the  surface,  by  a  normal  plane  through  the  tangent  to  the  curve 
at  the  point  and  through  the  perpendicular  from  a  consecutive  point  pn  the 
curve  drawn  to  the  tangent  plane.  This  normal  plane  is  not  the  orthogonal 
plane;  its  orientation  depends  on  the  tangent  to  the  curve 
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NOTE  1.  It  is  to  be  noted  that,  as  before  (§  212),  whi^  the  number  of 
directions  through  f,  17,  f,  v,  perpendicular  to  the  tangent  plane  is  unlimited, 
there  is  only  one  direction  such  that  a  line,  drawn  along  it,  meets  the  plane. 

NOTE  2.  The  quantities  0  and  <J>,  X  and  /A,  are  multipliers  which,  initially, 
are  undetermined;  and  their  determination  would  constitute  part  of  the 
detailed  solution  of  the  problem.  They  are,  of  course,  distinct  from  the  para- 
meters required  for  the  general  specification  of  a  point  either  in  the  tangent 
plane  or  in  the  orthogonal  plane.  We  leave,  as  an  exercise,  the  determination 
of  the  significance  of  the  quantities  6  and  0,  and  their  relation  to  the  quantity 
Q,  in  connection  (§  68)  with  the  perpendiculars  drawn  from  the  point  Q  to  the 
two  flats  which  are  tangential  to  the  regions  ®  =  0  and  4>  =  0  respectively. 

Critical  tests  for  geodesies,  due  to  Legendre,  Jacobi,  Weierstrass. 

218,  The  equations,  that  express  the  essential  property  of  a  geodesic, 
have  an  entirely  different  form  when  the  surface  is  represented  parametrically. 
An  element  of  arc  is  then  given  by  the  expression 


ds2  =  Edp2  +  2Fdpdq  +  Gdq2. 

As  the  arc  is  to  be  made  geodesic,  it  is  convenient  not  to  take  s  as  an  inde- 
pendent current  variable .  so  a  variable  t  is  introduced,  and  we  write 

«._*?.  „»=% 


jfdt 


and  then  we  have  to  make 

=  l(EpQZ  +  2Fp0q0 

a  minimum,  where  Et  F,  G,  are  known  functions  of  p  and  q. 

We  first  dispose  of  the  three  tests,  other  than  the  characteristic  equation 
which  is  the  most  important  of  them  all.  These  three  tests  are,  (i)  the 
Legendre  test  which  discriminates  between  maxima  and  minima  for  stationary 
values  provided  by  the  characteristic  equation :  (ii)  the  Jacobi  test  which 
imposes  a  limit  (if  there  be  a  limit)  upon  the  length  of  range  that  possesses 
the  maximum  or  the  minimum  quality :  and  (lii)  the  Weierstrass  test,  which 
gives  the  critical  discrimination  for  strong  variations.  As  /,  the  subject  of 
integration,  satisfies  the  equation 


we  may  apply  the  tests  in  the  customary  Weierstrass  forms 

*  Bee  my  Calculus  of  Variations,  chapter  11,  §§  41-43,  55-56,  63-64,  for  the  weak 
ib.  chapter  vn,  §  213,  for  the  strong  variations. 
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(i)  The  LegQiidre  test,  for  a  minimum,  is  satisfied.    We  have 

lay       L  _?/     JL^ 


where  the  sign  of  the  radical,  being  the  same  as  the  sign  of  the  radical  in 
the  integral,  is  positive.  Thus  the  critical  quantity  P  is  positive.  So  far  as 
the  Legendre  test  is  concerned,  a  minimum  is  provided. 

(ii)  The  Jacobi  test  is  quantitative,  not  qualitative.  It  assigns  a  range, 
extending  from  a  point  on  the  curve  to  another  point  called"  the  conjugate: 
and  the  course  of  integration,  beginning  at  the  first  point,  must  certainly  not 
extend  beyond  the  conjugate  for  the  possession  (in  this  case)  of  a  minimum. 
As  our  main  concern  is  with  the  current  qualitative  properties  of  the  curve, 
any  discussion  of  the  quantitative  Jacobi  test  will  be  deferred  until  it  is 
actually  needed  in  any  specific  instance  :  the  construction  of  the  critical  func- 
tion in  the  Jacobi  test  depends  upon  a  knowledge  of  the  primitive  of  the 
characteristic  equations  or  upon  equivalent  knowledge. 

(iii)  The  Weierstrass  test,  being  the  test  through  the  Excess-Function, 
is  satisfied.  In  the  present  instance,  this  Excess-Function  is 

-  (\  A 

here  \  and  /i  are  arbitrary  values  of  p0  and  q0t  which  represent  an  arbitrary 
direction  through  a  point  on  the  curve,  coinciding  with  the  tangent  to  the 
curve  only  when  X  =p0  and  p  =  q0.  But 


-  cos  VT, 

where  ^  is  the  inclination  of  the  arbitrary  direction  at  the  point  to  the 
tangent  to  the  curve.   When  there  is  any  variation  off  the  curve,  -^  is  not 
zero  :  the  radical  is  positive  :  thus  ffl  is  positive    So  far  as  the  Weierstrass 
test  is  concerned,  a  minimum  is  provided. 
There  remain  the  characteristic  equations. 

Characteristic  equations  of  geodesies  in  parametric  form. 
219.   The  characteristic  equations,  which  must  be  satisfied  if 

jfdt,  =  'l(EpJ  +  2FpQq0  +  Gqtfdt 
is  to  possess  a  minimum,  now  that  the  other  tests  are  met,  are 


_ 

dp        dp       '     dt\dq 
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in  general  :  in  the  present  instance,  they  are 


dt    (Ep<? 

1  j         _/*&  +  ^°-        -  i  =  -  ^ffo' 
d«  l(^poa  +  2^00  +  &goa)*J       2  (#p02 


The  two  equations  are  easily  proved  to  be  equivalent  to  a  single  equation, 

?)/'  3/" 

through  the  identity  pQ  =^-  +  <?o^-=/:  this  single  equation  ultimately  being 
opo          oqo 

explicitly  free  from  the  unessential  variable  t.   But  it  is  convenient  to  retain 
the  two  equations  simultaneously. 

Returning  to  the  quantities  p'  and  c/',  equal  to  -%-  and  -.-  ,  because  the 

arc  is  the  convenient  variable  now  that  the  characteristic  equations  have  been 
formed,  we  have 

rff  Ep9 

dt 


and  so  the  first  equation  becomes 


Hence 

Ep"+  F<f+p  (ElP'+Etq')  +  q'  (FlP'  +  Ftq')  =  J  (E^  +  2FlP'q'+  Giq'*): 

and  therefore 

Ep"+  Fq"+ap'2  +  2a>Y+  a'Y2  =  0, 

introducing  the  derived  quantities  defined  in  §  207.    Similarly,  the  second 
equation  becomes 

Fp"  +  Gq"  +  /3p/2  +  20'p'q  +  0"q'z  =  0, 

When  the  two  equations  are  resolved  for  p"  and  </",  they  yield  the  two 
equivalent  equations 


L , 
1   +  Ap2  +  2Ap5  +A  q    =  OJ 


<?"• 

which  accordingly  are  the  equations  of  a  geodesic  curve  upon  a  surface  in 
what  may  be  regarded  as  their  canonical  form. 

Ex.    Verify  that  these  two  equations  are  equivalent  to  a  single  equation  only,  in  virtue 
of  the  identical  relation 


arising  out  of  the  definition  of  an  arc-element ;  and  shew  that,  if  q  be  taken  as  a  dependent 
variable  and  p  as  tho  independent  variable,  the  single  equation  characteristic  of  a  geodesic 
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One  important  inference  from  the  theory  of  differential  equations  may  be 
stated  here.  The  primitive  of  the  two  equations,  expressing  p  and  q  as 
functions  of  t,  involves  four  arbitrary  constants.  As  t  does  not  occur  explicitly 
in  the  differential  equation,  one  of  these  occurs  in  an  expression  t+  to  wherever 
t  occurs  explicitly  in  the  primitive.  The  other  three  are  determinable 
uniquely  by  assigned  values  ofp  and  q  for  an  assigned  value  of  t,  (that  is,  an 

assigned  point  on  the  surface)  and  by  the  assigned  value  of  -^  for  that  value 

of  t,  (that  is,  an  assigned  direction  in  the  surface  through  that  point).  In 
other  words,  a  geodesic  is  uniquely  determinate*  by  the  assignment  of  a 
point  on  its  course  and  of  its  direction  at  that  point. 

Ex.  1,  Consider  the  geodesies  on  the  cyhndro-cylmdrical  surface  given  by  the 
equations 


where  a  and  c  are  constants. 

(i)   For  the  parametric  representation  of  the  surface,  we  take 

x 
Then 

so  that 

E=a\     F=<f,*G  =  c*. 

The  quantities  r,  I*,  r",  A,  A',  A",  vanish  :  thus  the  geodesic  equations  are 

<T=0,     0"=0; 
and  integrals  of  these  arc 

aff  =  cos  a,     eft  =  am  a, 

the  two  constants  of  the  respective  integrals  being  subject  to  the  requirement  that  the 
equation 


shall  be  satisfied. 

The  characteristic  equations  can  be  derived  at  once  by  minimising  the  integral 


For  the  primitive  of  the  equations,  two  essential  constants  occur :  and  there  is  an 
unessential  arbitrary  constant,  which  is  absorbed  into  the  variable  s  The  essential 
arbitrary  constants  are  /3  and  y  in  the  integrals 

a(6  —  /9)  =  acosa,     c(0-y)  =  aMina ; 

the  substitution  of  these  values  of  6  and  0  in  the  expressions  for  #,  y,  z,  v,  leads  to  the 
primitive,  that  is,  to  the  general  equations  of  geodesies  on  the  surface. 

In  the  accompanying  figure,  the  axes  and  the  hues  parallel  to  the  axes  are  drawn 
as  in  the  figure  on  p.  7 ;  letters,  indicating  points,  correspond  in  the  two  figures. 

*  It  is  assumed,  throughout,  that  the  surface  possesses  no  singular  points  and  no  singular 
lines  within  the  considered  range. 
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The  circle  *2+y2  =  a2  in  the  plane  XOY  is  the  circle  ..KhK',  and  the  angle  XOfi 
is  e.  The  circle  *+&=&  m  the  plane  ZOV  is  the  circle  ..Lh'L',  Aid  the  angle  LOh' 
is  0.  The  point  P  is  acoafl,  aainfl,  ccoa^,  cam0.  The  Circle  ..KVPK{  ia  the  circle 
J?a+y2  =  a2,  Z-CC080,  v  =  c&m<fc  that  ia,  lying  in  the  plane  ftk'a  parallel  to  XOY,  and  it 
haa  its  centre  at  A'.  The  circle  ..L^PL{  is  the  circle  s'  +  v'^c1,  a,'=acos0,  y  =  asm  0,  that 


Fig   20. 

is,  lying  in  the  plane  dhy  parallel  to  ZO  \r,  and  it  has  its  centre  at  h.  These  two  circles 
KiPKi  and  LLPL{  lie  in  the  .surface  ;  at  /J,  the  two  circles  cut  at  right  angles,  so  that 
a  geodesic  through  P  cuts  all  circles  of  the  type  A^  AY  .it  the  same  angle  a  as  that  at  which 
it  cuts  the  circle  A^AY,  and  cuts  all  circles  of  the  type  L\L{  at  the  same  angle  W—  a'  as 
that  at  which  it  cuts  tho  circle 


(n)  We  have  seen  ($  218)  that,  for  a  geodesic  on  a  surface,  the  Legcndre  test  and  the 
Weier-strass  test  (affecting  a  minimum,  or  a  maximum,  as  the  alternative  may  be)  are 
satisfied 

The  Jacobi  test,  quantitative  as  to  the  range  along  a  curve  satisfying  the  characteristic 
equations,  is  individual  to  each  curve;  it  has  therefore  to  be  applied  to  the  curve  in 
particular,  not  to  geodesies  in  general.  Stated  geometrically*  for  the  present  instance,  the 
requirement  is  that  the  curve  shall  not  extend,  from  an  initial  point,  up  to  the  conjugate 
of  that  point;  and  the  conjugate  is  determined  as  the  next  intersection  of  the  curve  by  a 
consecutive  curve  through  the  initial  point,  when  that  consecutive  curve  is  obtained  by 
small  variations  of  the  arbitrary  constants. 

For  the  geodesic  under  consideration,  the  integral  equations  may  be  taken  in  the  form 


where  a,  0,  y,  are  arbitrary  constants    We  have  to  find  the  conjugate  (if  any)  of  an  initial 
point. 

Let  the  initial  point  be  given  by  a  =  «0,  and  the  (possible)  conjugate  by  a  =  «i.    For  the 
consecutive  curve,  let  the  arbitrary  constants  a,  ft  7,  be  changed  to 

a  +  fio,     0  +  3/3,     y+fiy, 

*  See  my  Calculu*  of  Variations,  §§  173,  174. 
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let  the  value  of  s  at  the  initial  point  on  this  consecutive  curve  be  «o  +  d«o>  ail(^  ^et  *ne  vamo 
of  a  at  the  conjugate  point  (which,  if  there  be  such  a  point,  lies  on  this  consecutive  curve) 
be  j]  +  A«i  -  AH  the  initial  point  is  common  to  the  two  curves,  the  values  of  6  and  the  values 
of  $  at  that  point  are  the  same  for  the  two  curves  ;  hence 

cos  a        sin  a  . 
---  «n  -  da  = 
a  a 


As  the  conjugate  point  (if  any)  is  common  to  the  two  curvcs,lthe  two  values  of  6  and  the 
two  values  of  0  at  that  point  are  the  same  for  the  two  curves  ,  hence 


sin  a  ,      cos  a  B 
---  \-fti  —  —  8a  = 

If  all  these  equations  coexist,  for  some  non-zero  change  from  a  curve  to  a  distinct 
consecutive  curve,  the  existence  of  the  conjugate  point  will  be  established  The  equations 
are  easily  seen  to  require,  firstly, 

da^to,,, 

and  secondly,  either  sl  —  s0  =  0  or  da  -  0  •  each  combination  precludes  a  distinct  consecutive 
curve. 

Hence  a  consecutive  geodesic,  through  an  initial  point,  docs  not  intersect  a  first 
geodesic.  There  is  no  conjugate  of  an  initial  point.  For  such  a  geodesic,  the  Jacobi  test 
imposes  no  limit  on  the  range  of  an  established  curve 

It  is  to  be  noted  that  the  result  refers  to  an  established  curve.  As*  with  a  helix  on  a 
circular  cylinder  in  homaloidal  triple  space,  an  unlimited  number  of  geodesies  can  be  drawn 
on  the  surface  joining  two  points  on  the  surface  ;  each  is  a  minimum,  and  there  is  no  limit 
to'  its  range. 

We  leave,  as  an  exercise,  the  determination  of  the  least  among  all  these  minimum 
values. 

(in)  To  find  the  various  curvatures,  we  proceed  from  the  parametric  representation, 
using  the  (first)  integral  equations 


the  geodesies.   We  have 
d  =  -  sin  6  cos  a   ,      y  = 
„                .  cos2  a          „ 

v         •        nna  A                           QJ 

aff  =  cos  a, 

cos  0  cos  a   , 
mn<9COslia 

c0'  =  sin  a, 

/  =  -  sin  0  sin  a  , 
,,                   sin2  a 

v'  =     cos  0  bin  a   ; 

,,"                             y,.,      fL    MI1        a     . 

a 
/»_       •    0cos3o        ^_ 

.  cos4  a 

a 
-  cos3  a 

^     c     J 
„,                  sin3  a 

C 

,  sin3  a 

vi                r>r»ia  rfi 

.  cos4  a 

sin4  a 

.iv          „:„  JL  s*n*  a 

or 

ain        a3    ' 

"     ""       C03<P       C3       » 

These  quantities  satisfy  the  persistent  relation 

Sar'2*! 
We  have 


and  therefore  the  radius  of  circular  curvature  is  constant. 

Calculu*  of  Vat  mtions,  §  75,  p.  107. 
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Again, 

£^ 

But,  in  general, 

2^=4,+ 

*V    p4 

and,  in  the  present  instance,  p  is  constant,  so  that 


-T-5+-I™ 4~+ — *-• 

cr  p       p  ft*  c 

Consequently 

I        /cos2  a      sin54  a\ 
—  =  1       „     —  — 5—  I  sin  a  cos  a, 
ptr      \    a*  &    ) 

with  an  implied  assumption  concerning  the  positive  value  of  <r. 
Further,  by  substitution  and  evaluation,  we  have 

_  /cos2  a      sm2  a\2  cos3  a  sin3  a 
~~  V    <IL  CL    )  ac 


1      _       /cos2  a      sin2  a\ 2  c 
p3aaT~       \    a-  c2    / 


Now  (^  145)  the  value  of  the  determinant  on  the  left-hand  side  is  —  (p3o-2T)~1;  hence 

cos3  a  sin3  p 

ac 
and  therefore 

J_       _  cos  a  sin  a 
pr  ac 

It  follows  that  the  radius  of  circular  curvature,  the  radius  of  torsion,  and  the  radius  of 
tilt,  are  constant,  each  of  them.  There  are,  moreover,  three  disposable  constants  a,  c,  a  • 
thus  there  is  no  identical  relation  connecting  p,  <r,  r. 

We  thus  have  a  curve  in  the  quadruple  space,  with  its  three  curvatures  constant  and 
different  from  zero  consequently,  it  belongs  to  the  curves  already  discussed  (§  170). 
Now,  save  as  to  position  and  orientation,  a  curve  in  quadruple  space  is  intrinsically 
unique  (§  169)  by  the  assignment  of  its  three  curvatures  ;  hence  crery  curve  in  quadruple 
space,  that  has  all  its  curvatures  constant,  can  be  represented  as  a  geodesic  on  a  cylindro- 
cylindncal  surface 

.r2 + y*  •=  a2,     ZL  +  vz = c2. 

Note.  We  leave,  as  an  exercise,  the  discussion  of  the  curvatures  by  the  use  of  the 
Frenet  formula)  (§  164). 

Ex.  2.  As  another  example,  we  may  take  the  property  (thus  extended  from  homaloidal 
triple  space  to  homaloidal  quadruple  space)  that  the  lines  of  zero  length,  the  nul  lines,  on 
any  surface  satisfy  the  equations  characteristic  of  geodesies 

To  establish  the  property,  we  make  the  parameters  of  the  nul  lines— assumed  to  be 
distinct  from  one  another — to  bo  the  parameters  of  reference  for  the  surface  In  that  event, 

we  have 

.0=0,     0  =  0, 
and  therefore 

We  find 


F  G. 
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and  so  the  equations  of  geodesies  on  the  surface,  with  t  as  a  current  variable,  are 


cPp  da  _  dp  d?s     FI  fdp\2  ds_         dzq  da 
~M~dt~~dtdP+^\di)d'r^      diz  di  "  ~dt 

These  are  equivalent  to  a  .single  equation,  in  virtue  (if  the  fundamental  arc-equation 


Manifestly  all  the  equations  are  satisfied  by 

p  =  constant,  ds  =  0  .    q  =  constant,  ds  =  0  : 
so  that  the  nul  lines  can  be  regarded  as  (imaginary)  geodesies  on  any  surface. 

Geodesic  polar  coordinates. 

220.  The  customary  expression,  in  terms  of  geodesic  coordinates,  for  an 
arc  of  a  surface  in  homaloidal  triple  space,  holds  also  for  homaloidal  quadruple 
space.  Let  the  infinitude  of  geodesies  through  a  point  on  the  surface  be 
given  by  the  curves 

q  =  constant, 

which  accordingly  must  satisfy  the  geodesic  equations 

P"  +  iy2  +  2i>v  +  r  v2  =  o,  q"  +  v2  +  2  A'PY  +  AYZ  =  o. 

It  follows,  from  the  second  equation,  thft.t 

A  =  0. 
Pence  (§207) 

o_/3 
E~  F' 
that  is, 

/&i      Jf  \      Ag 
2E~'F~~iF> 
consequently 

?_  (!\  =  ?*  _ 

dp\EV     E±     2  E*      2E*      dq  ' 
There  therefore  exists  some  function  0,  of  p  and  q,  such  that 


and  so 

ds*  =  Edp2  +  2Fdp  dq  +  Gdq* 


in  form  the  same  as  for  an  arc  in  the  Gauss  theory  of  surfaces. 

The  coordinates  are  the  "geodesic  polar"  coordinates.  Along  the  geodesies 
Driven  by  9  =  constant,  the  geodesic  length  is  0 ;  and  a  geodesic  circle, 
0  =  constant,  cuts  the  geodesies  at  right  angles. 
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The  circular  curvature  of  geodesies. 

221.  Now  consider  the  circular  curvature  of  the  geodesic  and,  in  particular, 
its  principal  normal  along  which  the  radius  of  circular  curvature  is  measured. 
The  direction-cosines  of  that  principal  normal  are  proportional  to  x",  y",  z",  v". 
But,  for  any  curve  on  the  surface, 

x"  =  xi 


and  therefore,  along  a  geodesic  on  the  surface, 


where  lt  m,  n,  k,  are  the  direction-cosines  of  the  perpendicular  upon  the 
tangent  plane  drawn  from  a  point  neighbouring  to  0  on  the  normal  section 
jof  the  surface  through  the  direction  p,  q,  and  p  is  the  radius  of  curvature  of 
that  normal  section.  Similarly 

„     m        „      n        „      k 

y   =  —  ,     2    =  -  ,     v    =  -  . 
J        P  P  P 

Consequently,  the  principal  normal  of  the  geodesic  coincides  in  direction  with 
the  aforesaid  perpendicular;  and  the  curvature  of  the  geodesic  at  the  point 
through  the  direction  p  t  q\  is  equal  to  the  curvature  of  the  normal  section  of 
the  surface. 

We  shall  therefore  substitute  the  geodesic  for  the  curve  of  normal  section 
af  the  surface.  Thab  normal  section  is  used  only  in  connection  with  the 
curvature  at  the  point;  and  the  curve  of  section  is  no  further  considered. 
The  curvature  of  the  geodesic  is  the  same  as  that  of  the  normal  section  :  its 
principal  normal,  in  conjunction  with  the  tangent,  defines  the  plane  of  normal 
section:  and  it  is  an  organic  curve  on  the  surface,  uniquely  defined  by  its  initial 
direction  at  the  point.  Consequently  when  a  curve  is  given  through  a  point 
on  the  surface,  we  shall  use  the  geodesic  tangent  to  the  curve  at  that  point 
as  a  curve  of  reference  :  and  when  a  direction  at  a  point  on  the  surface  is 
assigned  without  any  continuing  curve,  we  shall  likewise  use  the  geodesic 
defined  by  that  initial  direction  as  a  curve  of  reference,  while  the  principal 
normal  to  the  geodesic  can  be  regarded  as  the  normal  to  the  surface  associated 
with  the  assigned  direction  through  the  point. 

Circular  and  geodesic  curvatures  of  a  curve:  geometric  derivation 

222.  The  relations  between  a  curve  through  a  point  and  its  geodesic 
tangent  at  the  point,  which  have  been  obtained  implicitly  in  §  216  (where* 
they  related  to  the  normal  section),  can  .also  be  exhibited  by  a  simple 

25—2 
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geometrical  construction  originally  devised  by  Liouville*  in  connection  with 

the  Gauss  theory  of  surfaces  in  three  dimensions.    Let  AB  be  an  elementary 

arc  of  any  direction  AB  through  a  point  A  ; 

let  ABG  be  the  geodesic  determined  by 

the  direction  AB,  choosing  an  elementary 

arc  BG  equal  to  AB,  and  let  GT  be  the 

perpendicular  from  G   on   the   tangent 

plane,  so  that  ABGT  is  the  plane   of 

normal  section  through  the  direction  AB. 

Let  ABG  be  any  curve  through  A  having 

AB  for  its  tangent,  A  and  B  being  con- 

secutive points,  and  in  the  plane  CBT 

draw  TC  perpendicular  to  BT  meeting  the  curve  in  C  ,  thus  GTC  is  a  plane 

perpendicular  to  BT,  and  BC  =  BT=BG  to  quantities  of  the  second  order 

inclusive  (but  not  inclusive  of  quantities  of  the  third  order). 

In  connection  with  the  curvatures,  we  take  p  to  be  the  radius  of  circular" 
curvature  of  the  geodesic,  that  is,  the  radius  of  curvature  of  the  earlier  normal 
section.  We  take  p0  to  be  the  radius  of  circular  curvature  of  the  curve  ABC 
at  the  point  A.  We  denote  by  1/7  the  aic-rate  of  deviation  of  the  curve  from 
the  geodesic  tangent,  that  is,  the  arc-rate  of  change  of  the  angle  GBC  as  the 
increment  of  that  change  at  the  point.  Then,  up  to  the  second  order  of  small 
quantities  (but  not  inclusive  of  the  third  order),  we  have 

2p0  .  CT  =  BT\  for  the  curve  , 
2/j  .  GT  =  BT2,  for  the  geodesic  ; 
27  .CG  =  BG*  =  BT2,  for  the  deviation. 
Consequently 


Now  as  in  §  216,  let  x  be  the  angle  between  the  osculating  plane  CBT  of  the 
curve  and  the  osculating  plane  GBT  of  the  geodesic,  so  that 


and  therefore 

GT=CT  cos  x,  CG  =  CT  sin  x- 
Thus 

Po  =  P  cos  X,  Po  -  7  sin  fr 
or 

1  _  cosy  1  _  sinx 

p"    Po    '        Y~    Po 

f     *  Bee  my  Lecture*  on  Differential  Geometry,  §  104.   The  construction  was  first  given  by 
Liouville  in  his  edition  of  Monge's  Application  de  I1  Analyse  a  la  Geometrie,  p.  575. 
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The  first  of  these  results  is  Meusnier's  theorem.  Combining  the  two  values 

of  -  —  which  have  been  obtained,  we  find  an  expression  for  the  quantity  - 
po  7 

which,  as  being  the  arc-rate  of  deviation  of  the  curve  from  its  geodesic 
tangent,  may  be  called  the  geodesic  curvature  of  the  curve  0  (  p,  g)  =  0  ;  and 
the  value  is  given  by 


Po 


Further, 
1  _  cos  x 
P  "  ~Po~ 

-  4f  0Z 


from  the  result  in  §213.  We  thus  have  two  equations:  they  determine  the 
value  of  £,  the  inclination  of  the  osculating  plane  of  the  curve  0(p,  q)  =  Q  to 
the  osculating  plane  of  the  geodesic  tangent  (the  normal  section  of  the  surface 
through  the  tangent  to  the  curve),  and  they  determine  also  the  curvature  of 
the  curve  0  (p,  q)  =  0. 

Geodesic  curvature  of  a  curve:  analytical  expression. 

223.  The  preceding  expression  for  the  geodesic  curvature  of  the  curve 
0  (pt  q)  =  0  can  be  obtained  otherwise  as  follows,  by  formulating  the  analytical 
expression  of  the  geometry. 

When  an  initial  direction  for  a  geodesic  is  //,  q',  a  consecutive  direction 
along  the  geodesic  is  p'  +  p"ds,  if  +  q'rds  ,  and  so  the  angle  de  between  these 
two  directions  is 

d€  =  V(p'q"-q'p")ds. 

On  a  curve  having  that  same  initial  direction,  let  a  consecutive  direction  along 
the  curve  bo  denoted  by  p'+P"ds,  q'+  Q"ds  ;  the  angle  dij  between  these  two 
directions  is 


Thus  the  angle  of  geodesic  contingeuce  of  the  curve 

=  c?e  —  djj 

=  -V{p'(V'-q")-q'(P"-p")}da. 
or  the  geodesic  curvature  l/y  is  given  by 

-}~'p'(Q"-i")-9'(P"-p")- 

Now 
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so  that 


where 

0  =  £0aa 
Further, 

0iP"  +  0aQ"  +  0itf>'2  +  20ia/>Y  +  02Z<?'a  =  0  ; 
or,  if 


this  equation  is 

e^P'-p")  +  62  (Q"-  q")  =  -  (Tit,  7».  7«$/,  9')2- 

Again,  differentiating  the  equation  Ep'1  +  ZFp'q'  +  Gq'*  =  1,  which  holds  for 
all  directions  on  the  surface,  we  have 
(Ep'+Fq1)  {P"+  <r,  I",  r"5p',  qj]  +(Fp'+  Gq')  (Q"+  (A,  A',  A"$p',  9')2}  -  0,, 

that  is, 

(Ep'  +  Fq)  (f  -  p")  +  (Fp'  +  Gq')  (Q"  -  q")  =  0, 

and  therefore 

(E0t  -  F6t)  (P"  -  p")  +  (F0t  -  G01)  (Q"  -  q")  =  0. 
Hence 

P"-P"  _    Q"-<i"    i  (TU^^ 

F6i-G6i~-E  ~ 

Consecjuently 


__  (711,  7ia.  in$p',  q')1 

0* 

_      (7111  TM,  7n$0a,  ^i)2 

e* 

that  is, 


7 

By  a  former  relation  (§  216),  the  expression  on  the  righb-hand  side  is  equal  to 


consequently,  we  have 


7 
in  accordance  with  the  result  in  §  222. 
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Orthogonal  plane  of  a  surface. 

224.  The  equations  of  the  plane  orthogonal  to  the  surface  at  a  point 
x,  y,  z,  vt  already  obtained  in  §  209,  can  be  obtained,  differently,  as  follows. 

Let  the  surface  be  given  by  two  equations  <R)  (x,  y,  z,  v)  =  0  and  4>  (x,  yt z,  v)  =  0 , 
any  surface  direction  dx,  dy,  dz,  dv,  at  the  point  satisfies  the  two  relations 

®xdx  +  ®ydy  +  ®2dz  +  ®vdv  =  0,     &xdx  +  ®ydy  +  <P2dz  +  ®vdv  =  0. 
When  a  direction  a,  @,  7,  8,  is  perpendicular  to  dxt  dy,  dz,  dv,  then 
adx  +  @dy  +  ydz  +  Sdv  =  0. 

Should  a  particular  direction  a,  ft,  7,  S,  be  assigned,  then  the  three 
equations  determine  the  ratios  dx  :dy:dz.dv  uniquely :  that  is,  in  the  tangent 
plane  to  the  surface,  there  lies  a  single  direction  which  is  perpendicular  to 
the  assigned  direction  a,  /3,  7,  8 ;  and  it  is  given  by  the  equations 


•  If  however  the  third  equation  is  to  be  satisfied,  without  other  conditions, 
for  all  directions  dxt  dy,  dz,  dv,  which  satisfy  the  first  two  relations,  that 
third  equation  must  be  an  analytical  consequence  of  the  two  relations ;  and 
therefore 

«,      ft,      7,      «      =0. 


But  the  line  through  the  direction  a,  /9,  7,  8,  and  the  point  r,  y,  z,  v,  is 

x  —  x     y  —  11      z  —  z      71  —  v 
=  y — ±.  = = • 

a  ft  7  8    ' 

and  therefore  any  point  on  a  line,  which  is  perpendicular  to  every  direction 
in  the  ta-ngcnt  plane  to  the  surface,  satisfies  the  equations 

=  0. 


y-y,    *- 


z.     v  —  v 


These  equations  represent  a  plane.  Accordingly,  they  are  the  equations  of  the 
normal  plane:  as  every  direction  in  it  is  perpendicular  to  every  direction 
in  the  tangent  plane,  it  is  the  orthogonal  plane  at  the  point. 

The  transformation  of  these  equations,  to  a  form  more  obviously  connected 
with  the  parametric  expression  of  the  surface,  is  immediate.  They  can  be 
taken  in  the  form 


Now  the  equations  ®  =  0  and  <£>  =  0  are  satisfied  identically  when  the  para- 
metric* values  of  x,  y,  z,  v,  are  inserted  in  them  ;  hence 
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Accordingly 


2  (x  -  x)  xi  =  \S&'i®x  +  /x2a?i<I>z  -  0, 
2  (x  -  x)  xz  =  \2ffa  ®z  +  p£x*<bx  =  0 

which  are  the  parametric  equations  of  the  normal  plane.   Their  form  shews 
that  this  normal  plane  is  orthogonal  to  the  tangent  plane. 

Osculating  plane  of  a  geodesic. 

225.  Further,  among  planes  perpendicular  but  not  orthogonal  to  the 
tangent  plane  at  the  point,  there  occurs  the  osculating  plane  of  the  geodesic 
through  each  particular  direction.  This  osculating  plane  contains  the  tangent 
line  to  the  curve  having  direction-cosines  of,  y't  z't  v'\  and  it  contains  the 
principal  normal  to  the  geodesic  having  the  direction-cosines  lt  m,  n,  k. 
Consequently  the  equations  of  the  plane  arc 

—  xt    y  —  y,    z  —  zt    v  —  v    =  0. 

x'   ,        y'    ,        z'   ,       v' 
I    ,        in    ,        n    ,        k 

This  plane  contains  the  tangent  to  the  geodesic,  a  line  which  lies  also 
in  the  tangent  plane  ;  the  two  planes  therefore  intersect  in  a  line  and  thus 
cannot  be  orthogonal. 

But  the  two  planes  arc  •  perpendicular  to  one  another.  The  necessary 
analytical  condition  (§  83)  is  that  the  expression 

(x'm  -  y'l  )  (^3/2  -  ^sO  +  (x'k  -  v'l  )  (x^vz  - 
+  (y'n  -  z'm)  (yvzz  -  z^)  +  (y'k  -  v'tn) 
+  (zl    —  x'n  )  (zi£2  —  Xitz)  +  (z'k  —  v'n 
should  vanish.   In  this  expression,  the  coefficient  of  I  is 

=  -  y'  (ffiZ/a  -  2/1^2)  +  z'  (z\x*  -  #1*2)  -  if  (#1^2  - 

=  -  x^xix'  +  x^x^x'  =  -  ^  (Fp*  +  Gq)  +  #z  (Ep1  +  Fq), 

and  similarly  for  the  coefficients  of  m,  n,  k  ;  thus  the  whole  expression 
=  -  (Fjf  +  Gq')  Sfc*  +  (Ep'  +  Fqf)  2^2  , 

which  vanishes  because  ££%  =  0,  2/^2  =  0.    Thus  the  condition  is  satisfied  : 
the  two  planes  are  perpendicular. 

We  thus  have  the  family  'of  normal  (perpendicular)  planes  at  the  point, 
given  by  the  osculating  planes  of  the  geodesies  :  and  they  give  the  normal 
sections  of  the  surface  for  directions  through  the  point. 

.  This  normal  plane  to  the  surface,  passing  through  the  tangent  to  any 
direction  and  the  principal  normal  of  the  geodesic  in  that  direction,  and 


225]  OF  A  GEODESIC  393 

represented  by  the  equations 

'  —  x      V  —  v     z  —  z      v v     =0 

x'  v'    .        z'  .       v' 

t  t7         '  • 

I    ,        m   ,        n    ,        k 
is  manifestly  not  orthogonal  to  the  plane 

2  (x  —  x)  x\  =  0,     2  (5;  —  x)  #z  =  0, 

which  is  the  orthogonal  plane  of  the  surface  at  the  point.  But  the  two  planes 
are  perpendicular. 

When  the  former  plane  is  taken  in  its  canonical  form  (§  29) 
z  -  z  =  p  (x  -  x )  +  q  ( tj  -  y ) ' 
v  -  v  =  r  (X  -  x)  +  s  (y  -  y) 
the  values  of  the  canonical  coordinates  are 

P        _        (1       _         r         _       5       _  P8  ~~  V 

2'm  _  y'n  ~~  xii  —  z'l  ~  v'm  —  yk  ~~  x'k  —  v'l     z'k  —  v'n 

1 


and  when  the  latter  plane  is  taken  in  its  canonical  form 


the  values  of  the  canonical  coordinates  ai  c 


Now  with  the  notation  of  §  84,  we  have 


so  that  neither  S  nor  S'  vanishes  ;  and 

T(afui  -  y'l)  (V&  -  z^v2)  =  2  (z'm  -  y'n)  ( 
In  the  right-hand  side,  the  coefficient  of  k 


=  0, 
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because  x  =  Xip'9+  xzqr,  and  so  for  the  others.    Similarly  the  coefficients  of 
lt  m,  n,  in  T  vanish.   Consequently 

T=0. 
As  the  angle  between  the  two  planes  is  given  by 

we  have  </>  =  ^TT;  and  therefore  the  two  planes  are  perpendicular. 

Osculating  flat  of  the  surface  along  a  geodesic. 
226.   We  have  seen  that  the  flat 

x-x,    y-y,    z-z,    v-v    =  0 
x\  ,        y\  ,       z\   ,       v\ 

3UZ    ,  2/2     j  &2     i  Vz 

I     ,         9ii   ,        n    ,        k 

contains  the  tangent  plane  to  the  surface,  that  is,  it  passes  through  two  con- 
secutive points  at  0  in  every  direction  at  0.  Further,  I,  M,  n,  k,  are  the 
direction -cosines  of  the  principal  normal  to  the  geodesic ,  thus,  as  the  flat 
manifestly  contains  this  direction,  the  flat  contains  the  normal  plane  to  the 
surface  through  the  geodesic  direction*  that  is,  it  contains  the  osculating 
plane  of  the  geodesic,  and  therefore  passe's  through  three  consecutive  points 
on  the  geodesic.  Thus  it  may  be  regarded  as  the  osculating  flat  of  the  surface 
at'  0  containing  the  directions  of  all  geodesies  at  0  and  the  osculating  plane 
of  one  particular  geodesic ;  but  it  is  not  the  osculating  flat  of  the  particular 
geodesic  which  would  pass  through  four  consecutive  points  on  the  curve. 

Let  A,  B,  C,  D,  be  the  direction-cosines  of  the  normal  to  the  flat :  then 

But 

I      , 


-  x2  A)  p*  +  2  (xlz  -Xlrf-  x^')  p'q'  +  (xzz  -  xj?"  -  *z  A" 

with  corresponding  expressions  for  mt  n,  k  ;  hence  the  third  equation  can,  by 
use  of  the  first  two  equations,  be  expressed  in  the  form 

p'^Axn  +  2p'q"ZAx12  +  q'^Axn  =  0. 
We  introduce  new  quantities  H,  n',  H",  according  to  the  definitions 


apd  then  the  form  of  the  third  equation  is 
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A  flat,  orthogonal  to  the  principal  normal  of  the  geodesic. 

227.   Moreover,  in  connection  with  these  direction-cosines  A,  Bt  C,  Dt  it  is 
convenient  to  recall  the  two  relations 

Zlxi  =  0,     Zlxz  =  0  ; 
and,  with  them,  to  associate  the  relation 


Hence  I,  m,  n,  k,  are  the  direction- cosines  of  the  normal  to  the  flat 
&  —  xt     y-y,     z  —  z,     v  —  v    =  0. 

A  ,        B  ,        C  ,       D 

This  flat  contains  the  tangent  plane  at  the  point;  it  also  contains  the  normal 
to   the  osculating  flat  associated  with   the  assigned   direction  determined 


Manifestly,  owing  to  the  relation  Si  A  =  0,  the  two  flats  are  perpendicular 
to  one  another.   As  before  for  A,  B,  C,  D,  we  have 


VI  =  - 


yi. 

Zl, 

i'i 

,     Vm  = 

B, 

C, 

V2 

D 

i'i, 

*!, 

2/i 

,      Vk  = 

ID, 

A, 

2/2 

B 

C, 


A 


A,     B,    C 

the  signs  for  VI,  Vm,  Vnt  Vk,  being  determined  so  as  to  accord  with  the  sign 
about  to  be  selected  in  the  determination  of  A,  B,  C,  D. 

We  leave,  as  an  exercise,  the  verification  of  the  fact,  that  the  substitution 
of  the  former  values  of  At  B,  C,  Dt  in  these  expressions  actually  leads  to  the 
values  I,  mt  nt  k. 

Further,  to  obtain  the  actual  values  of  A,  B,  C,  D,  the  direction-cosines 
of  the  osculating  flat,  we  proceed  from  the  equations 


thus 


m  ,     n  ,     k 


B 

C 

— 

Zl,       Vi, 

Xi 

V\  j       X\  . 

2/i 

Zz,       V2> 

Xz 

1)n              X* 

2/2 

71,         k, 

I 

k,      I, 

771 

D 


xi,  2/1, 

#2i  2/2' 

, 

1  ,  m, 
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Now  5.4*  - 1 ;  if,,  therefore,  1/T  be  the  common  value  of  these  fractions, 
T»  =  2 


ra,     n , 


2 

W 

= 

B.    F, 

0 

2*z  Z 

Jf          f^ 

0 

2J2 

0,     0, 

1 

w , 

Consequently,  choosing  +  V  as  the  value  of  T,  we  have 


VA 


VC-- 


2/2, 

m, 


ft, 


VB  =  - 


VD  =  - 


71, 


^2,     *2 

7?l,       ?l 


These,  of  course,  agree  with  the  expressions  (§  47)  for  the  direction-cosines 
of  the  normal  to  a  flat,  which  contains  a  direction  Z,  mt  n,  kt  and  a  plane" with 


as  orientation-coordinates. 


T^e  quantities  fl,  H',  fl". 

228.  Next,  the  quantities  XI,  IV,  II",  do  not  vanish  in  general.  When 
they  do  vanish  simultaneously,  the  implication  is  that  the  whole  configuration 
of  the  surface  lies  in  a  flat,  that  is,  in  a  triple  space,  so  that  then  all  the 
properties  become  those  of  surfaces  in  the  Gauss  theory  for  homaloidal  triple 
space.  This  result  is  established  as  follows. 

When  the  quantities  H,  H',  fl",  vanish  generally,  we  have 

'S.Axu  =  0,     2<d#i2  =  0,     2  4  #22  =  0. 
The  two  relations 


always  hold.    From  the  first  of  these  two  relations,  we  have,  by  complete 
derivation  with  regard  to  p  and  to  q  in  turn, 


-j- 


=  0,     2  -j—  #1  +  2-da?i2  =  0, 


that  is,  on  the  present  hypothesis, 


dA 
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Similarly,  from  the  second  of  these  two  relations,  we  have 

^dA         «         _        -dA 

dp  '         dq  ' 

that  is,  on  the  present  hypothesis, 

^dAx  =Q      s^_4^  =0 

Moreover,  we  always  have 

~  dp      ~   '         dq      ~~ 
Now  from  the  equations 

dA  ~dA  v  dA 

i  -j-  x\  =  0|     2  -j-  #2  =  0,     2  -j-  -4  =  0, 
a/)  ap  dp 

we  have 

1  ctA.       1  cLjt      1  obO      1  cHJ        /* 

7~j ""  ^~  —  j     ^      j"~  ^=  T  ~j —  '  ^*    '  ^*^y  *) 
ap      m  dp      n  dp      K  ap 

and  from  the  equations 

V^L     _o      v^a=n      *—A=0 
we  have 

T  ~r~  —'    TT~=~j~=r^j~i=0»  say- 
L  dq      fni  dq      n  dq      k  dq 

Again,  from  the  equations  SAa;n  =  0  and  SAa1^  =  0,  we  have 
^Ax     +  S  —  x    =0     ~  '         •  *dA 


so  that 

vcLl          vtZA 
-rfry*11  =  S; 
hence 

0S^u=^2^12> 
that  is, 

07,  =  Wf  , 

where  Z  and  M  are  the  quantities  defined  in  §  215.   Similarly,  from  the 
equations  2-4ffi2  =  0  and  X^ff22  =  0>  we  infer  the  relation 

<t>M=9N. 
Hence,  cither 

-Jf  •-<),• 


and  a  later  mvestigation  will  shew  that  this  relation  requires  the  surface  to 
contain  straight  lines,  a  result  to  be  excluded  as  implying  the  special  class  of 
ruled  surfaces  :  or 

0  =  0,        =  0. 
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_         dA     dB     dC     dD     A     dA     dB     dC     dD     A          ,    ..      f 
Thus     -r-  =  -T-  i^  -j-  =  -j-  =  0,     -.—  =  -j-  =  j    =  -j-  =  0  ;     and    therefore 
dp      dp      dp       dp  dq       dq      dq      dq 

A,  B,  C,  D,  are  constants.   But 

and  therefore 

Ax  +  By  +  Cz  +  Dv  =  constant, 

a  relation  satisfied  by  the  coordinates  of  every  point  on  the  surface.  The 
surface  therefore  lies  in  a  flat :  that  is,  it  is  a  surface  in  some  homaloidal 
triple  space,  and  all  its  properties  are  deduciblc  by  the  usual  Gauss  theory. 
In  such  an  event,  comparison  with  the  Gauss  theory  is  at  once  obtained  by 
assuming  a  rectangular  transformation  of  the  axes  of  x,  y,  z,  if,  such  that  the 
containing  Hat  can  be  represented  by  v  =  Q. 

Equations  of  the  second  order  satisfied  by  point- coordinates. 
229.    We  now  are  in  a  position  to  obtain  equations  of  the  second  order, 
which  are  an  extension  of  the  equations  of  the  second  order  satisfied  by  the 
coordinates  of  a  point  on  a  surface  in  the  Gauss  theory. 

We  introduce  four  quantities   9,  </>,  ty,  %  provisionally  defined  by  the 
relations 

i-Ll   =0  , 

f—  Ltn  =  </> , 
L  —  Ln  =  i 

Then 


-  L  =  L  -  L  =  0, 

^Ae^Axn-Y^Axi-XZ 
consequently 


We  therefore  have  the  relations 

f  11  =  #11  —  #1  r  —  xz  A  =  LL 


Proceeding  in  the  same  way,  we  have  the  further  set  of  relations 
fia  =  ,T12-a:ir/-j;2A/  =  ^   +&A 
Vu  =  2/12  -  yi  r"  -  2/2  A'  =  Mm  +  MB 


1"  -  2/2  A"  =  Nm  +  WB 
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and  the  set  of  relations 


1722  =  2/22  - 
?22  =  *22  - 


In  the  first  place,  these  expressions  for  fn,  7jn,  ...,  v22j  manifestly  satisfy 
the  relations 

M       '°' 

flZi       ^12 1        ?12i       vl 

which  have  already  (§214)  been  established. 
Again,  with  these  values,  we  have 


i.nat  is, 


»  =  -  +  A  (tip'*  +  2iypy  +  n  V)  ; 


and  therefore  we  have  the  former  equation 


This  equation  equally  follows  from  tlu  expressions  for  ^u,  i;12j  rjzz\  for 
tiii  (Ti2i  ?22,  and  for  vn,  v^,  u22.  It  is  a  fundamental  relation  connecting  the 
quantities  H,  H',  ft",  which  belong  to  the  assigned  direction  p't  q',  through 
the  point. 

Now  multiply  the  equations  of  the  first  of  the  foregoing  sets  of  relations 
by  #11,  2/n,  ^n,  Vn,  respectively,  and  add;  then 


that  is, 


=  L2  +  fl2. 


The  left-hand  side  is  the  quantity  denoted  (§  208)  by  a,  a  quantity  inde- 
pendent of/)'  and  q  which  occur  in  both  L  and  O  :  thus  we  have 


Similarly,  multiplying  the  equations  in  the  first  set  of  relations  by 
#12  •  2/iz.  £12  1  Vi2,  and  adding:  or  multiplying  the  equations  in  the  second  set 
of  relations  by  a^i,  t/n,  Zu,  vu,  and  adding  :  we  find 


Multiplication  of  the  equations  in  the  first  set  of  relations  ty  *22,  y22,  s22,  i/22> 
and  Edition,  lead  to  the  result 

LN  +  nir  =  g. 
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And  so  for  others  :  the  full  tale  of  results  is 
Za  +  fla  =a, 

b,   NL 


h. 


The  former  fundamental  relation  (§  214) 


a,     h,     g 

h,     b,     f 

g,    f,     c 

can  be  verified  at  once,  on  the  substitution  of  the  foregoing  values  for 
a,  b,  c,  f,  g,  h. 

The  quantities  and  the  magnitudes  of  the  second  order. 
230.    The  quantities  L,  Mt  N\  I,  m,  n,  k,  A,  B,  Ct  D\   and  therefore 
H,  IV,  H" ;  all  involve  p  and  q',  while  a,  b,  c,  f,  g,  h,  depend  solely  upon  t(ie 
position  0  and  are  independent  of  directions  through  0. 

To  each  of  the  radicals  (be  -  f 2)*,  (ca  -  g2)*,  (ab  -  h2)*,  being  real  quantities, 
we  have  allotted  (§  214)  a  positive  sign:  in  general,  no  one  of  these  real 
quantities  is  zero,  We  write 

L  =  a*  cos  en      M  =  b*  cog  ft\      N  =  c*  cos  7] 
fl  =  a*  sin  a)      fi'  =  b*  sin  /3)      fl"  =  c*  sin  7) 

again  taking  positive  signs  for  a*,  b*,  c*.  It  appears,  at  once,  that  no  two  of 
the  three  magnitudes  a,  /9,  7,  are  equal ;  we  therefore  assume  a  >  /3  >  7, 
and  find 

cos  (0  —  7)  _     sin  (/Q  —  7) 

f          "      (bc-f2)*  ~(bc)* 
cos  (7  —  a)  _    sin  (7  -  q)    _      1 


cos  (a  -  0) 

h 
The  identical  relation 


sin  (a  —  Q)         1 
(ab-h2)*  =(^b)* 


0, 


becomes 

abc  +  2fgh  -  af  a  -  bgz  -  cha 

a  relation  already  known  to  be  satisfied. 

From  the  preceding  values^  we  have 

MO,  -  LW  =  (ab)*  sin  (a  -  £)  =  (ab  -  h2)*  , 
N&  -  Mfl"  =  (be)*  sin  (/3  -  7)  =  (be  -  f  2  )*  , 
LQ,"  -  NSl  -  (ca)*  sin  (7  -  o)  -  -  (ca  -  g2)*; 
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and  therefore 

(be  -  f  2)*  L  -  (ca  -  g2)*  M  +  (ab  -  h2)*  N  =  0, 

(be  -  f  2)*  n  -  (ca  -  g2)*  IT  +  (ab  -  h2)*  fl"  =  0 
We  have  already  (§  214)  obtained  the  similar  relations 

(be  -  f  2)*  fu  -  (ca  -  g2)*  f12  +  (ab  -  h2)*  f22  =  0, 
(be  -  f  2)*  7}U  -  (ca  -  g2)*  rjl2  +  (ab  -  h2)*  ^Z2  =  0, 
(be  -  f  2)i  fc  -  (ca  -  g2)*  fu  +  (ab  -  h2)*  fH  =  0, 
(be  -  f  2)*  un  -  (ca  -  g2)*  vl2  +  (ab  -  h2)*  vzz  =  0. 

The  foregoing  linear  relation  between  Z,   M,  N,  is   consistent  with   these 
relations. 

Similarly,  we  have 

cos  (£  -  7)  -  cos  (7  -  a)  cos  (a  -  /9)  =  sin  (£  -  a)  sin  (7  —  a), 
that  is, 

af  -  gh  =     (ca  -  g2)*  (ab  -  h2)*; 
and  also 

bg  -  hf  =  -  (ab  -  h2)*  (be  -  f  2)*, 

ch  -  fg  =     (be  -  f  2)*  (ca  -  g2  )* 
in  accordance  with  the  results  already  (§  214)  given. 

Similarly,  when  the  values  of  ft,  IV,  H",  are  substituted  in  the  fundamental 
relation 

n/>/2  +  zn'pq'  +  n  Y2  =  o, 

so  that  it  becomes 

p'2a*  sin  a  +  2^Yb*  sin  0  +  g'zc*  sin  7  =  0, 
and  when  we  use  the  equations 

sin  ft  =  sin  a  cos  (o  —  /3)  —  cos  a  sin  (a  —  £) 
=  (ab)  ~  *  (h  sin  o  -  (ab  -  h2)*  cos  a], 

sin  7  =  (ca)  ~  ^  (g  sin  a  —  (ca  —  g2)*  cos  a), 
we  find 

cos  a  _  sma  1 

~  g^'2  "  2  (ab  -  h2)  V?  +  (ca  - 


say.    Then 

U*  =  (ap/2  +  2hp^'  +  gr/2)2  +  (2  (ab  -  -    . 

P 
P.  o.  26 
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Consequently     t 

L    _  a*  cos  a 

P  P~ 

fl    __  a^  sin  et 

P    ~       P 
Similarly,  we  find 

M  _  b*  cos  @ 
P    "       P 
fl'      b*  sin  8 
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2  (ab  -  h2)*  p'q'  +  (ca  -  g2)*  q'  a 


=  -  (ab  -  h2)*  p'2 


+  (bc-f2)*<H 


; 
and 


N  _  c*  cos  7 
P    ~       P 
IT  = 
P 


_  (ca  _  ^j    ^  _  2  (bc  _ 


+  fl  y  )  =     ?'  {(ab  -  ha)  V2  +  (ca  - 


e  -  f  2)*  q'*}t 


We  note,  as  immediate  corollaries  from  the  formulae,  the  two  results 

\( 

i  § 

—  (O'x)'  H-  £1'  Y)  =  —  p'  {(ab  —  h2)*  p/2' 
P 

The  quantity  within  the  bracket  on  the  right-hand  side  will  recur  later  • 
we  write 

TT  =  (ab  -  h2)  V2  +  (ca  - 1 
and  so  the  two  preceding  results  are 

1  /  /  ,TIT  1 

P  '     P 


n    , 

+  pW, 


Thus 


and  therefore 


a  relation  which  can  bc  verified  immediately. 

The  quantity  W  obviously  vanishes  with  fl,  !!',  fl",  that  is,  when  (§  228) 
the  surface  lies  wholly  in  a  flat. 

Direction-cosines  of  the  osculating  flat. 
231.   Fpr  an  alternative  set  of  expressions  for  A,  B,  C,  Dt  let 
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x\  *  y\  i  ^1 1 

^a  ,  2/2  ,  *2  , 

fl2i  ^12 1  fill 

^1  ,  2/1   >  ^1  , 

*2  ,  3/2  i  *2   . 


Then 


n       k 

~P'  p 


and  so  for  the  others :  thus 

A  v 

P  ~ 

V 
~P~ 


NOTE    Some  relations  can  be  established,  connecting  the  quantities  cFlll,  ftmt  ghn,  ht,H1 
with  the  quantities  ^in,  ^,m,  fhlll  vim,  respectively    The  central  equations  are 


with  corresponding  relations  for  17,  «i,  /?  ;  f,  ;t,  (7;  u,  /-,  />     from  the  first  of  these,  we  have 


P  P 


Thus 


+     [2  (ab  -  h*)*  Py  +  (ca  - 
Thebnly  relation  connecting  p'  and  9'  is  the  non -homogeneous  relation 


26—2 
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and  the  foregoing  relation  is  homogeneous,  so  that  the  coefficients  of  the  various  combina- 
tions of  p'  and  q'  can  be  equated.   Thus 


e\\ 


(2g+4b)fn= 


(ca-g»)* 


(ab-h2)* 
V        i 


(ca-g*)i 
V     • 


Five  similar  equations  result  from  the  relation 

fM 
and  five  from  the  relation 


Moreover,  there  are  equations,  precisely  similar  to  these  seta,  in 
rilm  and  /,,„      Cim  and  ghn     vlm  and  hlm. 
We  also  had  the  relation 


with  corresponding  relations  among  i?im,  ^7rt,  D{m.    U  is  easy  to  see  that,  because  of  the 
relation  abc  +  2fgh  -  af  2  -  bg2  -  Ch2=0,  all  the  equations  are  satisfied  in  virtue  of  the  set 


e!2 


(be  - 1 

V 


•PC          >i£      _\ut>  " 

ffii-bbi t 

Even  these  equations  are  not  independent .  thus,  when  the  two  values  of  en  are  equated, 
we  obtain  the  equation  in  £n,  f12,  £22,  already  given. 
When  an  equation 

^(ab-hz)*£ 

is  combined  with  the  corresponding  equations  in  17  and  /,  f  and  <7,  v  and  h,  and  when  the 
equations  are  squared  and  added, -we  merely  have  an  identity. 
Again,  there  are  the  relations 

,  _ht      (ab-h')i. 


-•HI 
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|u  ^  _  Q  e, i_ 
a  p      p  3.V 
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with,  of  course,  the  corresponding  relations 

Q 

_n 
n 

When  these  equations  are  squared  and  added,  we  find 
in  Virtue  of  2fn2  =  a,  2fnt'u  =  0,  2eu2  =  lfza  ,  and  this  i",  the  old  relation  (5$  229) 

Three  special  magnitudes  of  the  second  order. 

232.    We  shall  require  the  magnitudes*   R}  tf,  T,  defined  by  the  ex- 
pressions 


R  = 


2/2 


^'12  1    ^12.    -212  ,    ^'12 


,   s 


#11  1  J/ll,  ^11)  l'll 

#22,    2/22.    ^22  •    ^'22 


#2  ,  y2  ,    *.  .     a 

#12,    2/12  •    ^12  »    ^12 
#22,    2/22,    *22,    ^22 


In  each  of  these,  let  the  values  of  the  second  derivatives,  as  obtained  in  the 
relations  of  §  229,  be  substituted  ;  then 


72  = 


#1 

#2 


''2 


LI 


#1,    yii    ^ii    ^i 

I,     in,      nt     k 
A,     B,     Gt     D 


by  the  result  of  §  227.   Hence 

R  =  F(ab)*  sin  (a  -  /3)  =  F  (ab  -  ha)*. 

•  • 

They  are  taken  as  fundamental  magnitudes  of  tho  second  order  by  Kommerell,  Math.  Affn., 
vol.  LX  (1905),  pp.  548-596. 
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Similarly  for  S  and  T  :  the  three  values  are 

R=  F(ab 
S  =  F(ca  -  g2)* 


Also,  as 


we  have 


The  quantities  eim,  fim,  gtm,  him,  of  §  231  are  connected  with  R,  S,  T,  as 
minors  in  the  determinantal  forms  of  the  latter.    We  can  take 


TL-SM+RN  = 


01  .  yi 


.  vi 


ii  (Tiii 


fl2> 


.        8- 


01 


3/2   ,    ^2 


fii.  *7n.   Siii 

£22,     »?22 .     ?22 1 

with  constituents  fjw,  7jhnt  &M,  u,m>  instead  of  ximt  ylm,  zlmt  vlm.    Now 
—  0n i  ~~./ii»  ~~  yii i  — "ii i  ftre  the  minors  of  fia,  ^7121  £12 »  ^121  in  Rt 

0i2i     /MI     #12,      ^121  •• fiii  1711 1  &  i  vu  i  in  12; 

and  therefore,  by  a  theorem  in  determinants, 
•  —    e\\t     e\2    =12(^1^2  —  ^1^2)- 

/Hi      /12 

Similarly 


/Hi  /22 
012 1  022 
/12,  /22 

Consequently 

T7>  Tit  /~1  /_    -.  -.          \  /  E*'T'          W    i     /HT  D\ 

Jb  ,         ^   ,         IT        ^  —  V.^1^2  —  ^1^2/^-"*    — U  &  ~T  \JTtl )t 

011.       012,       022 
/ll,       /12,      /22 

a  result  which,  with  other  like  results,  will  be  useful  in  discussing  (§  247) 
the  locus  of  the  intersection  of  consecutive  orthogonal  planes  for  varying 
directions  through  a  point. 

Similarly,  by  using  the  results  (§  214) 


fn,     1711  >     fiii 
fi2.     1712  >     £12, 


"22 


=  0, 
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we  establish  the  relations 


4U7 


which  will  be  required  in  the  same  discussion. 
Further,  we  have  the  relations 


=  0, 


and  similarly  for  the  others  ;  the  whole  aggregate  of  relations  of  this  type  is 


s=     0 
i-     T 
results  which  will  be  used  hereafter. 


CHAPTER  XIII. 

SURFACES  IN  QUADRUPLE  SPACE  :  GEODESICS. 
Quadruple  frames  associated  with  a  surface  direction. 

233.  At  any  point  on  the  surface  and  associated  with  a  superficial  direc- 
tion in  the  surface,  three  directions  have  already  been  obtained.  There  is  the 
tangential  direction  x,  y't  z,  v't  lying  in  the  tangent  plane  at  the  point. 
There  is  the  principal  normal  I,  m,  nt  k,  to  the  surface,  associated  with  the 
tangential  direction.  There  is  the  normal  At  B,  C,  D,  to  the  flat,  which 
contains  the  tangent  plane  to  the  surface  at  0  and  also  contains  the  principal 
normal  to  the  surface  associated  with  the  tangential  direction. 

Now  these  three  directions  are  perpendicular  to  one  another  ,  for 

g'2tei   =0, 
Ascz  =  0; 
and  we  have,  by  definition  (§  226), 


Hence  we  can  constitute  a  complete  orthogonal  frame,  associated  with  the 
given  tangential  direction  or,  in  other  words,  associated  with  a  geodesic 
through  the  point.  For  this  purpose,  we  take  a  fourth  direction,  perpendicular 
to  each  of  the  three  directions  ;  let  its  direction-cosines  be  X,  p,  vt  K. 

The  two  directions  I,  m,  nt  k,  and  A,  Bt  G,  D,  are  perpendicular  to  the 
tangent  plane;  they  therefore  are  guiding  lines  for  the  orthogonal  plane. 
Thus  the  direction  \,  //,,  i/,  «,  perpendicular  to  both  these  guiding  lines,  is 
perpendicular  to  the  orthogonal  plane  :  that  is,  it  lies  in  the  tangent  plane. 
The  required  direction  must  also  be  perpendicular  to  the  tangential  direction 
x\  y  '  i  z  '»  v'  j  and  therefore  it  lies  along  a  line  111  the  tangent  plane  perpendicular 
to  this  tangential  direction.  Hence*  its  direction-cosines  are  given  by  the 
equations 

V\  =  x2  (Epf  +  Fq')  -  a*  (Fpf  +  Gq') 


Vv  =  z2  (Ep'  +  Fq)  -  *!  (Fp9  +  Gq') 
VK  =  v*  (Ep'+  Fq')  -  Vl  (Fp'+  Gq') 

*  See  the  example  in  §  210. 
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*.,  /*,  v.  K 

x ,  y  j  £  f  i/ 

J  ,  w,  7i,  k 

A,  Bt  C,  D 


If  the  four  perpendicular  directions  thus  obtained  constitute  the  conven- 
tional setting  (§  25)  of  an  orthogonal  frame  of  reference,  the  determinant  T, 
where  • 

T=     «',     y',     z\     «• 
I  ,     m,     71,     fc 
X,     /i,     vf     * 
-4,     £,     (7,     /) 
should  be  equal  to  unity.    Now 

x,     '         l 


yz(Epf^Fq')-yl(Fpf  +  Gq\     yzq' 


2/2, 


p'  +  Fq),     -(Fp'+Gq') 

fl      .          p 


and  so  for  the  other  second  minors,  arising  from  the  first  two  rows  in  T ; 
hence 

^*2 1        2/2'        ^2 1        ^'2 
I     ,        7/1,        ??    ,        fc 

A,     n,     C,     D 
When  we  use  the  values  of  A,  Bt  (7,  D,  obtained  in  §  227,  we  have 


yz,     Zz,     t'a 
7/1,     n  ,     k 


so  that 

and  the  orthogonal  frame,  constituted  by  the  four  directions,  conforms  to  the 
conventional  setting. 

Moreover,  in  this  orthogonal  frame,  the  guiding  lines  for  the  tangent 
plane  are  the  tangent  to  the  normal  section  of  the  surface  and  a  line  perpen- 
dicular to  that  tangent  Hitherto,  the  directions  of  the  parametric  curves  at 
0  have  usually  been  taken  as  guiding  lines  for  the  tangent  p4ane.  When 
these  parametric  directions  are  associated  with  the  principal  normal  of  the 
geodesic  and  the  normal  to  the  osculating  flat,  we  have  an  alternative  " 
of  reference  for  the  configuration ;  but  it  is  not  completely  orthogonal. 
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Accordingly  ,(  there  are  two  frames  of  reference,  which  are  equivalent  to 
one  another  for  the  present  purpose.  In  the  orthogonal  frame,  there  are 
four  orthogonal  directions,  viz.  (i),  the  initial  direction  xt  y't  z't  v't  -of  the 
geodesic,  (ii),  the  direction  \,  pt  v,  «,  in  the  tangent  plane  perpendicular  to 
this  initial  direction,  (lii),  the  direction  I,  m,  n,  k,  of  the  radius  of  circular 
curvature  of  the  geodesic,  and  (iv),  the  direction  A,  B,  C,  D,  required  to 
complete  the  orthogonal  frame.  In  the  alternative  frame  of  reference,  we 
substitute  the  tangents  to  the  parametric  curves  in  the  surface  for  the  first 
two  of  the  preceding  directions,  and  we  retain  the  other  two  directions 
unchanged.  In  each  frame,  we  have  the  same  two  orthogonal  planes  ,  one 
of  these  is  the  tangent  plane  to  the  surface  :  the  other  is  the  plane  through 
the  radius  of  circular  curvature  of  the  geodesic  orthogonal  to  the  tangent 
plane.  Further,  when  different  directions  are  taken  in  the  tangent  plane,  it 
remains  unaltered  ;  consequently,  the  plane  orthogonal  to  the  tangent  plane 
remains  unaltered,  and  therefore  the  different  radii  of  circular  curvature 
which  belong  to  the  different  geodesies  through  these  directions,  all  lie  "in 
this  orthogonal  plane.  Tn  fact,  the  tangent  plane  at  any  point  of  the  surface 
and  its  orthogonal  plane  are  two  fundamental  planes  of  reference  of  the 
surface  at  any  point. 

The  analytical  verification  of  the  complananty  of  all  the  geodesic  radii  of 
circular  curvature  is  simple.  Let 


rju> 


vllt 


=  f12l 


so  that  Ji,  mi,  nit  kit  are  the  direction-cosines  of  the  radius  of  curvature  of 
the  geodesic  touching  the  parametric  curve  q  —  constant,  and  J2|  ?nz,  712,  jfca, 
are  the  direction-cosines  of  the  radius  of  curvature  of  the  geodesic  touching 
the  other  parametric  curve  p  =  constant.  Now  (§  214) 


and  therefore 


But 
"~r 


I 

p' 


!'  £12,     7712  .     £12 ,     "12 

I    ?22i       ??22  i        £221        "22 


=0. 
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with  corresponding  values  for  m,  n,  k  ;  hence 

lit     mi,    *i,     ^i 

I  ,     m  ,     n  ,     k 


0. 


Consequently,  every  direction  I,  m,  n,  k,  of  a  geodesic  radius  of  circular  cur- 
vature lies  in  the  plane  determined  at  the  point  by  the  radii  of  circular 
curvature  of  the  two  geodesies  which  touch  the  parametric  curve. 
Again,  from  the  equation 
I 


with  the  three  like  equations,  we  have 


and  therefore 


Similarly 


a*, 
P 


-I-  g?'2 


f qz  =  - 


P 
b* 


cos  or. 


cos/9, 


/.     K     c* 
i  q  +  cq  z  =  —  =  —  cos  7. 

*>  '  P        P 

Hence  the  angles  a,  0,  7,  of  §  230  are  the  inclinations  of  the  geodesic  radius 
of  curvature  to  the  respective  directions  l^  nil,  HI,  &i>  ^iii  Wliz>  ^izi  ^'izi 
12,  ni2,  n2t  k2,  all  of  which  lie  in  the  orthogonal  plane  at  the  point. 

Torsion  of  a  geodesic. 

234.  The  torsion  and  the  tilt  of  any  geodesic  can  bo  determined  by  the 
use  of  the  orthogonal  frame  of  the  geodesies  through  a  point,  for  which  the 
tangent  plane  to  the  surface  is  one  of  the  planes  of  reference.  We  already 
(§  226)  have  had  to  consider  the  flat 

x-x,     y-y,     z-z,     v-v    =0. 


I    ,        m   ,        n,      •& 
This  flat  contains  the  tangent  plane  to  the  surface,  the  equations  of  which  are 


x  —  xt    y  —  y,    z  —  z,    v  —  v 
ffi  ,       2/i  ,      ^i  ,       ui 


0. 
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It  also  con  tains  ( the  osculating  plane  of  the  geodesic,  determined  by  the 
tangent  and  the  principal  normal,  the  equations  of  this  plane  being 


5 -a;,     y-yt     z-z,     v-v 
x    ,        i/    ,        z'  ,        v' 
I    t        m   ,        n   ,        k 


=  0. 


Now  the  binormal  at  any  point  of  a  curve  lies  in  the  flat  which  contains  two 
successive  tangents  to  the  curve  and  the  principal  normal  to  the  curve  at 
that  point  ;  and,  within  that  flat,  the  direction  of  the  binormal  is  perpen- 
dicular to  the  osculating  plane  of  the  curve.  Hence  in  the  case  of  the  fore- 
going geodesic,  the  binormal  at  the  point  lies  in  the  foregoing  flat  ;  and  its 
direction  in  the  flat  is  perpendicular  to  the  foregoing  osculating  plane,  that 
is,  the  direction  of  the  binormal  is  parallel  to  a  line  in  the  tangent  plane  of 
the  surface,  this  line  being  perpendicular  to  the  tangent  to  the  geodesic.  The 
said  line  has,  for  its  direction-cosines,  the  magnitudes  denoted  (§§  210,  233) 
by  \  /*,  v,  tc,  where 

V\  =  (Exz  -  FxJ  p'  +  (Fxz  - 


=  x*  (Epf  +  Fq)  -  xj_  (Fp'  +  Gq), 
with  corresponding  expressions  for  p,  v,  K. 

With  the  customary  notation  (§  134*  for  the  principal  lines  at  any  point 
of  a  curve,  the  direction-cosines  of  the  binormal  are 


and  three  similar  expressions.  Also,  we  have  px"=  I,  py"  =  m,  pz"=  ?i,  pv"=  k, 
with  the  current  significance  of  I,  m,  n,  k,  for  geodesies ;  hence  there  are  the 
four  equations  of  the  type 

*  (a'  +  pi'  )  =  Ir  [X2  (Ep'+Fq')  -  an  (Fp'+  Gq')}  ~ 

^  <y  +  pwf)  =  ^  (2/2  (^P'+  ^')  -  yi  (Fp'+  Gq')} 

1  (z'  +  pn'  )  =  ±{*2  (Ep'+  Fq')  -  z,  (Fp'+  Gq)} 
*-  (v'  +  pk' )  =  i  {v2  (Ep'+Fq')  -  v,  (Fp'+  Gq')} 
From  this  set  of  equations  .various  inferences  can  be  derived.    We  have 


hence 


=  -  2 J  (xllp'  +  xw  q')  =  -  (Lff  +  Mq'\ 
=  -  (Mpe  +  Nq'\ 
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and 


=  -  (Lp*  +  2Mrfj  +  Nq'z)  =  -  -  . 

P 

First,  multiply  the  equations  by  x,  y't  z,  v,  and  add  :  the  result  is  an 
equation,  satisfied  unconditionally. 

Next,  multiply  by  I,  m,  n,  k,  and  add:  again  the  resulting  equation  is 
satisfied  unconditionally. 

Next,  multiply  by  I',  m,  n',  k't  and  add  :  then  we  have 

?  (-  -p  +  p*l'z)  =  y  {(Ep  +  Fq')  (  W)  -  (Fjf  +  Gq') 
=  i|  LP'  +  Mq',    Mp+Nq   ;. 

1  Ep'+Fq't      Fp    +Gq'  ' 

The  determinant  on  the  right-hand  side  we  denote  by  T.  Now  in  Frenet's 
curvature  formuhe  (§  197)  for  curves  in  quadruple  space,  there  are  four 
equations 

dc2  =  _  Ci     ca 
ds          p      <r  ' 

where  Ci  is  a  typical  direction-cosine  of  the  tangent,  c2  of  the  principal  normal, 
and  ca  of  the  binomial.  Thus  we  can  take  cz  =  I,  GI  =  x,  c3  =  X  ;  and  there  are 
then  four  equations  of  the  type 


Squaring  and  adding,  we  have 


The  foregoing  result  now  becomes 

-  =  I  Lp'  +  Mq't     Mp'  +  ^y'    =  T, 

|  Ep'+Fq',     Fp'  +  Gq' 

thus  giving  an  expression  for  the  torsion  of  a  geodesic. 
Further, 


with  like  expressions  for  M  and  for  JV,  so  that 

-  (Lp'  +  Mq')  =  ajt)'3  +  3hp'  Y  +  (g  +  2b)  p  Va  +  V3  -  * 

with  the  definition  (§  213)  of  k  ;  and,  similarly, 

-  (Mpf  +  Nq)  =  hp'3  +  3k/V  +  3fp  V2 
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ap/3  +  Shp'*q'  +  3kpYz  +  f  g'3,     fijp'  +  Fq' 
h//3  +  3kp'Y  +  3f  pq*  +  eg'3,     -FJp'  +  9q' 
another  expression  for  the  torsion  of  the  geodesic. 

Tilt  of  a  geodesic. 

235.  Further,  we  have  seen  that  an  orthogonal  frame  for  the  geodesic 
(or,  indeed,  for  any  curve)  through  the  point  has  the  four  lines  x,  y't  /,  v, 
being  the  tangent :  lt  m,  n,  k,  being  the  principal  normal :  \,  p,  v,  K,  being 
the  binormal  of  the  geodesic  along  the  direction  x't  y't  z't  v':  and  4,  Bt  C,  JJ, 
for  its  principal  axes.  Thus  4,  B,  C,  D,  as  given  in  §  226,  are,  in  effect,  the 
direction-cosines  of  the  tri normal  of  the  geodesic ;  and  we  have 
=  0,  240,  =  0,  24^=0,  24\  =  0, 


Accordingly,  reverting  to  Frenet's  formula?  (§  164),  we  select  the  relation 

dc3_     c,     c4 
<fc~~?;r 

where  c4  is  the  typical  direction-cosine  of  the  trinomial,  so  that  c»-—  At  B,  C,  D, 
in  turn. 

'  Now,  typically,  we  have 

Vk  =  xt  (Ep'+  Fq')  -  Xl  (Fp' 
and  therefore 


Taking  the  four  equations  for  the  four  values  of  c3l  multiplying  them  in  turn 
by  I,  mt  n,  k,  (the  four  values  of  ca),  adding,  and  using  the  relations 

2^  =  1,     2*2*4  =  0, 


we  have 


1  —  21* 

a-  ds 


1  , 


. 

ds 


Lp'+Mq't     Mp'+Nq' 


Ep'  +  Fq',     Fp'  +Gq' 
the  expression  already  (§  234)  obtained  for  the  torsion  of  the  geodesic. 
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Next,  take  the  same  derived  equation  for  the  four  successive  values  of  ca, 
multiply  by  A,  B,  C,  D,  (the  four  successive  values  of  c4),  anU  add,  then,  as 


we  have 


*  =  (EPf  +  Fq')  (ny 


where  W  has  the  significance  given  in  §  230.   Also,  from  the  quoted  Frenct 
formula,  we  have 


so  that 


PT 


:  W  =  (ab  -  h2)*  //2  +  (ca  -  g2)*/>Y  +  (bc  -  f  2)  V2. 


thus  giving  an  expression  for  the  tilt  of  a  geodesic. 

Tljis  result  is  in  accordance  with  the  observation  (p.  402)  that  W  vanishes 
when  the  surface  lies  wholly  in  one  Hat,  so  that  the  tilt  of  any  curve  on  the 
surface  is  zero. 


Summary  of  results  :  covariants  LN—  M2,  EN  —  2FM  +  GL. 
236.    Summarising,  we  have  results  associated  with  the  binary  forms 
U  =Epz  +  2Fp'<Il+G  q'*  =  l, 


U'  -  Lp'z  +  ZMp'q  +  Ar 


r  =  tip*  +  2n>Y  +  fl'Y1-  °- 


Lp'+Mq',     Mp'+Nq' 

Lp    +  Mq',     Mp'  +  Nq' 
Ep'  +  Fq  ,     Fp'  +  Gq' 


Their  three  Jacobians  are 

_  r 

PT> 

V 

a  ' 

]r 

#/  +  Fq'  ,     fy  +  Gq      I 
Now,  between  any  two  quadratic  forms 

their  three  invariants 
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and  their  Jacobian 

J=J 


there  exists  the  relation 


We  apply  this  relation  to  the  three  pair-combinations  of  U,  l['t  U"t  in  turn, 
writing 

EN  -2FM  +  #/;=#    nn"- 

Eti"  -  2FG,'  +  Gn  =  7,      LN  - 

zn/7  -  2  j«r  +  ^rn  =  s,    EG  - 

We  find,  firstly, 


that  is, 


V2 


-  M 2  -  -  (EN  -  2FM  +  GL)+-Z  (EG  - . 
P  P 

L  —  ^      M-  — 
~P'  P    ' 


Secondly,  we  find 


that  is, 
Thirdly,  we  find 


F2 


leading  again  to  the  result 


There  is  also  the  algebraical  relation 


F2 


that  is, 


p>q  /          \p,q  I          \p,q 

UW+U"T-U'UL  =  Q, 
which  is  satisfied  identically  by  the  magnitudes  involved. 
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Later  (§  240)  it  will  appear  that  the  quantity  g  -  b,  there  denoted  by  30, 
is  an  invariant  of  the  superficial  configuration.   Now 

g  -  b  =  L N  +  nn"  -  (  M  a  -  n/a) 


and  therefore  LN  —  M*t  a  co variant,  can  be  expressed  in  the  form 

y2  yi 

LN  —  M*  =  g  -  b  H — =-  =  30  H — =-. 

Tz  Tz 

Again,  the  relation 

^*=  -  \LN-  Mz- -  (KN  -  2FM  +  GL)  +  V\ 
a2         I  ,ov  p2 

has  been  established;  hence,  substituting  the  foregoing  expression  for 
LN—MZ,  we  have 

EN-2FM+GL 

P 
yielding  an  expression  for  the  covariant  EN  —  2FM  +  GL. 

When  the  surface  exists  in  one  flat,  so  that  there  is  no  tilt  and  I/T  is 
zero,  the  foregoing  formula  for  LN '  —  J/2  becomes 

l,.V-.V2=g-b- 

in  effect,  the  formula  which  then  gives  the  Gauss  measure  of  curvature  of  the 
surface  lying  in  the  Hat,  that  is,  existing  in  LI  customary  homaloidal  triple 
space. 

Lines  of  curvature  on  surfaces  in  quadruple  space. 

237.  In  the  discussion  of  the  curvature  (and  the  lines  of  curvature,  in 
particular)  of  surfaces  in  homaloidal  triple  space,  two  alternative  equivalent 
methods  of  procedure  are  adopted. 

In  one  of  these  methods,  the  direction  of  a  curve  of  curvature  on  the  surface 
is  such  that,  at  every  point  along  the  curve,  the  principal  normal  of  the  super- 
ficial geodesic  touching  the  curve  meets  the  principal  normal  of  the  similar 
superficial  geodesic  at  a  consecutive  point.  Usually  two  analytical  conditions 
are  required,  in  order  to  secure  that  a  couple  of  lines  in  homaloidal  quadruple 
space  shall  meet ,  and  apparently  only  one  possibility  of  satisfying  these  con- 
ditions is  provided  by  a  variable  direction  on  the  surface,  so  tha.t*primd  facie 
the  method  indicated  would  not  be  applicable  to  quadruple  space.  It  appears, 
however,  that  the  two  conditions  assume  a  different  organic  form  when 
lines  are  principal  normals  of  consecutive  geodesies. 

P.O.  27 
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With  the  preceding  notation,  the  equations  of  the  principal  normal  of  the 
geodesic  through  the  point  x,  yt  z,  v,  in  the  direction  p',  q',  are 


where  D  is  the  variable  parameter  along  the  line.  For  the  principal  normal 
of  the  geodesic  through  a  consecutive  point  at  an  arc-distance  8  from  x,  y,z,v, 
along  the  direction  p',  q,  the  equations  are 


y  =  y  +  y'S  +  (m  +  m'S)  A,     v  =  v  +  v'B  +  (k  +  k'&)  A. 

If  these  two  normals  meet,  there  must  be  values  of  D  and.  A  which  make 
xt  ~yt  z,  v,  the  same  in  the  two  sets  of  equations  :  clearly  two  conditions  will 
be  required.  We  then  have,  at  the  common  point, 

+  l'S  )&} 
I 


First,  multiply  these  four  relations  by  xt  y,  z,  v,  and  add  :  then     ( 

0 
But,  as  5#'/  =  0,  we  have  f 

2*T  --  ^' 
and  therefore 


-; 
P 


Next,  multiply  them  by  I,  in,  n,  k,  and  add  •  then,  as  %ll'  =  0,  we  have 

D  =  AS/2  =  A, 


so  that 

D  =  A  =  p, 

as  is  to  be  expected  from  the  geometrical  configuration. 

Next,  multiply  the  four  relations  by\,  /i,  v,  K,  the  direction-cosines  of 
the  line  in  the  tangent  plane  perpendicular,  in  that  piano,  to  the  direction 
x't  y',  z',  v'  ;  then  as 

we  have 

Now,  in  the  Frenet  formulae,  we  have  the  relation 

.    dc2_     ci.?s 

~3     —  ™"  ~"  T"       i 

as  p      tr 

where  ft  =  a/,  y't  z,  v'\  c2  =  I,  mtntk\  c3  =  X,  ^,  v,  K.    Hence,  as  ^IJ3  =  0, 
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for  the  geodesic  in  question  ;  that  is,  as  a  condition  for  the  concurrence  of 
normals  at  successive  points  to  the  tangential  geodesic,  we  have 

1  =  0. 

a- 

Thus  the  torsion  vanishes,  again  a  result  to  be  expected  from  this  direction  : 
because  an  osculating  plane  is  stationary  when  consecutive  radii  of  circular 
curvature  intersect. 

Finally,  multiply  the  four  relations  by  A,  B,  C,  D,  the  direction-cosines 
of  the  fourth  arm  of  the  orthogonal  frame  ,  then 


, 
because  A(=/o)  is  not  zero.    But  we  have,  as  typical  of  four  equations, 

r  =  -*'  +  *, 

p    * 

and  2^1o/  =  0,  2j4\  =  0;    thus  the  new  condition  is  satisfied  without  any 
residuary  relation. 

Cqpsequently,  by  this  method,  we  find  certain  properties  of  the  geo- 
metrical configuration  —  viz.  that  D  =  A  =  p,  as  is  to  be  expected  ;  and,  as 
ii  residuary  relation,  we  have 

1  =  0 

a- 

for  the  geodesic  touching  the  curve  of  curvature  .  that  is,  after  §  234,  the 
direction  p',  r/',  must  satisfy  the  equation 

,  Lp'+Mq',     Mp'  +  Nq'  |=0, 
|  Ep'+F</,     Fp'  +  Gq    \ 
which  can  be  regarded  as  an  equation  of  curves  of  curvature  011  the  surface. 

238.  In  the  alternative  method  adopted  in  the  discussion  of  the  curvature 
of  surfaces  in  homnloidal  triple  space,  we  use  an  implied  definition  or  property 
that  the  radius  of  circular  curvature  of  a  geodesic  touching  a  curvo  of  curva- 
ture is  a  maximum  or  n  minimum  among  such  radii  for  geodesies,  which  are 
tangential  to  directions  through  the  point.  In  this  definition  the  implication  is, 
not  that  p  is  a  maximum  or  a  minimum  along  the  specific  geodesic  (for  that 
would  require  the  property  p'=  0),  but  that  p,  regarded  as  a  function  of  p'  and  5', 
acquires  a  maximum  or  a  minimum  by  a  choice  of  p'  and  q'  among  the 
possible  values  that  are  limited  by  the  equation  Ep'2  +  2Fp'q'  +  Gq'z  =  1.  The 
definition  thus  is  distinct,  in  quality,  from  the  earlier  definition  which  con- 
templates a  property  arising  from  continued  progress  along  the  curve  ;  here, 
such  continued  progress  does  not  enter  into  the  consideration. 

We  proceed  to  use  this  implied  property  :  that  I's,  we  require  directions' 
at  any  point  on  the  surface,  such  that  $  and  q'  provide  a  maximum  or  a 

27—2 
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minimum  value  ,of  p  among  all  directions  through  the  point.   The  circular 
curvature  of  the  geodesic  is  given  by  the  relation 

-a 

When  the  surface  does  not  lie  in  a  flat  within  the  quadruple  space,  the 
right-hand  side  is  not,  unconditionally,  the  perfect  square  of  a  quadratic 
function  ofp  and  q.  Accordingly,  the  use  of  the  method  allows  us  to  obtain  a 
maximum  value  or  a  minimum  v^lue  of  l/pz  (not  of  l/p)  for  values  of  p  and  q', 
subject  to  the  relation  ZEp'z  =  I.  On  a  real  surface,  the  curvature  is  real, 
though  it  may  be  sometimes  positive,  sometimes  negative  ;  thus,  among  the 
minimum  values  of  l/pa,  a  zero  value  would  have  to  be  considered.  A  zero 
value  of  the  circular  curvature  of  a  geodesic  implies  a  direction  that  is 
asymptotic  (or  linear)  and  is  not  the  direction  of  a  line  of  curvature  in  the 
customary  conception  :  hence,  in  the  analysis  to  which  this  method  of  pro- 
ceeding leads,  there  might  arise  a  necessity  for  discriminating  between  the 
directions  of  lines  of  curvature  and  the  directions  of  asymptotic  lines.  The  ' 
necessity  would  certainly  arise  if  the  surface  were  contained  in  a  flat. 

It  is  desirable  however  to  possess,  at  once,  the  central  analytical  relations 
which  bear  upon  the  maximum  and  minimum  values  of  the  curvature.  The 
foregoing  expression  for  l/p2  has  to  be  made  a  maximum  or  a  minimum  subject 
to  the  permanent  condition  affecting  p  and  q  ;  the  equations,  critical  for  this 
property,  are 


hp'3  +  (g  +  2b)  p'Y  +  Mp'q'*  +cr/3  =  X  (Fpf 

where  \  is  the  usual  multiplier,  to  be  determined  after  the  construction  of 
the  critical  equations.  Multiplying  the  two  equations  by  p'  and  q'  respectively, 
and  adding,  we  have 

?- 

Also  we  have 


and  therefore  the  two  equations  are 


"TlLese  two  equations  appear  to  be  the  same,  formally,  as  the  critical  equations 
for  the  principal  curvatures  of  a  surface  in  homaloidal  triple  space.  But  there 
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is  one  essential  difference ;  in  triple  space,  L,  M,  N,  are  independent  of  j: 
and  q  ;  in  quadruple  space,  L,  M,  N,  usually  involve  p'  and  q'. 

If 'this  method  be  pursued  further,  it  gives  the  directions  of  maximum 
and  minimum  curvature  by  the  quarbic  equation  which  results  from  the 
elimination  of  p  and  which,  initially,  has  the  form 


Lp'  +  Mtf,    Ep+Fq' 


=  0, 


Mp'  +  Nq',     Fp'  +  Gq' 
already  found.    This  form  veils  the  order  of  the  equation,  the  explicit  form  is 


ap'3  +  3V  Y+ (g  +  2b)  pY1  +  fy'3,    Ep'  +  F<f 


=  0, 


V3  +  (g  +  2b)  p'  V  +  3f/>  Yz  +  c?'3,    Fp'  +  Gq' 
an  equation  of  degree  four  in  the  ratio  p'  :  q't  determining  four  directions. 

The  magnitude  of  the  maximum  or  minimum  radii  of  circular  curvature 
of  geodesies  through  the  point  is  the  resultant  of  the  two  critical  equations 
when  the  ratio  p'  :  q'  is  eliminated.  It  is  manifest  from  the  form  of  these  two 
equations  that  this  resultant  equation  can  be  taken  as  equivalent  to  the 
condition  that  the  quartic  equation 

ap'4  I-  4hp'Y  +  (2g  +  4b)  p'V/2  +  41/jy3  +  c?'4  -  -2  (Ep1*  +  2Fpq'+  Gq'2)*  =  0, 

in  p'jtf  shall  have  equal  roots,  or  that  the  discriminant  of  the  left-hand  side 
(regarded  as  a  binary  quartic  in  homogeneous  variables  p'  and  q')  shall  vanish. 

Equation  determining  maximum  or  minimum  values  of  p 

principal  measures. 

239.    We    proceed  to  investigate,  ou  the  basis  of  this   last   analytical 
property,  the  explicit  form  of  the  equation  determining  p. 
For  simplicity,  we  write 

(Ep'*  +  1Fp<(+  Gq*?  =  (a',  K,  If./',  e'Hp',  <tf, 
taking 

E*=a't     EF  =  li',     EU  +  2F*  =  3k't     FG=f,     G*  =  c', 

and,  for  symmetry,  we  add 

F*-V,    EG  =  9, 
so  that  g'+  2t'=  3k'  corresponds  with  the  relation  g  +  2b  =  3k.    We  no>v  take 

a'  .       h.'  ,       k'  f  c' 

ao  =  a-p8>     a,-h--lf     «s  =  k--2,     «3=f-^.     a.-o--I, 

so  that  the  quartic,  whose  discriminant  is  to  vanish,  becomes 


Let  /  and  J  denote  the  quadrin  variant  and  the  cubin  variant  of  this  quartic, 
so  that 

/  = 

/= 
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then  A,  the  discriminant,  is 

A  =  73-27J2. 

When  substitution  is  made  for  a0l  fti,  aa,  ag,  a4,  we  find 


where 

70  =  ac-4hf+3k2, 

/!  =  ac'  -  4h/'  +  Gkfc'  -  4fA'  +  ca' 


- 
3      ' 

Similarly,  we  have 

J=J°-p2Ji  +  p*J*--*J*> 
where 

/0  =  akc  +  2hkf  -  af3  -  cha  -  k3, 

J^  =  a'  (kc  -  f2)  +  2ft'  (kf  -  ch)  +  2/'  (hk  -  af)  +  c7  (ak  -  h2) 

'^f  -  a/')  +  c  (a'k'  - 


J3  =  a'^'c'  +  WUf  -  a'f2  -  c'h'z  -  k'3. 
By  direct  substitution  for  a',  /i',  fc'f  /',  c',  we  find 


r  -  8  v» 

J*-yjV  • 

•Modified  expressions  will  be  found  for  J0  and  Jlt  later.  Meanwhile,  it  is  to 
be  noted  that  two  new  quantities  70  and  7X  arise  out  of  7,  and  other  two  new 
quantities  JQ  and  J\  arise  out  of  J\  of  these  four  quantities,  70  and  J0  are 
the  quadrinvanant  and  the  cubinvariant  of  the  quartic  form  for  l//o2,  while 
Ii  and  Ji  arc  invariants  intermediate  between  this  quartic  form  and  the 
quadratic  form  'ZEp'2  =  1.  Thus  we  have 

T        T          A        4,F4 

7  =  ^0-^+3-4, 

8  v' 


WJien  these  values  are  substituted  in  the  vanishing  discriminant 
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the  terms  in  p~lz  and  p~lQ  disappear,  as  is  to  be  expected  ,  and  the  resulting 
equation  is  found  to  be 

1  1  1 


where 

=  A3  - 

3/o/i2  -  1872/!  Jo  -  27  Ji2  +  4F*/02, 
=  3/o/i  - 


while  DQ  is  given  by  the  expression 


It  may  be  noted  that  the  value  of  /i4Z)0  is  the  discriminant  of  the  quartic 
expression  for  1/p2,  a  quantity  which  should  vanish  (and  is  found  to  vanish) 
when  the  surface  exists  in  a  flat,  because  then  the  original  quartic  form  for 
1/p2  is  an  algebraical  perfect  square. 

T^jus  there  are  four  principal  magnitudes  plt  pz,  Ms,  ^4j  arising  out  of 
this  equation,  being  invariantive  measures  of  curvature  of  the  surface.  These 
four  measures  are  expressed  in  terms  of  the  four  invariants 

and,  conversely,  the  four  relations  are  potentially  sufficient  for  the  expressions 
of  these  four  invariants  in  terms  of  the  four  principal  measures  pi,  /i2j  /i3,  ^4. 

The  invariants  0  and  H. 

240.  Modified  expressions  can  be  obtained  for  J0  and  Ji.  We  already 
(§§  213,  239)  have  a  quantity  k,  expressed  in  terms  of  the  fundamental  magni- 
tudes g  and  b  by  the  relation 

3k  =  g  +  2b. 

We  now  introduce  the  magnitude  g  —  b  of  §  208,  writing 

so  that  we  also  have 

g  =  k  +  20,     b=k-0. 

Among  the  fundamental  magnitudes  a,  b,  c,  f,  g,  h,  there  subsists  the  neces- 
sary relation 

0  =  abc  +  2fgh  -  af 2  -  bg2  -  ch2 ; 
hence 

J0  =  akc  +  2hkf  -  af2  -  ch2  -  k3 

=  ac  (k  -  b)  +  2hf  (k  -  g)-  k3  +  bg2 

=  0  (ac  -  4hf )  -  k3  +  bg2. 
But 

bg2  =  (k  -  0)  (k2  +  40k  +  402)  =  k3  +  30k2-  403 ; 
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and  therefore 

Jo  =  6  (ac  -  4hf  +  3k2)  -  403  =  0/o  -  40a, 

a  well-known  form  that  occurs  otherwise  in  connection  with  the  algebra  of 
the  quartic  form.  We  have  seen  that  70  and  J0  arc  invariants,  so  that  6  also 
is  an  invariant  ;  they  are  expressible  in  terms  of  the  principal  measures  of 
superficial  curvature,  and  therefore  6,  as  an  invariant,  also  is  expressible  in 
terms  of  these  measures. 

Again,  there  is  an  invariant  II,  which  can  be  defined  by 


=  E  (be  -  f8)*  -  F  (ca  -  g2)*  +  G  (ab  -  h2)* 
=  ~(ET-FS+GR), 

where  W  is  the  concomitant  of  §§  230,  235.  As  will  be  seen  later  (§§  252,  258), 
the  vanishing  of  II  implies  an  exceptional  property  of  a  surface.  With  the 
relations  already  (§214)  established,  we  have 

na  =  E*  (be  -  f  a)  +  Fz  (ca  -  g2)  +  G2  (ab  -  h2) 

-  2FG  (af  -  gh)  -  2GE(b&  -  hf  )  -  2EF(ch  -  fg) 
relation  which  also  can  be  written  in  the  form 


na=- 


a,    h, 


h,     b,     f,     F 
g,     f,     c,     G 
E,     F,     G,     0 
Now  the  foregoing  value  of  Ji  is 

Ji  =  E*  (kc  -  f  2)  +  2EF  (kf  -  ch)  +  2FG  (hk  -  af  )  +  G*  (ak  -  h2) 

+  I  EG  (ac  +  2hf  -  3k2)  +  |  Fz  (ac  +  2hf  -  3k2)  ; 

O  O 

and  therefore 

Ji  -  H2  =  £2c  (k  -  b)  +  2EFf  (k  -  g)  +  2FGb  (k  -  g)  +  G2a,  (k  -  b) 


But 

k-b=0,     k-g  =  -20,    bg  -  k2  =  k0  -  202,     ga-  k2  = 
consequently 

/!  -  n2  =  0  {E*c  -  4^f-  4FGh  +  G2a  +  k  (4FZ  +  2EG)]  +  1  F2/0  - 

o 

and  therefore 


IIZ,  expressible  in  terms  of  J\,  /i,  /0,  0,  is  an  invariant;  and  it  is  there- 
fore expressible  in  terms  of  the  principal  measures  of  superficial  curvature. 
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Further,  with  these  results,  we  have 


so  that 

D*=  V*  {(A  -  8Fz0)a  -  16  Fa  na}. 
Again, 


and  modifications  of  piD,  fizDt  p^D,  are  possible  in  which  the  quantity 
It-  8  Fa0  is  important. 

NOTE.   Two  remarks  may  be  made,  in  passing. 

It  is  clear  that,  as  there  now  are  four  (and  not  merely  two)  lines  of  principal 
geodesic  curvature  at  any  point  of  a  surface  in  free  quadruple  space,  the 
Gauss  measure  for  a  surface  in  a  triple  homaloidal  space  does  not  correspond 
to  a  similar  measure  of  curvature  (whatever  be  the  main  measure  adopted)  of 
a  surface  in  homaloidal  space  of  more  than  three  dimensions.  This  divergence 
in  result  might  be  expected  from  a  consideration  of  the  spherical  represen- 
tation surface  in  triple  space  :  a  comparison  of  the  surface  quantity 


where  dS  is  an  element  of  superficial  area  bounded  by  lines  of  curvature, 
with  the  corresponding  quantity  in  the  spherical  representation,  provides  an 
explanation  (or  a  justification)  of  the  Gauss  measure  which  is  not  offered1  by 
any  configuration  in  quadruple  space 

Further,  manipulation  of  the  equations  will  obviously  bo  required  if, 
instead  of  being  used  to  express  measures  of  curvature  in  terms  of  invariants 
/o,  /i,  Jo,  «/ii  they  arc  required  to  furnish  expressions  for  thessc  invariants  in 
terms  of  the  four  measures.  In  particular,  it  is  desirable  to  have  the  value  of 
the  quantity  30,  or  g  —  b,  which  persists  for  any  surface,  whatever  be  the 
numbe?  of  dimensions  of  the  most  limited  homaloidal  space  containing  the 
surface.  In  §  236,  it  has  appeared  that  the  deviation  of  g  —  b  from  LN—  M2 
(now  a  covariant  and  not  an  invariant,  and  no  longer  the  Gauss  measure 
V2K  for  a  surface  in  triple  space)  is  measured  by  the  square  of  the  tilt  of  the 
geodesic  along  which  LN—  M2  is  a  concomitant  of  the  surface. 

Degeneration  of  forms  when  the  surface  is  contained  in  aflat 
241.  After  the  preceding  remark,  it  is  interesting  to  see  how,  when  the 
surface  exists  in  a  fiat  so  as  to  become  a  surface  in  homaloidal  triple  space 
and  therefore  to  have  its  geodesies  devoid  of  tilt,  the  foregoing,  relations 
ultimately  simplify  into  the  usual  relations  in  the  Gauss  theory  of  surfac^e  in 
that  triple  space. 
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We  then  hav^  XI  =  0,     XT  =  0,     XT  =  0, 

so  that  a  =  L*  ,     f  =  MN\  R  =  Q\ 


and  3k  =  ZAT+24/2,     M  =  LN-M*t     U  =  0. 

We  write  LN-MZ  =  KVZ,    EN  -  2FM  +  GL  =  HV\ 

using  new  symbols  H  and  K.    Then 

/o  =  ac-  4hf  +  3k2  =  r,(LN-  Mz)z  =  ~  V*KZ\ 
o  o 


(EN  -  2FM  +  GL)2  -  5  (EG  -  Fz)  (LN  -  M  2) 


When  these  values  are  substituted  in  the  equation  for  the  principal  measures 
of  superficial  curvature,  we  find 

D  =  F4  {(h  -  8  T^)2  -  16  F2  II2] 


=  F12  (H2  - 

=Vlz(Hz- 

=  0, 

=  0; 

and   therefore  the  degenerate  form  of  the  equation,  giving  the  principal 
measures,  is 


F»  (H*  -  4£»)  -  -     (5»  -  2£)  +  K*       =  0. 
We  thus  have  the  zero  root 


repeated  :  th?.t  is,  we  have  the  two  zero  curvatures  and  the  two  asymptotic 
direction?  at  the  point.  Further,  if  I/pi2  and  l/pzz  are  the  roots  of  the  other 
far  toy,  pi  and  pz  are  the  roots  of  the  equation 

1- 

pz    p 
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in  accord  with  the  Gauss  result  for  a  surface  in  homaloidal  tn'nle  space.    Also, 


so  that  the  ignoration  of  the  remaining  factor  is  merely  an  assumption  that 
the  finite  principal  radii  of  curvature  are  unequal. 

NOTE.  The  degenerate  form  of  the  equation  for  the  principal  measures  of 
curvature  can  be  deduced  simply  from  the  initial  postulate  that  we  have  to 
seek  the  vanishing  discriminant  of 

ap/4+  4hp'Y  +  6  k//Y2  +  if/?'3  +  cq*  -  -2  (tip'*  +  <2Fp'q'  +  toy'2)2- 

We  write 

0  =  LP*  +  2JI/pY  +  Nq2,     U=  Ep2  +  2Fp'q'  +  Gq'2  ; 

and  then  the  requirement  is  to  secure  a,  zero  value  for  the  discriminant  of 

*-?*• 

that  is,  of 


Now  the  discriminant  of  the  product  of  two  binary  forms  is  the  product  of 
the  square  of  their  resultant  by  the  product  of  their  respective  discriminants. 

The  discriminant  of  0 U  is 

P 


and  the  discriminant  of  0  +  -  U  is 

P 


so  that  the  product  of  their  discriminants  is 


The  resultant  of  0  -  -  U  and  ©  +  -  U 

i    "  ' 

=  -  » .  resultant  of  0  and  U 


L,     2M,      N,     0 


0,      L  , 


N 


E,     2F,      G  ,     0 
0,      JS,     2F,     G 


=  --2  {(LG  -  2MF  +  NE)2  -4>(EG-  F2)  (LF  -  M2)] 
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Hence  the  discriminant  of  ®a  —  ^  U2  is 


agreeing  with  the  result  otherwise  derived. 

Locus  of  the  centres  of  circular  curvature  of  geodesies  through  a  point.  • 

242.  Given  a  surface  in  homaloidal  triple  space,  the  centre  of  circular 
curvature  of  any  superficial  geodesic  through  a  point  0  lies  on  the  normal  to 
the  surface,  whatever  be  the  direction  of  the  geodesic  at  0  ;  and  for  different 
directions  through  0,  the  centre  ranges  between  Ci  and  Cz,  the  two  principal 
centres  of  curvature  of  the  surface  at  0.  When  the  surface  is  synclastic,  the 
locus  of  the  geodesic  centre  is  the  portion  of  the  normal  lying  between 
Ci  and  CZt  this  portion  being  described  twice  each  way  for  the  full  tale  of 
directions  round  0.  When  the  surface  is  anticlastic,  the  specified  locus  is  th'c 
remainder  of  the  normal  outside  the  portion  between  GI  and  Cz  :  the  descrip- 
tion of  the  locus  can  be  taken  from  Ci  to  positive  infinity  (for  a  positive 
radius  of  curvature),  from  negative  infinity  to  Cz  and  back  from  Cz  to  negative 
infinity  (for  a  negative  radius  of  curvature),  and  then  from  positive  infinity 
back  to  Ci  (again  for  a  positive  radius  of  curvature),  thus  completing  the  tale 
of  directions  round  0. 

It  is  natural  to  investigate  the  locus  of  the  centre  of  circular  curvature 
of  "geodesies  through  a  point  on  a  surface,  for  all  the  superficial  directions 
through  the  point,  when  the  surface  is  given  in  homaloidal  quadruple  space. 

For  a  geodesic  on  such  a  surface,  determined  by  the  direction  p't  q, 
through  the  point  0,  let  xgt  yg,  zg,  vg,  be  the  centre  of  circular  curvfiturc,  so 
that 

xg-x  =  lp,     yg-y  =  mpt     zg-z  =  np,     vg-v  =  kp, 

then  we  have 


V~-z  V  =  - 

For  a  clearer  Indication  of  the  curve,  it  is  convenient  to  change  tl 
nvoi3  in  the  quadruple  space,    We  take  new  axes  of  Z  and  V,  so  1 

S  (5;  -x)x*  =  VG*. 
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Now 


0,    £**£•-  0, 
for  I  =  1,  2  ;  and  therefore 


-,  ,-. 

Hence,  as  two  of  the  equations  of  the  required  locus,  we  have 

Z  =  0,     7=0, 

in  accordance  with  the  known  proposition  that  all  the  principal  normals  of 
the  geodesies  lie  in  the  orthogonal  plane. 

Again,  in  that  plane,  two  distinct  directions  are  given  by  fu,  T/U,  fn,  vUt 
and  £22j  1722,  £22  1  "22;  so  we  take  axes  of  X  and  of  F,  such  that 

X**  =  2f  u  (I-  -  a),     Fc*  =  2f  22  (S  -  a). 
Moreover,  for  0  =  f  ,  17,  f,  v,  we  have  (§  214) 

$012  =  TO^L  +  R&22t 

and  therefore 

U-  Ife,  (z  -  .)  =    {TS6i  (s  -  «)  +  Jffifii  (^  -  *)} 


Now  by  direct  substitution,  we  have 


2f22  (xg  -  *)  =  P2  (g/2  +  2fpY  +  eg'2)  =  tfp  , 

and  therefore  for  the  locus  m  question,  now  manifestly  a  curve  in  the  X  T 
plane,  we  have 

XB,*  =  Lp=P2(a,P'2+2hp'q'  +  tq*) 

X g  a*  +  F | c*  =  tf=  Mp  =  pz (lip'2  +  Zbp'q  +  fq2) 

Fc*  =  Np  =  p2  (g//a 
First,  for  the  locus  itself,  we  take 


so  that 
Also) 


Fc*  (a,p' 
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-  aFc*)  p*  +  2  (f*a*  -  hFc*)  p'q'  +  (cXrf  -  g  Fc*)  g'2  =  0. 
We  have  to  eliminate  pf  and  q'  between  these  two  equations.    Let 


fj.  =  (  Fc*  -  G)  (gZa*  -  a  Fc*)  -  (Xa*  -  ^)  (cAra*  -  g  Fc*) 

=  -  acS2  -  (gG  -  cE)  X*±  +  (aG  -  gE)  Fc* 
i/  =  (*a*  -  E)  (fXa*  -  h  Fo»)  -  (  U  -  F)  (gXa*  -  a  Fc*) 

=  |  ac8a  -  (f^  -  g^)  ^a*  +  (bE  -  *F)  Fc* 

where 

,     cosisr= 


f 
(ac)* 

a-  being  the  angle  between  the  axes  of  X  and  F  in  their  plane.    Then  the 
eliminanb  in  question  is 


a  curve  of  order  four. 

For  this  curve,  the  terms  of  the  fourth  order  are 

(&TtT\  f 

1  "  ^)  (*2+  ysr+2ZFcos  »)*; 

the  terms  of  the  third  order  are 

ae(*a  +  F2  +  2ZFcos  tsr)  n,, 

where  HI  is  linear  and  homogeneous  in  X  and  F;  and  the  remaining  terms 
are  of  the  form 

wa, 

where  wa  is  homogeneous  of  the  second  order  in  X  and  F.  Also  BT  is  the 
angle  between  the  coordinate  axes.  Hence  the  locus  is  of  the  lemmscate 
type;  it  has  a  double  point  (real  or  imaginary)  at  the  origin,  where  the 
tangents  are  given  by  uz  =  0. 

243,   Next,  proceeding  from  the  equations 

X*t  =  LP,     U=  Mp,     Fc*  =  Np, 
we  have 

X  F(ac)*  -  U2  =  (LN  -  Mz)  P2, 

EYc*  -  2FU  +  GZa*  -  (EN  -  2FM  +  GL)  p. 
Hence 

)*  -  Uz]  -  (EYc*  -  2FU+  GXat)  +  F2 

=  (LN-  Mz)  Pz  -  (EN-2FM+  GL)p  +  V* 
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by  the  property  already  (§  236)  established.   Now  for  the  principal  directions 
of  curvature  at  0,  we  have  (§  237) 

i  =  o: 

<T 

hence  the  coordinates  of  the  four  principal  centres  of  curvature  of  geodesies 
satisfy  the  equation 


obviously  a  conic  in  the  plane  of  the  locus, 

This  conic  will  re-appear,  later  (§  251),  from  another  source. 

The  four  principal  directions  of  curvature  yield  a  maximum  or  a  minimum 
radius  of  curvature  (§  238);  and  therefore  the  radius,  in  each  of  the  four 
instances,  is  a  maximum  or  a  minimum  distance  from  0  to  the  lemmscate  — 
that  is,  the  line  is  a  normal  to  the  curve.  Thus  the  four  centres  of  principal 
curvature  of  geodesies  through  the  point  are,  at  once,  the  feet  of  the  four 
normals  from  the  point  to  the  lemniscate  and  also  the  intersections  of  the 
lemmscate  with  the  foregoing  conic  in  the  XY  plane.  And  it  will  be  found 
that  the  lemniscate  and  the  conic  touch  at  these  four  points. 

Centre  of  spherical  curvature  of  a  geodesic. 

244.  We  know  that  the  centre  of  spherical  curvature  of  a  curve  is  the 
intersection  of  its  osculating  fiat  by  three  consecutive  normal  flats  (§  143). 
\Vhcn  we  have  to  deal  with  a  geodesic  on  the  surface,  the  centre  of  spherical 
curvature  can  be  obtained  as  follows. 

It  is  known  (§  142)  that  the  centre  of  spherical  curvature  of  a  curve  lies 
on  a  line,  through  the  centre  of  circular  curvature  and  drawn  parallel  to  the 
binomial.  In  the  case  of  a  geodesic,  the  direction-cosines  of  the  binormal 
(p.  412)  are  X,  fi,  v,  K  ;  and  therefore  the  equations  of  the  line,  joining  the 
centre  of  circular  curvature  and  the  centre  of  spherical  curvature,  are 


z  —  z  =  np  +  i/it 
v  —  v  =  lip  +  KU  > 
where  u  is  the  current  parameter  of  the  line. 
The  normal  flat  at  the  point  is 

S  (3  -  x)  x'  =  0. 
Because  ^x'l  =  0,  2^'X  =  0,  the  line  lies  in  this  flat. 

The  intersection  of  the  normal  flat  by  a  consecutive  normal  flat  is  a  normal 
plane  of  the  curve  though  it  is  not  the  orthogonal  plane  of  the  surface;  it  is 
represented  by  the  two  equations 

2  (.T  -  x)  x  =  0,     2  (.T  -  x)  I  =  p. 
Because  2£X  =  0,  the  foregoing  line  lies  in  this  normal  plane  of  the  geodesic. 
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The  intersection  of  a  third  normal  flat,  consecutive  to  the  first  two,  with 
those  first  two,  is"given  by  associating,  with  the  preceding  pair  of  equations, 
a  third  equation 


because  2a/J  =  0.  Thus  the  point,  where  the  foregoing  line  (already  known 
to  lie  in  the  intersection  of  the  first  two  normal  flats)  intersects  the  third 
consecutive  normal  flat,  is  given  by 


Now 

'  =  0. 


Also,  the  direc  Lion-cosines  of  the  binormal   to  the  geodesic  'are  given,  by 
\,  ft,  i/,  K,  as  lying  on  the  surface,  and  (§  137)  by  four  expressions  typified  by 


that  is,  as  px"  =  lt  typified  by 


thus,  as  in  §  234,  we  have  four  relations  of  the  type 

__  (7 
"P 

Consequently,  we  have 

ft 

~  P 
Npw,  because  2a?'J  =  0,  we  have 

t          i  i 

P~    ~     P' 
Also,  from  one  of  the  sets  of  the  Frenet  equations  represented  by 

ds  ~~     p      <r ' 
(where  ca  =  I,  Ci  =  x't  in  general),  we  have 

Hence 

2XJ'  =  — 

**  (T  ' 

and  therefore  the  equation  for  the  determination  of  u  is 

-u=    ' 

<r  ' 

that  is, 

u  =  <rp'm 

We^  thus  obtain  the  customary  expreesiona  (§  142)  for  the  centre  of  spherical 
curvature  of  the  geodesic,  regarded  as  a  curve  in  quadruple  space. 
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The  association  of  the  osculating  flat  of  the  surface  along  a  geodesic  is 
immediate.   Its  equation  is  (§  226) 


-ff,    y-y,    z-z,    v- 


3/1 


z\  > 


7/1,  ,        n   ,        A; 
4  (£  -  a;)  =  0. 


=  0, 


that  is, 
Now 


and  therefore 

24  (Zp  +  Xu)  =  0, 

that  is,  the  binormal  lies  in  the  osculating  flat  in  question,  while  the  centre 
of  spherical  curvature  is  the  intersection  of  the  osculating  flat  with  the  three 
consecutive  normal  flats. 

Centre  of  globular  curvature  of  a  geodesic. 

245.  The  centre  of  globular  curvature  of  the  geodesic  on  the  surface  can 
similarly  be  obtained.  It  lies  (§  147)  on  a  line,  through  the  centre  of  spherical 
curvature  and  having  the  direction-cosines  of  the  fourth  axis  of  the  orthogonal 
frame  of  the  curve  ,  hence,  if  V  denote  its  distance  from  the  centre  of  spherical 
curvature  along  that  line,  the  coordinates  of  the  centre  of  spherical  curvature 
are 


y  —  y  = 

z  —  z  =np  +  va-p'  +  CV 
v  —  v  =  kp  +  K<rp  +  D  V 

where  V  has  to  be  determined.  On  the  other  hand,  the  centre  of  globular 
curvature  of  a  curve  is  (§  148)  the  intersection  of  four  consecutive  normal 
flats,  which  (when  combined  for  purposes  of  intersection)  are  together  repre- 
sented by  the  four  equations 

2  (JJu  —  x)  x  —  0  , 
2(J-^?)Z   =p, 


Let  the  foregoing  values  of  x  —  x,  y  —  y,  z  —  z^v  —  v,  be  substituted  in  these 
equations  in  succession,  three  of  the  Frenet  equations  being 


where,  typically, 


p 

-I, 


c3  =--•  +  - 


F.U. 
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The  first  equation  2  (x  —  x)  x'  =  0  is  satisfied,  because 


The  second  equation  is  satisfied,  because 


As  regards  the  third  equation,  we  have  proved  (§  237)  that 

2\Z'  =  -; 

(T 

from  the  second  of  the  quoted  Frenet  equations,  we  have 

-  - 

P 

and  liir  =  0.   Thus  the  third  equation  is  satisfied. 

For  the  fourth  equation,  we  need  the  values  of  I",  in",  ri't  k"  ,  they  can  be 
derived  from  the  Frenet  equations.  We  have,  typically,  c2  =  l;  and  therefore 
the  second  Frenet  equation  gives 


_         _  ,  _ 

~~    ^  "l  T  n       ^  n 

p        a        pl         a* 


Hence 

2M"  = 


=    —  ; 

CTT 

and  therefore  the  fourth  equation  determines  V  by  the  relation 


<TT 

that  is, 


We  thus  have  the  coordinates  of  the  centre  of  globular  curvature  of  the 
geodesic  on  the  surface,  the  quantities  p,  <rt  r,  being  the  respective  radii  of 
circular  curvature,  of  torsion,  and  of  tilt,  of  the  geodesic  through  the  direction 
p,  q,  with  the  values  already  (§§  221,  234,  235)  obtained. 

The  centre  of  spherical  curvature  is  (§  235)  given  by  four  equations  of  the 
form 

x  —  x  =  Ip  +  hep'} 

and  therefore  the  radius  of  spherical  curvature  R  is  given  by  the  usual 
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The  foregoing  value  of  V  is  easily  transformed  to 

V      RTfl/- 
V  =  R^> 

and  ao  we  verify  the  formula  (§§  149, 152)  for  the  radius  of  globular  curvature 


CHAPTER  XIV. 
CURVATURE  OF  SURFACES  IN  SPACE, 

Line  of  intersection  of  an  orthogonal  plane  by  the  consecutive  normal  fiat'. 

246.  The  foregoing  methods  are  the  manifest  extension,  to  a  surface 
freely  set  in  homaloidal  quadruple  space,  of  the  methods  adopted  for  a  surface 
in  homaloidal  triple  space. 

There  is  an  entirely  different  method  of  proceeding,  the  results  of  which 
complement  the  foregoing  results.  We  have  seen  that,  whatever  direction  be 
chosen  in  the  tangent  plane  at  x,  y,  z,  v,  the  principal  normal  of  the  superficial 
geodesic  through  that  direction  lies  in  the  orthogonal  plane,  the  equations  of 
which  can  be  taken  in  the  form 


obviously  lying  in  the  normal  flat 

2  (^  —  x)  x  —  5  (3  —  x)  \xip'  +  xzq  )  =  0. 

But  we  know  two  directions  /,  m,  n,  kt  and  A,  B,  C,  Dt  each  of  which  is 
perpendicular  to  the  directions  xi,  yit  zlj  v^,  and  xz>  2/z,  2z,  ^zi  they  arise  out 
of  the  orthogonal  frame  of  the  geodesic.  Hence  the  equations  of  the  ortho- 
gonal plane  of  the  surface  can  be  taken 


—  xt    y  —  yt    z  —  z,    v  —  v 
I     ,       m    ,        n    ,        k 
A    ,      B    ,       G  ,      D 


=  0, 


and  consequently  any  point  lying  in   the   orthogonal   plane  can  have  its 
coordinates  expressed  in  the  forms 

x  —  a5  =  ZAi  +  AA2,     y  -  y  =  m  Ax  +  -BA2  , 
z  —  s  =  HAi+  CA2,     v  —  v  =  kAi  +  Z)AZ  , 
where  A!  and  A2  are  parameters. 

These  two  forms  of  the  equations  of  the  orthogonal  plane  are  equivalent 
to  one  another,  and  can  be  interchanged  (paired  together,  of  course). 

The  normal  flat  at  a  consecutive  point  along  the  direction  JD',  q,  at  a 
small  distance  S  from  x,  y,  zt  vt  is  given  by  the  equation 

2  (5  -  OB  -  fop'  +  tfzg')  S}  fap'  +  xzq'  +  a/'S)  =  0, 


where 

x"  =  xip"  +  xzq" 
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• 

This  flat  intersects  the  foregoing  orthogonal  plane  in  a  line,  because  the 
intersection  of  any  flat  and  any  plane  is  a  line.  Of  this  line,  two  of  the 
equations  are  those  of  the  orthogonal  plane  itself;  a  simplified  third  equation 
for  the  line  is  derived  by  using  these  equations  to  modify  the  equations  of 
the  consecutive  normal  flat.  Thus,  along  the  line  of  intersection,  we  have 

(P'  +  P"*)  (2  (5  -  x)  x,}  =  0,     (qf  +  q"B)  (2  (x  -  x)  x,}  =  0. 
Moreover,  for  every  curve,  we  have  S&V  =  0,  and  therefore 

2  (xlpf  +  x2q')  (xlp"  +  xtf  +  xup'  a  +  20uj>'r/  +  x2Zq'z)  =  0. 

Using  these  results  to  modify  the  equation  of  the  cousecutive  normal  flat,  we* 
have  a  third  equation  of  the  line  in  the  form 

(2  (3  -  x)  (Xnff*  +  Ixup'q'  +  *22g/a))  8  =  (2  ( 
that  is, 


But,  from  the  equations  of  the  plane,  we  have 

r'Y2)  (2  (*  -  «)  ^  =  o, 

A  V)  {2  (£  -  ^)  *,]  =  0  ; 
and  therefore  the  third  equation  of  the  line  becomes 

2  (Z  -  x)  {(ffn  -  *!  r  -  a-2  A)  Xa  +  2  (*12  -  ^r  -  x2  A')  ;jV 

+  (^-^r// 

that  is, 

2(Z-x)l=p, 

where  /,  m,  ?z,  A-,  p,  belong  to  the  geodesic  at  the  initial  point. 

This  third  equation  can  be  obtained  more  briefly  by  taking  the  equation 
of  the  consecutive  normal  flat  in  the  form 


2  (3  -  x  _  a/5)  (#'  +  x"&)  =  0, 
which,  when  combined  with  the  equation  of  the  initial  flat,  gives 

2  (5;  -  x)  x"  =  2*'a  =  1, 
that  is,  again  the  equation 

2  (x  -  x)  I  =  p. 

Thus  the  three  equations  of  the  line  of  intersection  of  the  initial  ortho- 
gonal plane  by  the  consecutive  normal  flat  are 

2(OJ-a;)iC1=0,     2  (5;  -  a?)  xz  =  (\     2  (5;  -  x)  I  =  p. 
But 

2/^  =  0,    2^  =  0,    2P-1; 

and  therefore  the  equations  can  be  taken  in  the  form 
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When  these  three  equations,  linear  and  homogeneous  in  the  four  quantities 
of  the  type  x  —  x  —  lp,  are  resolved,  they  become 

A        =         B         =        C        =        5        ' 

Thus  the  intersection  of  the  orthogonal  plane  by  a  consecutive  normal 
flat  is  a  straight  line,  which  passes  through  the  centre  of  circular  curvature  of 
the  geodesic  at  the  point  and  is  parallel  to  the  fourth  axis  of  the  orthogonal 
frame,  that  is,  in  a  direction  perpendicular  to  the  tangent  plane  of  the  surface 
and  perpendicular  also  to  the  principal  normal  of  the  geodesic. 

It  may  be  remarked  that  this  line  (which,  of  course,  lies  in  the  orthogonal 
plane)  is  the  locus  of  the  points 


with  like  expressions  for  y,  z,  v,  in  the  orthogonal  plane,  when  the  parameter 
A!  is  specifically  equal  to  p,  and  A2  remains  the  current  parameter  of  the, 
line. 

NOTE.   Various  forma  can  be  given  to  the  equations  of  the  orthogonal  plane,  two  of 
which  already  have  occurred,  viz,,  the  form 


and  the  form 

We  have  had  relations 
so  that 


(*-.r)*i-Ol 
(I'-^)J72^0) 


=  0. 


m ,      n ,      k 


4227       f22i       "22 


J    ,  "i   ,       n  ,  k 

A    ,  B  ,      C  ,  D 

xt  I  =  0,  2.r,  f  |,  =  0,  2*,  f  22 = 0, 

V\  z. 


n,    k,    r 

fn  i     "11 1     f  n 

f22,       "22 1        £'2-2 
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Similarly  we  have  had  relations 


"22  > 


so  that  ^2,  #2  1  ^21  *'2i  are  formally  in  the  same  ratios  as  #1, 
ratios  are  not  the  same  ;  hence 


I  ,     77i,     n 
fiii     4111     Cn 

f'J2i       422  1       6j2 


But,  m  fact,  these 


I  ,      m,      7i ,  k 

fn  >     4iii     fin  "n 

f22i       422 »    .('221  "22 

Also,  from  the  central  equations  typified  by 


=0. 


we  have 


4,      5,      C7,     7) 
fin     4iii     fin     "n 

f22i      422  1       f22i       "22 
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Thus  the  equations  of  the  orthogonal  plane  can  be  taken 
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-#,   y-y,   z-z 


t\l 


Cll    I 

Cz2  i 


=o. 


This  form  in  an  expression  of  the  property  that  the  orthogonal  plane  contains  the  principal 
normals  to  all  the  geodesies  through  x,  y,  z,  v,  and  therefore,  in  particular,  contains  the 
principal  normals  to  the  geodesies  touching  the.  direction  </= constant  and  the  direction 
;j— ,constant. 

Intersection  of  two  consecutive  orthogonal  planes :  first  form  of  result. 

247.  Thus  far,  we  have  taken  account  only  of  the  intersection  of  the 
orthogonal  plane  by  the  consecutive  normal  flat.  Now  let  account  be  taken 
of  the  intersection  of  the  orthogonal  plane  by  the  consecutive  orthogonal 
plane.  As  two  planes  usually  intersect  in  a  point,  this  point  of  intersection 
will  be  a  point  (usually  a  specific  point)  on  the  foregoing  line,  so  that  we 
Shall  have,  usually,  a  specific  value  for  A2. 

Instead  of  utilising  the  equations  of  the  line,  we  can  obtain  the  result 
otherwise,  as  follows.  The  equations  of  the  original  orthogonal  plane  are 


S  (Z  -  x)  xz  =  0 


l- 


and  those  of  a  consecutive  orthogonal  plane  are 
v  z  _  x  _ 


0, 
which  are 

2  (21  -  x)  *!  +  12  (x  -  x)  (xupr  +  a12  q)  -  (Ep  +  Fq  )}  8  =  0, 
2  (£  -  x)  x*  +  {£  (.7;  -  x)  (xup'  +  XK  q')  -  (Fpr  -I-  Gq')}  8  =  0. 

Hence  the  two  equations,  which  arc  to  be  combined  with  the  equations  of 
the  initial  orthogonal  plane  in  order  to  provide  its  point  of  intersection  with 
a  consecutive  orthogonal  plane,  are 

2  (Z  -  x)  (x^p  +  XK  q)  =  Ep'  +  Fq 
S  (*  -  x)  (xupf  +  a'Mf/)  =  Fp  +Gq' 

To  obtain  the  coordinates  of  the  point  of  intersection  in  question,  we  now 
take  the  equations  of  the  initial  orthogonal  plane  in  the  form 


^•-fl?,     y-y,    z- 
I     ,       m   ,        n 


v-v 


A    ,       5    ,       C  ,      D 
whrah  are  also  expressible  by  equations  of  -the  type 

x  =  x  +  l 


=  0, 


44C  CONSECUTIVE  ORTHOGONAL  PLANES  [CH.  XIV 

with  AI  and  Aa  as  the  parameters  of  the  plane.  For  the  required  point  of 
intersection,  thesd  parameters  must  be  determined  so  that  the  coordinates 
x,  y,  z,  v,  satisfy  the  two  additional  equations 


S  (x  -  x)  (xll2>'  +  x^q')  =  Ep'  +  Fq, 
S  (5;  -  x)  (x12pf  +  x^q')  =  Fp  +  Gq  . 

Accordingly,  let  the  foregoing  values  of  IS,  yt  z,  v,  be  substituted.    We 
=L,    2Jffi2  =Mt    2J*a2  =N 


consequently  the  equations  become 

(Lpf  +Mq')\1  +  (Qlp' 
(Mpf  +  Nq'  )  A!  +  (Dtp'  +  Wq')  Aa  =  Fp'  +  Gq'. 
Multiply  the  two  equations  by  p,  q,  and  add:  then,  because 

Nq'z)=I, 


Ep'*+  ZFp'q'  +  Gq'2     =1, 
we  at  once  have  » 

A!  =  p, 
as  is  to  be  expected. 

Again,  from  equations  already  (§  230)  established,  we  have 

n 

where 


W=  (ab  -  ha)*y2  +  (ca  -  g^p'q'  +  (be  -  f  2)*  q'z  , 
so,  now,  the  equations  arc 

p  (  Lp'  +  Mq')  +  A2  Wpq'  =  Ep'  +  Fq't 

p  (Mpf  +  Nq')  -  AzWpp  =  Fp1  +  Gq'. 
Consequently, 

AaTT=,  Ep'  +  Fq't     Fp'  +  Gq' 

1  Lp'+Mq't    Mp'  +  Nq' 
--  T, 
using  the  notation  of  §  234.    We  thus  have  a  value  of  A2. 

We  have  seen  (§§234,  235)'  'chat,  if  1/cr  and  1/r  are  the  torsion  and  the 
tilt  of  the  geodesic  through  the  direction  p't  q',  their  values  are  given  by 

•L-ir     '!__? 
<r~  V     '      r~      V' 
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hence  we  have  two  alternative  expressions  for  A2l  viz. 

T  or 

W  tr 

To  the  first  of  these  values  we  shall  return  later.  Meanwhile,  the  coordinates 
of  the  intersection  of  two  consecutive  orthogonal  planes  have  been  obtained  in 
the  form 

~=    +  I     -4-  A  p— 
0* 

•  He 


where  1/p,  1/cr,  I/T  arc  the  curvatures  of  the  geodesic  through  the  direction 
in  the  tangent  plane. 

This  point  is  called  the  orthogonal  centre ;  and  the  line  joining  the  ortho- 
gonal centre  to  x,  y't  z',  v,  is  called  the  orthogonal  radius.  There  is  an 
orthogonal  centre,  with  an  associated  orthogonal  radius,  for  every  direction 
p,  q,  on  the  surface. 

It  will  be  noted  that  the  orthogonal  centre  is  usually  distinct  from  the 
centre  of  circular  curvature  of  the  geodesic. 


Length  of  an  orthogonal  radius. 

248.    Let  pQ  be  the  length  of  an  orthogonal  radius;  and  let  ?0,  m0,  HO|  knt 
be  its  direction-cosines.    Then  we  have 

—  — 


and  therefore 
Also 
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thus  giving  the  respective  inclinations  of  the  orthogonal  radius  to  the 
principal  normal" and  to  the  trinormal  of  the  geodesic,  all  these  lines  lying  in 
the  orthogonal  plane. 


Intersection  of  two  consecutive  orthogonal  planes :  second  form  of  result : 

the  locus  of  the  orthogonal  centre  is  a  copic. 

249.  Before  using  the  expressions  obtained  (§247)  for  the  coordinates 
of  the  orthogonal  centre,  we  obtain  another  form  derived*  by  taking*  the 
equations  of  the  two  consecutive  orthogonal  planes,  together,  in  the  form 

S  (2  -  x)  xi  =  0 
2  (ic  —  x)  0a  =  0 

2  (x  -  x)  (xup  +  xirf)  =  Ep'  +  Fq' 
2  (a  -  *)  (xnpf  +  x2Zq')  =  Fp  +  Gq' 

The  determinant  of  the  coefficients  of  x  —  x,  y  —  i/,  z  —  -z,  v  —  v,  is 
*up'  +  #12?',    yup'  +  yug'i    z\\p'  +  *ia q',    VHP' 


which  is  equal  to 


^12.     ^12  1 


i        2  ,        2  , 


2*     2/12.     ^12 1     ^12 
2 1     2/22 1     £22>     r22 
,     2/1    >     *1   i     Ul 


22.     2/22,     *22,     V2 

1  i     2/1    »     *1   .     w 

2  ,     2/2   i     ^2   ,     ^' 

The  values  of  the  coefficients  of  p'2,  p'q',  q'*t  have  already  (§  232)  been  obtained : 
they  are,  respectively, 

^^(ab-h2)*,    S,=y(ca-g2)*;     T,  =  F(bc- f2)*. 
Thus  the  determinant  in  question  is  equal  to 


=  V  {(ab  -  ha)Va  +  (eft  -  fflp'tf  +  (be  -  f*)*qz} 

=  VW, 
with  the  significance  of  W  as  defined  in  §  230.   Hence 

Ep'  +  Fqft     ynp  +  2/12  q',     2np'  +  zl2  q',  v^p  +  Vi2  q' 

Fp'  +  Gqft    yap'  +  2/22  (j'j     z\ip'  +  ^222'j  ^12^'  + 
0       ,    "        y\        ,           z\        ,  vi 

0       ,  2/2        »  ^2         i  v2 


m    <4iSee  the  memoir  by  Komrfierell,  "Riemann'ache  Flachen  in  ebenen  Raum  von  vier  Dimen- 
aionen,"  Math.  Ann.,  vol/Lx  (1905),  pp.  548-596. 
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or,  with  the  notation  of  §  231, 

'  +  enq')-(Fp'+Gq')(ellp' 


and,  similarly, 

VW(y  -y)  =  (EP'+F<j)  (/12/  +  /M?')  -  (Fp  +  Gq')  (/„/  +/M?') 
VW  (z  -  z)  =  (W  +  Fq')  (gl2pr  +  gnq)  -  (Fp'  +  Gq')  (gupf  +  gizq') 
VW(v  -  v)  =  (#/  +  *V)  (hupf  +  An/)  -  (jy  +  Gq')  (hupr  +  *„/) 

These  are  the  coordinates  of  the  limiting  position  of  the  point  of  inter- 
section of  the  orthogonal  plane  at  0  with  the  orthogonal  plane  at  a  consecutive 
point  along  a  direction  p't  q't  through  0.  This  point  is  the  orthogonal  centre 
of  the  surface  for  that  direction,  and  its  distance  from  0  is  the  orthogonal 
radius  of  the  surface  for  that  direction. 

It  will,  however,  be  observed  that  this  orthogonal  radius  does  not  (save 
exceptionally)  coincide,  either  in  magnitude  or  in  direction,  with  the  radius 
of  circular  curvature  of  the  superficial  geodesic  through  the  direction. 

One  immediate  inference  can  be  made,  as  regards  the  locus  of  this 
orthogonal  centre  for  different  directions  through  the  point  xt  y,  z,  i\  of  the 
surface1. 

For  this  locus,  we  have  the  equations 

5  (£  -  x)  T!  =  0,     2  (J;  -  x)  xt  =  0, 

which  represent  the  orthogonal  plane.  Also,  it  is  convenient  (for  subsequent 
purposes)  to  modify  the  other  two  equations  ,  in  association  with  this  pair,  an,d 
on  account  of  the  relations 


f  12  =  X12  -  Xl  P  -  X2  A',       f  22 

they  can  be  written 


Hence 

[IS  (I  -  «)  fu}  -  E]p  +  [[2  (3  -  «)  £„]  -  F]  q'  =  0, 


consequently,  the  coordinates  of  any  point  on  the  locus  satisfy  the  equation 


}-P,    {S(z -*)&,}-< 

which  represents  a  configuration  (a  region)  ofVthe  second  degree.  The  locus 
in  question  is  the  section  of  this  region  by  the  foregoing  orthogonal  plane;  it 
is  therefore  a  curve  of  the  second  degree  in  that  plane,  that  is,  the  locus  is  a 
conic. ' 

A  return,  later  (§§  251,  252),  will  be  made  to  the  consideration  ot  this  conic. 
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Agreement  of  the  two  sets  of  expressions  for  the  orthogonal  centre. 

250.   It  is  important  to  verify  that  these  expressions  for  the  coordinates 
of  the  orthogonal  centre  are  in  analytical  agreement  with  the  forms  in  §247, 


viz. 


where  A2<r  =  pr. 

In  the  first  place,  because 

2^1  =  0,     2fo2  =  0,     SAa;^  0,     24^2  =  0, 
the  earlier  equations  give 

2  (a  -  x)  x±  =  0,     2  (x  -  x)  x2  =  0, 
On  the  other  hand,  we  have  at  once 

0, 
0, 

for  the  combinations  2771  =  11,  12,  22;  hence  the  later  equations  also  give 
2(S-a;)a;1  =  0,     ^  (a;  -  x)  xz  =  0. 

It  therefore  remains  to  prove  that  the  values  of  p  and  A2  make  the 
earlier  results  agree  with  the  results  given  by  the  later  equations.  From 
these  later  equations  we  find,  by  actual  substitution  of  the  values  of  the 
quantities  e,  f,  g,  h,  from  §  231, 


FTP2Z  (x  -  x)  =  -  (Fp'*  +  Gp'q') 


I  ,  771  ,  71  ,  k 

X\ ,  Vi  i  #1  ,  Wi 

a?2>  2/2  >  ^2  i  ^2 

fill  ^11 1  till  yll 

i    ,  111  ,  71  ,  & 


"2,  2/2,  *2,  V2 

12 1  ^12 »  fll,  ^12 

+  (Ep'q' +  Fj2)      I  ,  771,  n,  A; 

ri»  yi»  ^i»  ^i 

K2i  ^2i  -^2 1  ^2 

:22j  ^22 1  t22i  V2Z 

The  first' determinant  on  the  right-haad  side  (§  226) 
-^l-ifii 
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The  second  and  the  third,  respectively,  are  equal  to  Vfl'  and  FQ".  Thus 
VW&  (x-x)-V(-n  (Fp*  +  Op'q')  +  fl'  (Ep*  -  Gq'*)  +  to"  (Ep'q1  + 

Ep'  +  Fq',    Fp'  +(Y 


p'  +  Fq-,  Fp'  +0q' 
-  Wpq'  ,    Wpp' 


in  agreement  with  the  result  from  the  earlier  form 


Proceeding  similarly  from  the  same  later  equations,  we  find 
VWS.A(x-x)  =  -(Fp't  +  Gp'q')     A,     B,     C,    D 


+  (Ep'z-Gq'2) 


ey 
Hi      *7iii      bill 

A  J)  f~i 

^i  J*  \s 


2/2, 


ft., 


+  (Ep'q+Fq'z)      A,      B,      C, 


'22,     ^22  >     £22 1     UM 
Now,  by  §  227,  the  first  determinant  on  the  right-hand  side 

The  second  and  the  third,  respectively,  are  equal  to  VM  and  VN.    Thus 
VW2A  (I  -x)  =  V{-L  (Fpfz  +  Qp'yf)  +  M (Ep'z  -  Gqfz)  +  N  (Ep'q' 


=  V 


Ep'  +  Fq',    Fp'+Gq' 
Lp'+AItf,    Mp'  +  Nq' 


with  the  notation  of  §  234.    This  result  is  in  accordance  with  the  result 
from  the  earlier  form,  viz. 

S4  (.7;  -  a)  =  24  (Zp  +  4  A)  =  A2  ; 
for  Afc<7  =  prt  while  (§  236) 

T<r  =  F,     -Wpr~V. 
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The  conic-locus  of  orthogonal  centres. 

251.  The  coordinates  of  the  orthogonal  centre,  that  is,  the  point  of 
intersection  of  the  orthogonal  plane  at  a  point  0  of  the  surface,  with  the 
consecutive  orthogonal  plane  at  a  consecutive  point  in  a  direction  p\  q'> 
through  0,  have  been  given  in  two  forms.  In  the  form  (jj  249) 

VW  (x-x)  =  (Ep'  +  Fq)  (eup'  +  e^q')  -  (Fp  +  Gq)  (e^p  +  euq')t 
with  three  others,  where 


the  expressions  indicate,  associated  with  the  point  0,  a  locus  of  such  points 
for  values  of  p'  and  qr  subject  to  the  relation  2Ep'z=I.  Manifestly,  they 
express  the  four  coordinates  aj-x.y-y^z  —  z.v  —  v^s  functions  of  a  single 
parameter  :  thus  the  locus  is  a  curve.  Again,  we  have  noted  that  the  two 
relations 


are  satisfied,  and  these  are  the  equations  of  the  orthogonal  plane  ;  hence  the 
locus  lies  (as  obviously  is  to  be  expected)  in  the  orthogonal  plane  and  'there- 
fore, being  a  curve,  it  is  a  plane  curve.  We  have  seen  (§  249)  that  the  locus 
is  a  conic:  we  shall  require  a  more  direot  exoression  for  the  equation  of  the 
conic. 

For  brevity,  we  write 


-  Fh 


and  then,  inserting  the  value  of  VWt  viz.  Hp*  +  Sp'q'  +  Tq'\  the  coordinates 
are  given  by 


[f]  =  (^f  -  fi)p'2  +  (^!  -  top'q'  +  (2?  -  fc)  9'"  -  0 
h]  =  (A?  -  rtl)  p'*  +  (Srj_-  i,t)p'q'  +  (Trj  -  r,3)  q*  =  0 
[f  ]  =  W  -  6)  P'*  +  (Sf  -  &)  p'q'  +  (T{  -  fa)  5*  =  0 
[v]  =  (Ro  -  tl)  p'*  +  (SO  -  vj  p'q' 
Now 

2a>ifi  =  E(xlelt  +  y 


and  similarly, 

i  =  0,  '  2>i  fa  =  0,     2a;a£a  =  0,     ^ifa  =  0,     2^af3  =  0. 
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Hence,  multiplying  the  equations  by  xit  y1(  z\,  v\,  and  adding;  and  by 
^2,  y2i  *2>  i>2i  and  adding;  we  have,  in  turn, 


that  is,  as  before, 

2*1?  =  0,     2*a£  =  0. 

Again,  from  the§  results  in  §  232,  we  have 

hi  =  ER, 


u  =  FS-GR, 
or,  if  (§  240)  we  write 

the  last  equation  is 
Similarly 


s  ft  ft,  -w  sf,ft,=(?r 

Hence,  multiplying  the  four  equations  by  fu,  ^u,  fn,  uUl  and  adding;  by 
fi2,  ^12,  (Ti2,  t-i2,  and  adding;  and  by  f2ai  7/22,  5iz,  i/2Z,  and  adding;  we  obtain, 
in  turn, 


that  is, 

and,  similarly, 


It  is  to  be  noted  that  these  are  not  three  independent  equations;  for  the 
first  is 

fu  [fl  +  imM  +  Skitn  +  uuM  =  o, 

the  second  is 


and  therefore,  from  these  two,  by  the  use  of  the  relations  (§  214) 

fn>     ^iii     fu*     uii 

fl2,       7712.        fl2,       1/12 
?22,        ^22  1        ?22»        "22 

we  have  the  third  equation 


This  fact  is  in  accordance  with  the  property  already  indicated,  that  there 
remain  only  two  equations  additional  to  the  two  deductions 


already  made  from  the  equations. 
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Usually  the  quantity  IT,  an  invariant  of  the  configuration,  does  not  vanish. 
Consequently,  eliminating  p'  and  q,  we  have 

(Sfe  -  E)  (2?fM  -  0)  -  (Sift,  -  r?§ 

for  W  is  not  an  evanescent  quantity.  This  is  a  region  of  the  second  order  :  its 
section  by  'the  plane  2#if  =  0,  2#af  =  0,  —  a  section  which  constitutes  the 
locus  —  is  therefore  a  plane  curve  of  the  second  order,  that  is,  a  conic. 

To  find  the  fate  of  the  conic  should  the  invariant  II  vanish,  we  proceed  as  follows. 
We  have 


ezz  (ET-  FS+  OR)-  G  (Re22  - 


by  the  results  in  §  232  ;  that  is,  when  n  vanishes, 

^2-^3  =  0. 
Similarly,  in  the  same  event, 

ati-Bb-o; 

and  therefore,  on  this  hypothesis, 

fi  _£?_&_£ 
R~  S      T~^ 

where  f  0  denotes  the  common  value  of  the  fractions.   We  likewise  find 


-- 

H     S~ 

Vt        V2 

R-^- 
The  four  equations  then  become 

^(|-fo)=o,    iFfi-^j-Q, 

that  is,  the  conic-locus  degenerates  to  a  point 

?  =  £o,     ^  =  «7o, 
in  the  circumstance  that  the  relation 

Vn=E 
should  hold,  exceptionally. 

In  the  general  case,  that  is,  when  II  does  not  vanish  so  that  the  conic 
does  not  degenerate  into  a  point,  the  conic  thus  associated  with  the  point  0 
on  the  surface  is  styled,  by  Kommerell*,  the  characteristic  of  the  surface  at 
that  point. 

The  orthogonal  plane  has  an  envelope  only  if  the  invariant  II  vanishes. 

252.  Before  proceeding  tc  the  properties  of  the  characteristic  conic, 
especially  in'  association  with  the  lines  of  curvature  on  the  surface,  one 
negative  'inference  may  be  made, 

See  p.  <J54  of  the  memoir  already  (p.  442,  foot-note)  cited. 
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Tangent  planes  to  the  surface  at  two  consecutive  points  intersect  (not 
solely  in  u  point,  the  customary  intersection  of  two  planes,  6ut)  in  a  line  ;  it 
is  the  line  passing  through  their  respective  points  of  contact.  The  tangent 
planes  drawn  at  all  points  consecutive  to  a  point  0  (that  is,  in  all  directions 
through  0)  intersect  in  the  point  common  to  all  these  lines  —  th,at  is,  in  the 
point  0;  in  other  words,  the  envelope  of  the  tangent  plane  is  the  surface 
itself. 

But  the  preceding  investigation  shews  that,  in  general,  orthogonal  planes 
at  two  consecutive  points  on  the  surface  meet  only  in  a  point  and  not  a  line  ; 
and  when  different  points,  consecutive  to  0,  are  taken  on  the  surface,  the 
different  orthogonal  planes  intersect  the  initial  orthogonal  plane  in  different 
points,  these  points  lying  on  the  characteristic  conic.  We  therefore  infer  that, 
in  general,  the  orthogonal  plane  of  a  surface  does  not  possess  an  envelope. 

This  result  can  also  be  obtained  analytically.  The  equations  of  the 
orthogonal  plane  are 

2  (3  -  x)x1  -  0,     2(Z  -  x)  x*  =  0, 

involving  the  two  independent  parameters  p  and  q.   If  this  plane  had  an 
envelope,  the  equations  of  the  envelope  would  be  given  by  combining  the  first 

equation  with 

2  (*  -  x)  xu  =  So?!2    =  .£M 

2  (,c  —  a;)  BIZ  =  So^i  =  F  J 


and,  simultaneously,  the  second  equation  with 

2  (Z-  X)  Xn 


that  is,  the  equations  of  the  envelope  would  be  given  by  the  five  equations 


2  (A  —  x)  acu  —  Et      £  (X  —  x)  XiZ  —  Ft      "Si(jL  —  x)  xzz  =  G. 

Usually  these  equations  cannot  coexist :  hence,  usually,  the  orthogonal  plane 
does  not  possess  an  envelope. 

The  condition,  which  must  be  satisfied  in  order  that  the  five  equations 
may  coexist,  is 

an  ,     yi  .     *i  .     *>i  .      0     =  0 : 


that  is, 

where  Rt  St  T,  have  the  former  significance  (§  232).    The  quantity  on  the 

left-hand  side  is  equal  to  VU,  where  Ills  the  invariant  defined  in  §  2  40^  and. 

therefore  the  invariant  II  must  vanish  if  the  orthogonal  plane  has  an  envelope. 

P.O.  rt29 
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But,  in  the  event  of  the  condition 

n  =  o 

being  satisfied,  the  characteristic  conic  degenerates  to  the  point 


in  the  orthogonal  plane  ;  and  the  envelope  of  the  orthogonal  plane  then  is 
the  surface  which  is  the  locus  of  this  point  in  the  quadruple  space. 

The  characteristic  conic  :  its  asymptotes  and  principal  axes. 

253.  To  consider  the  characteristic  conic,  it  is  convenient  to  change  the 
four  coordinate  axes  of  space  with  the  same  transformations  as  before  (§  242), 
because  the  curve  lies  in  the  orthogonal  plane,  as  does  the  lemniscate-  locus 
of  the  centres  of  circular  curvature  of  geodesies. 

The  new  coordinate  axes  are  given  by  the  transformations 

2  (.7;  -  x)  Xl  =;  ZE±t     2  (5;  -  x)  xz 


The  ZV  plane  is  orthogonal  to  the  XY  plane;  but  the  axes  of  X  and*  Y  in 
their  plane  are  not  perpendicular,  nor  arc  the  axes  of  Z  and  V  in  their  plane, 
their  respective  inclinations  being  QJ  and9'cr,  where 

(EG)*  cos  a  =  -  F,    (ac)*  cos  vr  =  -  g. 
Also  we  have 

2  (2  -  x)  fc,  =  J  (TXrf  +  RYc*)  =  U, 

where  U  is  merely  used  for  brevity.  Then  the  equations  of  the  conic  (§  251) 
can  be  taken  as 

B  —  y 


But 

S(  U-  F)  =  T  (2Ta*  -  E)  +  R  (  Fc*  -  G)  +  VH  ; 

and  therefore  the  equation  of  the  conic,  now  lying  in  the  plane  of  XY,  becomes 
S2  (Za*  -  E)  (  Fc*  -  G)  -  {T  (Jfa*  -  B)  +  R  (  lrc*  -  G)  +  VH}*. 

Let  X0,  F0,  be  the  centre  of  this  conic  —  it  is  a  parabola  only  if  S'«  4.RT, 
a  condition  not  generally  satisfied  —  and  let 

.  n 
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then  we  have 

JT0a*  -  E  -  2Rp,     U0-F  =  tip,     jr  r0c*  -  G 
The  parametric  equations*  of  the  conic  become 


while  the  Cartesian  equation  is 
-ar»(2r-Z.)»+(ac)*(flf»-2Jir 

(i)  The  asymptotes  of  this  conic  are 


ur,  if  an  asymptote  be 

(X 

the  values  of  7  are  given  by 

Now  for  any  point  on  the  conic,  we  have 
(X  - 


-g*      —  ~fl  p'q'  -  ~  -p 

and  therefore  at  a  great  distance  from  the  centre  —  that  is,  in  an  asymptotic 
direction  through  the  centre  — 

(X-X*)rf_     1  T(X-  X0)  a*  +  R  (  Y-  Y0)  c*     (F 

-V     "s      "          pv 

or 


These  verify  the  relation  (yT+R)*  =  yS*t  they  also  give 

-R 
that  is, 


The  left-hand  side  is  the  quantity  denoted  by  VW  ;  hence  the  directions  of 
the  asymptotes  of  the  conic  are  given  by  the  retytion 

F=0. 
Ihe  elimination  of  X-  X0  and  F-  Y0  merely  leads  to  the  kiown  relation  (§§  230,  23^ 
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(ii)  The  angles  between  the  asymptotes  are  bisected  by  the  axes  of  the 
conic ;  hence  the  directions  of  these  axes  are  (§  206)  given  by  the  equation 


|     Ep'  +  Fq',     Fp'+    Gq 
Now  .(§230)' 

ZRp'q  +  Sq'*  =  -  ,    Sp'*  +  ZTp'q"  --  n'  ; 

p  p 

hence  the  foregoing  equation  is 

^  (Fp'+  G<f)  +  g  (Ep  +  Fq')  =  0, 
or,  as  p  is  finite  along  the  axes,  this  equation  effectively  is 


o, 

that  is, 


Thus  the  directions  of  the  axes  of  the  conic  are  given  by  the  relation 

Gn 

(iii)   For  brevity,  we  write 


where 


and  then  the  equation  of  the  conic  is 


(iv)   The  principal  semi-axes,  a  and  /?,  of  the  conic  are  given  by 


• 

The  equation  of  the  axes  of  th£  conic  in  its  plane  is 


i  parametric   equation,   determining    the    axial    directions,  has   already 
(ii,  above)  been  give  A. 
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The  principal  orthogonal  centres  coincide  with  the  principal  centres  of  circular 
.   curvature  of  geodesies,  being  the  feet  of  the  normals  to  the  conic. 

264.  This  conic  is  the  locus  of  the  orthogonal  centre  ;  and  the  length  of 
the  line  from  0  to  any  point  on  the  conic  is  the  actual  orthogoiJal  radius  in 
the  direction  of  the  line.  .When  this  radius  is  a  maximum  or  a  minimum,  it 
cuts  the  conic  at  right  angles  :  that  is,  the  line  then  is  a  normal  to  the  conic 
draVn  from  0.  Nuw,  from  any  point,  four  normals  can  be  drawn  to  a  conic 
(unless  the  conic  be  a  parabola,  when  there  arc  only  three);  thus  there  are 
four  principal  orthogonal  radii,  given  by  the  four  normals.  We  proceed  to  ' 
prove  that  these  coincide,  in  magnitude  and  in  direction,  with  the  radii  of 
circular  curvature  of  the  four  principal  geodesies  through  the  point. 

The  direction  of  the  tangent  to  a  curve  f(X,  Y),  at  any  point  X,  F,  on 
the  curve,  is  given  by  the  equation 


The  line,  which  joins  this  point  to  the  urigm  and  has 

YX-XY=Q 

for  its  equation,  is  perpendicular  to  the  tangent  (:ind  therefore  is  a  normal  to 
•the  curve  :it  A',  Y)  if  the  relation 

d7\  YdY 


is  satisfied,  or  being  the  inclination  of  the  axes    This  relation  is 

(  X  +  F  cos  «r)  Q  -  (  Y+  X  cos  «)  ^  =  0. 
Let  the  curve  be  the  characteristic  conic 


For  brevit}r,  we  write 
where 

then  the  equation  of  the  conic  becomes 

xy  =  z*> 
We  have 

&-•»('-»•)•  &-*(•-»?•)• 

Moreover,  (ac)^  cos  -sr  =  —  g  ;  and  therefore 
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Hence  the  equation  connected  with  the  feet  of  the  four  normals  to  the 
conic  is 


and  the  feef  of  the  four  normals  are  the  intersections  of  the  conies 

xy  =  z\     E=0. 

256.  It  will  now  be  shewn  that  the  condition  E  =  0,  attaching  to  pojnts 
on  the  characteristic  conic,  is  the  equivalent  of 

T  =  0, 

being  the  equation  which  determines  the  directions  of  the  lines  of  curvature 
on  the  surface.   As  usual  (§  234), 

Lp'  +  M q't     Mp'  +  Nq' 
Ep'  +  Fq',     Fp'  +Gq' 
=  L (Fp'z  +  Gp'q)  +  M (Gq'* -  Ep'*)  -  N (Ep'q'  +  Fq'*). 

In  establishing  the  comparison  between  the  expressions  5  and  T,  we  shall 
need  the  relations 


connected  with  the  fundamental  magnitudes;  and  we  shall  use  the  para- 
metric equations  (p.  450)  of  the  characteristic  conic 

n  ,2        n   ,  ,  n 

2 


We  proceed  from  the  expression  for  S.    We  Have 
FIT  {c(0  +  #)-g(2/+  G)}  =  FI1  (ex-  gy)  +  (cE  -  g(7)  (Sz  -  Tx  -  Ry). 
On  the  right-hand'  side,  the  coefficient  of  x 


and  the  coefficient  of  y 

=  - 
hence 


Similarly,  we  have 

Vn{B,(y  +  G)-g 
Consequently,  as  the  expression  for  E,  we  find 


-  Ey)  [f  (Sx  -  2Rz)  +  h  (Sy  - 
+  (Ez  -  Fx)  jc  (Sx  -  2Ez)  +  g  (Sy  -  2T*)}. 
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Now 


su 


by.the  results  on  p.  372,  and,  similarly, 

t(Sx-2R*)  +  h(Sy-2T2)=-S^Mt 

Wp 


Wp 

%Hence 


8 F, 

=     ™-  {L  (Fp2  +  Gp'q)  +M(Gq'2  -  Fp'z)  -N(Ep'q'+Fq'2)} 

an*T. 

and  therefore 

Now  the  feet  of  the  four  normals,  determining  the  principal  orthogonal 
radii,  have  been  shewn  to  satisfy  the  equation 

3=0, 
that  is,  they  arise  from  directions  on  the  surface  given  by 

which  are  the  directions  of  the  four  principal  geodesies  and  therefore  deter- 
mine the  four  principal  radii  of  circular  curvature. 

For  these  four  directions,  giving  four  points  on  the  characteristic  conic, 
we  have  A2  =  0,  where  (§247)  A2  is  the  distance  between  the  orthogonal 
centre  and  the  centre  of  circular  curvature  of  the  geodesic.  Hence  the  four 
principal  orthogonal  radii  at  a  point  coincide  in  magnitude  and  in  direction 
with  the  respective  four  radii  of  circular  curvature  of  the  principal  geodesies ; 
and  the  directions  on  the  surface  determining  these  orthogonal  radii  are  the 
same  as  those  determining  the  geodesic  radii.  Further,  the  lemniscate -locus 
of  geodesic  centres  and  the  conic-locus  of  orUftgonal  centres  lie  in  the  ortho- 
gonal plane:  the  four  radii  from  0  are  normals,  at  their  othev  extremities, 
both  to  the  lemniscate  and  to  the  conic :  and  therefore  the  lemniscaje  and  the 
conic 'touch  one  another  at  these  four 'principal  centres.  Moreover,  thi  fioui 
centres  are  the  intersection  of  the  conic  3  =  0  and  the  characteristic  conic. 
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The  lemniscate-locus  is  the  pedal  of  the  conic-locus. 

256.  We  have  seen  that  (§  242)  the  locus  of  the  geodesic  centres  of 
circular  curvature  is  a  curve,  of  the  lemmscate  type,  and  that  (§  249)  the 
locus  of  the  orthogonal  centres  is  a  conic,  both  curves  lying  in  the  orthogonal 
plane.  If,  for  any  direction  through  0,  the  geodesic  centre  is  xat  yg,  zgtvfjt 
and  the  orthogonal  centre  is  x0l  y0,  z0,  v0t  we  have 

xff  —  x=lp,     acQ  —  x  =  Ip 
and  therefore 

xQ-Xg 
and,  similarly, 


Also,  the  line  with  direction-cosines  A,  B,  C,  D,  lies  in  the  orthogonal  plane 
and  is  perpendicular  to  the  line  with  direction-cosines  I,  w,  n,  k.  Hence, 
if  G  be  the  geodesic  centre,  F  the  orthogonal  centre,  OGT  is  a  right-angled 
triangle,  with  the  right  angle  at  G;  the  lengths  of  the  sides  06r,  6rF,  OF,  are 
respectively  p,  pr/a;  p0. 

Now  the  locus  of  G  is  the  lemniscaui-cuive,  mm  the  locus  of  F  is  a  conic 
and  the  angle  OGT  is  a  right  angle.  It  is  a  known  proposition*  that  the 
pedal  of  a  conic,  taken  with  respect  to  any  point,  is  a  Icmmscatc-curve  ; 
hence  there  arises  the  suggestion  that,  in  the  present  instance,  the  lemniscate- 
curve  is  the  pedal,  with  respect  to  0,  of  the  characteristic  come.  This  sug- 
gestion is  verified  by  proving  that  the  tangent  at  F  to  the  characteristic 
conic  is  a  line  with  direction-cosines  A,  B,  C,  D,  in  space,  as  follows. 

The  variables  X,  Y,  are  defined  by  the  relations 

2  (x  -  of)  fn  =  -Ta*.     2(*-*)?22  =  Fc* 

Thus  along  a  line  parallel  to  the  axis  of  F,  the  variable  X  is  constant,  that 
is,  the  axis  of  Y  is  perpendicular  to  the  line  with  direction-cosines  pro- 
portional to  fn,  7}U,  fUj  i/u;  and,  similarly,  the  axis  of  X  is  perpendicular  to 

*  It  is  easy  to  verify  that  the  polar  equation  of  the  pedal  (that  IB,  the  locus  of  the  foot  of 
the  perpendicular  on  the  tangent)  of  a  conic 

ax2  +  2  Axy  +  ly*  -I-  2gx  +  2/y  +  c  =  0, 

« 
the  axes  being  rectangular  and  the  pedal  being  taken  from  the  origin,  is 


«     ,  h   ,  g  ,  cos0 

h    ,  I    ,  /  ,  sin  0 

9     .  /   .  c  ,       -r 

cos0,  ain0,  -r,       0 


=  0. 
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the  line  with  direction-  cosines  proportional  to  f22,  TJZZ  ,  £"22,  "22-  moreover,  the 
angle  <GT  between  the  axes  of  X  and  Y  is 


-, 

(ac)* 
that  is, 

-  (ac)*  cos  w  =  g. 

Oil  the  other  hand,  the  lines  with  direction-cosines  I,  m,  n,  k,  aiid  A,  B,  C,  D, 
are  perpendicular  to  one  another.  Let  the  line  A,  E,  Ct  D,  make  an  angle  <f> 
with  the  axis  of  X  ;  then  the  line  I,  in,  n,  k,  makes  an  angle  <f>  with  the  line 
£22,  1722,  ?22,  i/22  >  so  that 


In  that  case,  the  line  A,  B,  Ct  D,  makes  an  angle  -sr  —  <f>  with  the  axis  of  lr  , 
and  the  line  I,  m,  n,  k,  makes  an  angle  TT  —  (-or  —  0)  with  the  line  fn>  TJU,  fu,  ifn, 
so  that 


Consequently,  the  angle  <£  in  question  is  determined  by  the  equation 

cos  (nr  —  <J>)  _  /,a~* 
cos  0          JVc~* 

Next,  if  ifr  denote  the  angle  made  with  the  axis  of  X  by  the  tangent  to 
a  ciuve  f(X,  Y)  =  0,  we  have 

dY          sin  ifr 
dX     sin  (-BT  —  >Jr) ' 
and  therefore 

dY ^  (     ^f  ^     W 

/  i  \        jv=  +  co9  CT  (ac)    ^v  +  S  o'f> 

COS  (-sr  —  Y*)       r/A  f'A          o  I 


The  equation  of  the  characteristic  conic  is 

xy  =  zz, 

in   the   notation   of  §  254.    Hence,   when   the   curve  f(X,  Y)  =  0   is   the 
characteristic  conic,  we  have 


c*  (ay  -  2hz  +  gaf}, 
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owing  to  tne  relation  Sh  =  Ta,  +  R&.   When  the  parametric  equations  of  the 
conic  are  used  in  the  form  given  in  §  255,  we  find 


Proceeding  similarly,  and  using  the  relation  Sf  =  Tg+Bo,  we  find 


Hence,  the  angle  made  with  the  axis  of  X  by  the  tangent  to  the  characteristic 
conic  is  given  by  the  equation 

cos  (CT  —  ^)  _     ic* 

cos  -^  <AfaJ 

Thus 

cos  (w  —  <£)  _  cos  (-or  —  yfr) 

COS0          ~~          COSl^          ' 

and  therefore 

*=*• 

Hence  the  tangent  at  F  to  the  conic  is  the  line  F6r  ;  and  the  lemniscate- 
curve  locus  of  the  geodesic  centre  is  the  pedal,  with  respect  to  0,  of  the  lucus 
of  the  orthogonal  centre 

As  there  are  four  normals  (either  all  re41vor  two  of  them  imaginary)  from 
any  point  to  a  conic,  it  is  clear  that  there  are  four  points  of  contact  between 
the  conic  and  this  pedal  lemniscate  —  a  result  already  (§  255)  inferred. 

Moreover,  the  principal  values  of  p0  are  the  lengths  of  these  normals:  and 
we  have  seen  that  these  are  the  radii  of  curvature  of  the  four  principal 
geodesies,  the  equation  for  which  has  already  (§  239)  been  obtained.  Because 

VWl0p0  =  VW(x0  -x)  =  (Ep1  +  Fq')  (el2pf  +  e22q/)  -  (Fp'  +  Gq')  (e^p*  +  e12q'), 
with  three  like  equations,  we  have 

V*W  V  -  (Ep'  +  Fq'f  S  (eltP'  +  *,«? 

-  2  (Ep'  +  Fq')  (Fp  +  Gq')  2  (eltp'  +  enq')  (eupr  +  enq') 


=  P"  [(Ep'  +  Fq'y*  (bjfl  +  Zfp'q' 

-  2  (Ep'  +  Fq')  (Fp'  +  Gq')  {hp'2  +  (b  +  g,)p'q' 

+  (  Fp'  +  Gq')1  (ap*  +  2hpY  +  bg'*)]. 

It  is  unnecessary  to  form  the  eqration  which  determines  the  [maximum  and 
the  minimum  values  of  po  ;  the  equation  for  these  principal  values  of  p0  is  the 
same  as  the  cited  equation  for  the  principal  values  of  p. 

•  *  Tb'i  result  IB  due  to  Komnerell,  (§  8  of  the  memoir  quoted  on  p.  442),  who  obtained  it 
otherwise. 
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Two  invariantive  relations  derived  through  the  characteristic  conic. 

257.  Two  invariantive  relations,  derivable  through  the  equations  of  the 
characteristic  conic,  may  be  noted  here. 

Denoting  the  inner  extremity  of  an  orthogonal  radius  by  arn,  y0i  *o,  VQ, 
we  have  four  equations  of  the  type 

xv  —  x 
Honce  we  have 


and  therefore  one  form  of  the  equation  (T  =  0)  of  the  directions  .of  lines  of 
principal  curvature  is 

24(ar0-30  =  0. 

This,  however,  is  only  a  difference  in  form  ;  substitution  of  the  values  of 
A,  B,  Gt  D,  from  §  231,  and  of  x0-x,  yo-y,  z*-s,  VQ-  v,  from  §  249,  merely 
leads  to  the  equation  T  =  0,  after  reductions. 

Next,  multiplying  the  four  equations  in  §  248  by  fn,  T/H,  {Ju,  wu,  we  have 


or,  if  Xt  Y,  be  the  point  on  the  conic  in  the  X  Y  plane, 


thua 

PL  +A,n  -E  =  -?.q'*. 
Similarly 


Consequently 

(pL  +  Aan  -  E)  (PN  +  A2  n"  -  G)  =  (pM  +  A2fl'  -  ^)a. 
Hence 
(pL  -  X)  (pH  -  (?)  -  (pM  -  ^)a 

+  Aa  in  (NP  -  G)  -  2ir  (Mp  -  F)  +  n"(ip  -  E)}  +  A2a  (nnff  -  n/a)  =  o. 

The  first  line  (§  236)  is  equal  to 


Also 
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and  therefore  the  last  term  also  is  equal  to 

-£. 

The  relation  therefore  becomes 

f,  (Nfl  -  2JfQ'+  ZH")  -  (6?fl  -  2^fl'+  EW)  =  2  F2  -p-  , 
an  equation  connecting  the  two  co  van  ants 

"  and  ff  fl  -  2  FIT 


Lastly,  taking  the  same  initial  equations  in  the  form  (p.  443) 
VWp0l0  =  (Ep'+  Fq')  (e12p'  +  ezzq')  -  (Fp'+  Gq')  (e^p  +  elzq'] 

with  three  others,  multiplying  by  fn,  TJH,  ?u,  i/n,  and  adding,  we  have,  by 
the  results  of  §251, 


Now 

2  (a'o  -  a)  #1  =  0,     2  (XQ  —  x)  xz  =  0, 
so  that 

2J0ffi  =  0,     2J0a2  =  0, 

results  to  be  expected  from  the  fact  that?  the  line  ?0,  ?"o>  HO>  ^o,  lies  in  the 
orthogonal  plane.    Hence 


introducing  a  quantity  L0  bearing  to  p0  the  same  relation  as  L  bears  to  p. 
We  similarly  introduce  quantities  M0,  N0:  that  is,  there  are  three  quantities 
L0,  MQ,  NQ,  such  that 


Our  foregoing  formula  thus  becomes 

W(p0L0  -E)  = 
and  we  obtain,  similarly, 

W(POM0-F)  = 

W(p0N0-G)  =  -nP'z  , 
leading  to  the  simple  relations 

PQ  //Q  —  £t         PQ  MQ  —  F        PQ  JT  Q  —  UT 

q  ~~  j)  q  p 

It  follows  that  there  are  two  co variants  GLQ-  2FM0+  ENQl  L^N^-M^,  such 
that 

po(GL0  -  2FMQ  +  ^^0)  =  2F2  -  -£? 
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Consecutive  orthogonal  planes  cannot  intersect  irk  a  line. 

258.  Thus  far,  we  have  dealt  with  the  customary  circumstance  that  the 
two  orthogonal  planes,  at  0  and  at  a  consecutive  point  along  the  direction 
p',  q,  should  intersect  only  in  a  point.  But  it  is  conceivable  that,  for  a 
particular  direction  or  for  a  limited  number  of  particular  directions,  the  two 
orthogonal  planes  should  intersect  in  a  straight  line  :  the  possibility  must 
bo.  investi  gated. 

We  have  seen  (§  249)  that  the  four  equations  of  these  two  consecutive 
orthogonal  planes  can  be  taken  in  the  form 

2  (IT  -*)*!  =  <) 


2  (.7;  -  x)  (xupf  +  xlzq')  =  Ep'  +  Fq'  I 
2  (*  -  x)(xlzp  +  xzzq')  =  Fp  +  Gq'l 

if,  then,  the  two  planes  can  intersect  in  a  line,  and  not  merely  in  a  point,  the 
four  equations  must  be  equivalent  to  only  three  independent  equations.  Now 
(§  247)  the  first  two  of  these  equations  are  satisfied  by 

x  -  x  =  /AX  +  A  A2,    y  —  y  =  M&I  +  -#A2, 

z  —  z  =  nAi  +  G'A2l     v  —  u  =  frAi  +  IM.1, 

where  AI  and  A2  are  two  variables,  left  undetermined  by  the  first  two 
equations.  When  these  values  are  substituted  in  the  other  two  equations, 
they  give 

(Lp'  +  Mq')  A!  +  (tip*  +  m/  )  A2  =  Ep1  +  Fq  \ 

(Mp1  +  Nqf  )  A!  +  (iiy  +  n  V)  AZ  =  FP'  +  Gq> 

In  the  circumstance,  postulated  as  a  possibility,  that  the  four  initial  equa- 
tions shall  be  equivalent  to  only  three  independent  equations,  those  tavo 
equations  must  be  equivalent  to  only  one;  and  therefore  they  cannot  determine 
the  two  magnitudes  A!  and  A2-  Consequently,  we  must  have 

II   Lp'  +  Mq,      top'  +  iiy  ,      Ep'  +  Fq'   II  =  0, 

II  Mp'+Nq,  ny+iry,   j 

two  analytical  conditions. 

One  of  these  analytical  conditions  is 


Lp'+Mq,     Ep'+Fq 


=  0, 


Mp'  +  Nq',     Fp'  +  Gq' 

the  equation  which  gives  the  directions  of  maximum  or  miiAmum  circular 
curvature  of  superficial  geodesies  In  the  notation  of  §  234,  it  is  aepresented 
by  the  equation 
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The  other  analytical  condition  can  be  taken  as 


Lp'+Mq', 


=  0; 


N&-  Ml"  =  (be-  f»)*  =  T  -r  F, 


or,  as  (§230) 


and,  as  F  is  finite,  the  condition  is 

Rp*  +  Spq'  +  Zya  =  0, 
that  is,  it  can  be  written 

TT=0. 

Thus  the  possibility  postulated  would  require  that  a  direction  or  directions 
at  0  should  exist  so  as  to  allow  coexistent  conditions 

T  =  0,     W=Q. 

This  result  can  also  be  obtained  otherwise.   The  two  equations  in  AI  and 
A2,  as  in  §  247,  certainly  determine  AI,  giving 

AI  =  />. 

As  the  two  equations  are  hypothetically  to  be  equivalent  to  one  only,  they 
must  leave  A2  undetermined.  If  the  equations  were  independent  equations, 
they  would  give  (§  247) 


consequently,  the  postulated  possibility  can  only  emerge  if  the  equations 

T  =  0,     TF-0, 
arfc  simultaneously  satisfied. 

Now  the  equation  T  =  0  is  definite  and  uniquely  significant,  as  regards 
the  circular  curvature  of  superficial  geodesies  ;  it  gives  the  directions  of  the 
maximum  or  minimum  values  of  that  curvature. 

Two  alternatives  occur  in  connection  with  the  vanishing  of  the  magnitude 
W.  It  may  be  the  fact  that  W  is  evanescent  on  account  of  intrinsic  magni- 
tudes of  the  surface,  so  that 

bc-fa  =  0,    ca-ga  =  0,     ab-ha  =  0. 
Then  (§  230) 

n  =  o    n'  =  o,   n"=o; 

the  surface  then  (§  228)  lies  in  a  riat  in  the  homaloidal  quadruple  space  :  that 
is,  it  is  a  surface  in  homaloidal  triple  space.  We  thus  return  to  the  Gauss 
tLeoi-y  of  surfaces  in  that,  triple  space  :  the  surface  ceases  to  be  a  general 
surface  in  quadruple  space. 
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Consequently,  there  remains  for  consideration  the  alternative  that  the 
quantity  W  is  not  evanescent  on  account  of  the  intrjnsic  magnitudes  of  the 
surface.  The  relation 

TT=0 

is  then  a  significant  equation:  we  have  to  enquire  whether  vb  can  coexist 
with  the  equation 

T  =  0. 

We  proceed  to  modify  the  expression  for  T,  viz. 

Lp'  +  Mq',     Mp+Nq' 
Ep'+Fq't     Fp'+Gq' 

=  L  (Fp*  +  Gp'q')  +  M(G<j*  -  Ep'*)  -  N  (Ep'q  +  Fq'*). 
We  have  had  relations  (§  214) 

R  =  V  (ab  -  h2  )*,  S  =  V  (ca  -  g2)*        T=  V  (be  -  P  )*, 

ST=V*(ch-  fg),    -TA=Fz(bg-fh)f     RS=V*(*f  -gh)  , 


further, 


and  therefore 

We  also  have  had  an  invariant  II,  where 

VU  =  ET-FS+GR. 
Accordingly, 

RT  =  RL  (Fp*  +  G/g')  +  RM(G<j*  -  Ep*)  +  (TL  -  SJlf  )  (^'5'  +  Fq'*) 

=  L  (RFp^+RGpq'^  TEp'q'+TF<i*)+M(RGq'*-REp'*-SEp'q'-SFq>*) 
=  (Lp'q'+  Mq'*)  U  +  (LF-  ME)  (Rp«  +  Sp'q 
-  (LF  -  ME)  VW  +  (Lp'q1  +  J//2)  VU. 

Similarly 


ST  =  (LG  -NE)VW  +  (Nq*-Lp'*  )VU, 
TT  =  (MG  -  -AT^1)  Fir  -  ( 
We  cannot  simultaneously  have  the  relations 


except  in  the  case  when 
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and  we  have  seen  that,  for  general  (non-ruled)  surfaces,  the  circular  curvature 
of  a  geodesic  does  not  vanish.   Consequently,  if  the  equations 

T  =  0,     F=0, 
can  coexist,  we  must  have  the  invariantive  relation 


This  relation  is  satisfied,  as  an  evanescent  relation,  when  the  surface  exists 
merely  in  a  homaloidal  triple  space. 

If  this  relation  is  satisfied,  along  a  particular  Curve  on  the  surface,  or  if 
it  is  satisfied  for  the  whole  range  of  a  surface,  the  characteristic  conic  degene- 
rates into  a  point,  for  the  particular  curve  or  for  the  whole  range  of  the  surface. 
But  the  implication  is  that  the  surface  is  not  completely  general  :  all  the 
invariants  and  covariants 

Et    a,    h,     g,     L 

F,  h,    b,    f,    M 

G,  g,    f,    c,    N 
then  vanish. 

Hence,  for  a,  general  surface,  we  infer  that  T  =  0,  W  —  0,  do  not  coexis1  for 
possible  directions  through  any  point,  and  therefore  that  consecutive  orthogonal 
planes  intersect  in  a  point  only,  not  in  a 


Summary  of  curvature  properties  of  a  surface. 

J459.  As  regards  the  curvature  at  any  point  0  of  a  surface  in  free  quadruple 
homaloidal  space,  we  thus  have  the  following  inferences. 

(i)     For  every  direction  through  0,  there  is  the  centre  of  circular  curva- 
ture  of  the  superficial  geodesic  through   that  direction,  say  the 
"  geodesic  centre,  G. 

(ii)   For  every  direction  through  0,  there  is  the  orthogonal  centre  F. 
(iii)    The  triangle  0GF  is  right-angled  at  G  :  the  line  GF  is  parallel  to 
the  normal  to  the  flat  which  osculates  the  surface  along  the  geo- 
desic: and 


where  I/p,  1/cr,  I/T,  are  the  circular  curvature,  the  torsion,  and  the 
tilt  of  the  geodesic. 

(iv)  The  locus  of  the  geodesic  centre  is  a  lemniscate-curve,  and  the  locus 
of  the  orthogonal  centre  is  a  conic,  both  in  the  orthogonal  plane 
at  0. 

The  lemniscate-locus  is  the  pedal,  with  respect  to  0,  of  the  cunic- 
locus;  and  the  two  loci  touch  in  four  points. 
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(v)  Through  0  there  are  four  directions,  being  lines  of  curvature, 
with  various  properties :  among  others,  they  provide  the  maximum 
and  the  minimum  values  of  the  radii  of  circular  curvature  of 
geodesies. 

(vi)  These  maximum  and  minimum  radii  of  circular  curvature  of  geo- 
desies are  (in  magnitude  and  in  direction)  also  the  maximum  and 
the  minimum  values  of  the  orthogonal  radii. 

(vii)  The  four  directions  of  the  lines  of  curvature  correspond  to  the 
four  normals  drawn  from  0  to  the  conic;  and  the  four  radii  of 
curvature  of  the  corresponding  four  principal  geodesies  are  the 
lengths  of  these  four  normals. 


A  surface  in  n-fold  space  has  no  orthogonal  centre,  when  n  >  4: 
the  centres  of  circular  curvature  of  its  geodesies. 

260.  It  is  important  to  notice  that  a  surface  jJossesses  an  orthogonal 
centre  only  when  the  surface  exists  in  a  space  of  four  dimensions,  cither 
freely  in  homaloidal  space  of  that  range,  or  within  the  restrictive  range  of  an 
amplitude  of  four  dimensions  in  some  wider  homaloidal  space. 

Consider,  in  particular,  a  surface  m  homaloidal  space  of  n  dimensions. 
In  that  space,  ,i  surface  (and,  therefore  also,  a  plane)  is  represented  by  n  —  2 
e< | nations.  In  homaloidal  space  of  four  dimensions,  the  orthogonal  centre^  for 
any  direction  on  the  surface,  is  the  point  of  intersection  of  two  planes,  ortho- 
gonal to  the  tangent  plane  of  the  surface,  drawn  at  consecutive  points :  or, 
alternatively,  it  is  the  point  of  intersection  of  two  consecutive  configurations 
orthogonal  to  the  tangent  plane. 

By  the  first  of  the  derivations,  we  should  have  n  —  2  equations  for  the 
first  orthogonal  plane  and  n  —  2  further  equations  for  the  second  orthogonal 
plane,  that  is,  m2ii  —4  equations  111  all.  As  the  space  is  of  n  dimensions,  there 
are  only  n  quantities  of  the  type  3;  —  x ,  and  therefore,  as  2??  —  4  >  n  when  n 
is  greater  than  4,  the  equations  possess  no  common  solution — there  is  no 
orthogonal  centre. 

By  the  second  of  the  derivations,  the  complementary  orthogonal  con- 
figuration of  n  —  2  dimensions  has,  for  its  equations, 

2  (-U  -  x)  X!  =  0,     2  (£—  x)  x*  =  0. 

*  For  surfaces  m  free  homaloidal  space  of  n  dimensions,  reference  may  be  maffle  to  a  mono- 
graph* by  E.  E.  Levi,  "Saggio  sulla  teoria  aclle  superhcie  ^due  dimension!  immerflh  *n  tfti 
iperspazio,"  Ann.  M.  Scuola  Norm.  Sup.,  Pirn,  vol.  x  (1908),  No.  2,^>.  98. 
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The  consecutive  orthogonal  configuration,  also  of  ?i  —  2  dimensions,  is  repre- 
sented by  two  further  equations.  Consequently,  the  amplitude,  represented 
by  the  intersection  of  the  two  configurations,  is  of  (2n  —  4)  —  n,  that  is,  n  —  4, 
dimensions  :  it  is  not  a  point  when  n  >  4. 

On  the  cLher  hand,  whatever  be  the  number  of  dimensions  (not  less  thaii 
four)  of  the  homaloidal  space  in  which  a  surface  exists  fre?ly,  there  is  always 
one  (and  there  is  only  one)  centre  of  circular  curvature  for  a  geodesic  through 
any  direction  on  a  surface  ;  there  always  are  four  lines  of  curvature  at  any 
point  on  the  surface,  with  the  four  corresponding  principal  values  (maximum 
or  minimum  values)  of  that  circular  curvature.  The  analysis  leading  to  this 
result,  for  a  homaloidal  space  of  n  dimensions,  is  almost  identical  with  the 
analysis  leading  to  the  result  in  homaloidal  quadruple  space  :  and,  in  brief 
outline,  is  as  follows. 

Let  the  point-  variables,  the  coordinates  of  a  point  in  the  H-dimensional 
space,  be  x,  y,  z,  u,  v,  w,  ...;  and  let  6  denote  any  one  of  these  variables. 
There  are  magnitudes,  for  a  surface,  denoted  by  F,  F",  T",  A,  A',  A",  the 
same  in  form  for  the  gpneral  space  as  for  the  quadruple  space,  save  that  the 
symmetrical  summations  extend  over  the  n  variables,  instead  of  only  four. 
Let  I,  mt  7i,  k,  itjt  ...  denote  direction-cosines  of  the  radius  of  circular  curvature 
of  a  geodesic  through  a  direction  p',  q  on  the  surface,  and  let  p  be  the 
length  of  this  radius  ;  then,  if  t  be  the  direction-cosine  corresponding  to  the 
variable  0,  we  find 

-  =  (0n  -  0i  r  -  0a  A)  p'a  +  2  (0ia  -  flj1'  -  0a  A')  p'q'  +  (0za  -  ^F"  -  0a  A") 

=  W2  +  2 

for  all  the  n  variables  9  and  the  n  associated  directions  t.  Hence,  writing 
(again  as  for  four  dimensions,  but  with  n-tuple  summation  instead  of  quad- 
ruple summation) 

2*u2     =a,     2*ia2      =b,     2*az2     =  c, 

Z*ia*M  =  t      2*u*22  =  g,     2*u*ia  =  h, 
we  have 


+  (2g  +  4b)  p*q'* 
P 

Consequently,  as  before,  there  are  four  principal  directions  (lines  of  curvature), 
giving  maximum  or  minimum  values  of  p  on  the  surface,  the  values  of  p'  and 
q'  being  connected  by  a  relation 


Hence,  for  the  consideration  of  the  geometry  of  a  surface  in  free  homa- 
loidal spacR  of  n  dimensions  (n  >  4),  the  pivot  of  investigation  is  the  centre 
cf  circular  curvature  of  a  geodesic.  The  orthogonal  centre  of  a  surface  has 
significance  only  in  quadruple  space. 


261] 
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Orthogonal  centre  for  m-fold  amplitudes  in  homaloidal  ^m-fold  space. 

261.  An  orthogonal  centre  can  arise  for  amplitudes  of  other  dimensions 
in  homaloidal  spaces  also  of  other  dimensions.  The  centre  of  a  plane  curve 
"i  its  orthogonal  centre,  in  this  use  of  the  term;  it  is  a  unique  point.  We 
have  seen  that  a  surface,  in  free  quadruple  homaloidal  space,  Ifas  an  ortho- 
gonal centre  for  any  direction  on  the  surface  ;  its  locus  for  different  directions 
is  a  conic,  in  a  plane  orthogonal  to  the  tangent  plane.  It  is  easy  to  see,  as 
follows,  that  a  (triple)  region,  in  free  sextuple  homaloidal  space,  has  an 
orthogonal  centre  for  any  direction  in  the  region,  and  that  its  locus  for 
different  directions  is  a  cubic  surface,  in  a  flat  orthogonal  to  the  flat  which  is 
tangential  to  the  region. 

We  denote  any  point  in  the  sextuple  space  by  coordinates  J,  y,  z,  u,  vt  w\ 
the  parameters  for  the  region  by  p,  q,  r  ,  and  use  the  customary  derivation 
for  derivatives  with  respect  to  the  parameters.  The  equations  of  a  tangential 
flit  are 


w  —  w 


-0: 


and  therefore  the  equations  of  the  orthogonal  flat  are 

2  (I  —  x)  xl  =  0,     2  (£  —  x)  X<L  =  0,     2  (.7  —  x)  #3  =  0. 

For  the  point-intersection  of  this  flat  by  a  consecutive  orthogonal  flat  m  a 
direction  p',  q's  r',  we  associate,  with  these  three  equations,  the  three  further 
equations 

2  (.7;  -  x)  (xup  +  xuq'  +  #13r')  =  Ap'  +  Hq  +  GV', 

2  (5  -  x)  (xlzpf  +  xntf  4  xZ3r)  =  Hp  +  Bq'  +  Fr, 
2  (.7  -  x)  (jcl3pf  +  ,T23</'  +  ,f33  r;)  =  Gp  +  Fq  +  Cr  , 

where  A,  B,  G,  F,  G,  H,  are  fundamental  primary  magnitudes  for  the  region, 
as  in  §  262.  Thus  there  are  six  equations,  to  determine  the  six  coordinates  of 
the  point  of  intersection,  associated  with  a  direction  p't  q',  r',  in  the  region. 

The  locus  of  this  point  of  intersection,  for  different  directions  p',  q',  r't  lids 
in  the  flat 


2  (x  -  x)  xl  =  0,     2  (  x  -  x)  x2  =  0, 
Further,  it  satisfies  the  equation 


-  x) 


0. 


(x  -  x)  x13\  -  G,    (2  (z  -  x)  XK]  -  F,    (2  OE  -x)  x^}  -  C 
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a*  configuration  of  the  third  degree.  The  locus  in  question  is  therefore  the 
intersection  of  this  configuration  by  a  flat:  that  is,  the  locus  is  a  cubic 
surface  in  homaloidal  triple  space. 

Manifestly,  there  is  an  orthogonal  centre  for  each  direction  in  an  amplitude 
of  m  dimensions  existing  freely  in  a  homaloidal  space  of  2m  dimensions ;  an' 
its  locus  is  an  amplitude,  of  order  m  and  of  m  - 1  dimensions,  existing  in 
a  homaloidal  amplitude  of  m  dimensions. 

The  same  result  holds  for  an  amplitude  of  m  dimensions  existing  m  a 
curved  amplitude  of  2m  dimensions,  when  the  latter  is  primary  (§  422)  to 
a  homaloidal  space  of  2m  + 1  dimensions. 
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